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PREFACE 


Fob some time it has been recognized that by- applying the 
Laplace Transformation 

ftp) = J e-z>‘F(t) dt, p>0, 

to the differential equations previously treated by the Heaviside 
Operational Calculus a substitute for these operational methods 
can be obtained. It is simple and effective. Its principles are 
easily understood and its technique quickly learned. The diffi- 
culties and obscurities of the work of Heaviside and his suc- 
cessors are avoided. 

It is the object of this book to describe this new method and 
to show its use in various branches of applied mathematics. 

Chapter I deals with ordinary linear differential equations 
with constant coefficients. In the next two chapters the methods 
established in Chapter I are applied to Electric Circuit Theory 
and Dynamics. These three chapters require no more than the 
usual knowledge of the Differential and Integral Calculus. 

In Chapter IV a more advanced method is given for passing 
from the Laplace Transform to the function of which it is the 
transform. This requires some knowledge of the elements of 
the Theory of Functions of a Complex Variable and the simpler 
ideas of the Calculus of Residues. It provides a convenient 
means of verifying that the solutions obtained in the previous 
chapters, subject to certain assumptions, do, in fact, satisfy all 
the conditions of their problems. 

In Chapter V this method is extended to certain types of 
partial differential equations. The remaining chapters are. de- 
voted to its application in various branches of mathematical 
physics. These chapters are independent of each other. The 
reader interested in a particular subject need only study the 
chapter in which that subject is discussed. 

There are numerous examples for solution at the ends of the 
earlier chapters and a collection for partial differential equa- 
tions at the close of the book. 
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HISTORICAL INTRODUCTION 


1. Heaviside (1850-1925) originally devised his Operational 
Calculus for the solution of ordinary linear differential equa- 
tions with constant coefficients and some of the partial dif- 
ferential equations of applied mathematics. 

To take a simple example, suppose we have to solve the 
equation 


d n x t T 

ao d^ +ai d^^ 




dx 
' dt 


-l-j7 + a n x 


1, t> o, 


(1) 


x, 


( 2 ) 


where a 0 , a n are constants and 

dx d n x 

dt’ V’’ 

are zero when t — 0. 

Heaviside replaced djdt by p and obtained the algebraical 

e( i uation m* = i, 

where <f>(p) = a 0 p n +a 1 p n ~ 1 +...+a n „ 1 p+a n . 

He regarded p as an 'operator’ and his 'operational solution’ 
of the above problem is 

x= m ■ <3) 


or, more precisely, x — — H(t), 

?(P) 


(4) 


where H(t) is a function of the time,f zero when t < 0 and 
unity when t > 0. 

This 'operational solution’, when <f>(p) is a polynomial in p, 
he interpreted by certain rules, of which the most important is 
the 'Expansion Theorem’: 


Ltipi, p 2 ,-~, P n be> the roots of the algebraical equation <j>(p) = 0, 
supposed all different and none of them zero. Then 


— 1 i V 

X ~ 4>W ^ 2 , Pr <f>'(.P r ) ' ^ 

t Heaviside wrote 1 for this ‘unit function’. His initial conditions are always 
those of equilibrium. 
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ix 


Another interpretation he obtained by expanding 1 /<j>(p) in 
a series of ascending powers of 1/p . In the above case this will 
be of the form 

( 6 ) 


K 


n n+l 


P P 

and this operates upon H(t). 

1 r 

Heaviside regarded —H(t) as equivalent to H(t) dt, i.e. t, 
P i 


JL t 71 

and he found — H(t) by integrating n times to be — r. (7) 

p n nl 

Thus the operational solution x = } H(t) in (6) gives the 

9KP) 

actual solution 

pn pi -fl 

X = K n[ +K+1 \n+ 1 )! + -' (8) 


Both these rules for solving the equation (1), with its given 
initial conditions, can be justified, but Heaviside was not much 
concerned with a rigorous proof That they gave the correct 
results seemed to be enough for him. 


2. However, when he came to deal with partial differential 
equations, the matter became more obscure. His method can 
be followed most easily by taking the equation of conduction 
3v 3^v 

of heat, ~ = k , which is the same as that for current flow 

along a cable. Many of his problems deal with this equation. 
For example: suppose we have to solvef 


3v 3 2 v 

3t K 3x 2 * 


x > 0, t > 0, 


v = 0, when t = 0, x > 0, 
v = 1, when x = 0, t > 0. 

Heaviside writes p for 3j3t and replaces these equations by 


( 1 ) 

( 2 ) 

(3) 


and 


d*v 2 

ap-®*’ 


0, 

v = 1 5 


x > 0, 
x — 0. 


= P/’k), 


(4) 


f Heaviside, Electromagnetic Theory (London, 1899), 2, 34. This work will 
be referred to as E.M.T. 
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X HISTORICAL INTRODUCTION 

The ‘operational solution’, derived from the solution of tho 
ordinary differential equation (4), is 

v = (< r >) 

= (l («) 
Now it is knownf that the solution of this problem is 

a/2V(/cO 

V=l-^ J e-!‘d£ (7) 

0 

X 

- 1 -“ f (i^3j )’ whew erf *=sJ“' £ '''«- <“> 

0 

Comparing (6) and (8), Heaviside obtained his interpretation 
of qH(t), q 2 H(t), etc. 

The simplest, and the one he was most concerned with, is 
that of qH{t). To obtain this he compared the values of Bajdx 
when x = 0, obtained from (6) and (7). This gives 


qH(t) = 


^j{7TKty 


i.e. his 'fundamental formula’ 


- tttp m 

VO 77 ’*) 

Erom this by differentiation he obtained p*M(t) and so on up 
to p^ 2n+1) H(t), when n is a positive integer, and 


pi(*n+ DJJ(Q ^ 


v ' # 


( 10 ) 


As for p n H(t), when n is a positive integer, this he took to 
be zero, since originally be had written p for djdL 

These. successive interpretations agree with the equations (6) 
and (8) above. 


t Carslaw, Conduction of Heat , 2nd ed. (London, 1921), p. 3 5, Thi» work 
will be referred to in future as C.H. 
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xx 


For H(t ) we have already seen that his interpretation was 

jP 

t n jn\, i.e. 

t n 

when n is a positive integer. (II) 

1 (^+ 1 ) 

I 1 

Now Heaviside regarded — H(£) as equivalent to -~p*H(t), so 


7? 


%> 


that by the integration of pUI(t) he obtained for it 2 

i.e. t*/r ( |). 

Integrating again and again he had 

1 * mn+1) 

%+i) 


( 12 ) 


v ' T(n+%y 

It will be noticed that (II) and (12), obtained by different 
methods, have the same form. 


3. Having thus given definite meanings to these ‘operators', 
Heaviside considered himself justified in using his method 
freely. 

For instance/)' he required the solution of 



S--S- •>**>«• 

(1) 

with 

v = 0, when l = 0 , x > 0 , 

(2) 

and 

3v 

= h(v— v 0 ), when x = 0, t > 0, 
ox 

(3) 

h being a constant. For these he has the operational equation 


- f v = £ > 0, (q* = p[ K ), 

(4) 

with 

g™ == h(v-v Q ), x 0. 

Thus the operational solution is 



hv <> e -dX 

“~h+q e ’ 


or, more 

precisely, v = e~ ax H(t) . 

(5) 


t E.M.T. 2, 14. 
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First he wanted v for x = 0 and t > 0. 


tion is 


v = 


1 


Hit) 


The operational aolu- 



(7) 


Then, from §2 (12), we have 

2hv 0 *J(fct) ( 1 L 2h 2 Kt 

vk l + 3 + " 3.5 1 ' 


But we can also write (6) in the form 


I-\-q/h 

Therefore, from §2(10), 




«o( :i 


<7 , r 
'A + a5 


J )- 

— .)//(<)• 


( 8 ) 

(») 


® ^(A 2 ^)i + 27ri(AV<)8 ( ' 0) 

The series (8) is convergent, but (10) is an asymptotic expan- 
sion. They are, in fact, the values respectively of 

v = «7 0 [1 — e^-f-e 7i '^erf{A^/(/f<)}J» 

first as a convergent series and second as an asymptotic expan- 
sion, and they are the known resultsf by orthodox methods for 
this problem. 

The solution for v for any positive x can be similarly obtained. 


4. One other example from Heaviside’s workj will be given, as 
it illustrates his use of the Expansion Theorem when $(p) has 
an infinite number of zeros. 

To solve 


8v 8 2 v 

Tt ~~ K dx ° < X < l > t>0 * 

(i) 

v = 0, when t = 0, 0 < x < l, 

(2) 

v = 1, when x = 0. \ 

v = 0, when x = Z, J ^ 

(3) 


t C.H., p. 52. 


t EM.T. 2, 130. 




xiii 


(4) 


Heaviside attached great importance to the Expansion 
Theorem. As he says in another connexion, J ‘it goes straight 
to the final simplified result’: and again, || its ‘use, even in com- 
parativcly elementary problems, loads to a considerable saving 
of labour, while in cases involving partial differential equations 
it is invaluable’. It is significant of his position, however, that, 
though he does give a sort of discussion of the theorem in the 
case of systems with a finite number of degrees of freedom, he 
passes over altogether the question of its applicability in con- 
tinuous systems. 

It is doubtless because of the obscurity, not to say inade- 
quacy, of the mathematical treatment in many of his papers 
that the importance of his contributions to the theory and 
practice of the transmission of electric signals by telegraphy 
and telephony was not recognized in his lifetime and that his 
real greatness was not then understood. 


5. Bromwich (1875-1030) was the first to explain, and to a 
certain extent justify, Heaviside’s methods. He made use of 
the Theory of Functions of a Complex Variable. 


t This agrees with the known result: C.H., p. 67. 
% EM.T. 2, 147. 

|| Electrical Papers, 2, 373. 
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He saw that the solution of the problem stated in 
given by _ y+«® 


1 

2irr 


/ 


y — i, CO 


\t ^ 


§ 1 is 
(1) 


the integral being taken along the line B( A) == y in the A-plano, 
y being real and positive and such that all the roots of <f>(X) - 0 

lie to the left of the line A = y. 

This integral can be replaced by 


1 r M dX 
2i7r J 6 Xf(XY 




where the path is any circle G, with its centre at the origin and 
the zeros of <^(A) all inside its circumference. 

In this form it is easy to show that x satisfies all the condi- 
tions of the problem. The Expansion Theorem for this ease arid 
the solution in a series of ascending powers of t follow directly 
from (2). 

The interpretation of Heaviside's operational solution 
is thus 

?(P) y+ioo 

l C xt 

2i7T J A cj>(X) * 

y — i oo 

when is a polynomial. 

Bromwich extended this work to the case when instead of 
unity on the right-hand side of the equation we have a function 
of t (e.g. ae!*), and also to the case when %, dxjdt d n - l x/dt n 
have given arbitrary values when t = 0. 

He discussed fully the solution of a system of simultaneous 
equations and showed that the operational method applied 
there in the most important cases. He found, too, that it could 
also he used in particular problems for certain partial differential 
equations, but he was unable to give a general proof for such 
equations, nor has any yet been given. 

His method consisted in finding a solution of the given 
differential equation and the initial and boundary conditions 
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in the form of a complex integral over a suitable path. The 
choice both of the integrand and the contour is not always easy. 

His many papers and the exposition of his methods and their 
development by Jeffreys in his tract, Operational Methods in 
Mathematical Physics (ed. 1, Cambridge, 1927), did much to 
extend their use. They have since been popular with engineers, 
and books have been written by engineers giving an exposition 
of the Operational Calculus supposed to be suitable for their 
needs. This exposition cannot be said to have been satisfactory^ 
Results which have been established for a particular case are 
often extended, by analogy, to a more general without justi- 
fication: and proofs of important theorems are frequently quite 
inadequate. 

After Bromwich, Carson contributed substantially to the 
theory, f He showed that for the ordinary differential equation 
treated in § I the relation between the expression 1 /<f>(p) and the 
function x(t) is given by the equation 


1 

m 


oo 

: p J e^ pt x{t) dt. 


(3) 


On this result the treatment given in his important book is 
based. But, while he established this relation for the particular 
case referred to, he assumed, quite without proof, that it holds 
in general. 

Van der Pol in 1929 gave a simpler proof of Carson’s formula 
for the ordinary differential equation with constant coefficients 
and extended it to the case when x, Dx,..., D n ~ x x take arbitrary 
values, when t = 0. His method is quite elementary and in- 
volves multiplying the given equation by pe~ pl (p > 0) and 
integrating with respect to t from 0 to oo. 

Before Carson and van der Pol, however, Doetsch had been 
using the same idea,;]: though he multiplied|| by er pi instead of 

t Of. Carson, J. R., Electric Circuit Theory and Operational Calculus (1920). 

X Boo Dootseh, 0., Theorie und Anwcndung der Laplace-Transformation 
(Berlin, 1937), for the literature. 

|| It will bo found that, if the multiplier per** is used, the solution of the 
* subsidiary equation ’ obtained by this process is exactly the same in form as 
the Heaviside operational equation ; if the multiplier e '~ vt is used they always 
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p e -pt. In the language now customary, he applied tho Laplace 
Transformation 

00 

f(p) = J e-» l F(t) dt, p > 0, (4) 

0 

to the differential equations of his problems, including the 
boundary conditions if any. He also made an important change 
in introducing a new symbol in the ‘subsidiary equations’, as 
the operational equations are now frequently called. .Heaviside, 
Bromwich, and their successors used the same symbol, e.g. x in 
the problem of §1, both in the differential equation, where it 
stands for a function of t, and in tho ‘operational equation’, 
where it is a function of p. 

Finally, he recognized the value of the ‘Inversion Theorem’ 
which states that (subject to conditions on f(p) or F(t) ) the 
solution of (4) can be obtained in tho form 

y+ioo 

m = ~ J e k m dx. (5) 

This point of view has the advantage of bringing together tho 
methods of Bromwich and Carson, Carson's method reduced 
the solution of the problem to that of the integral cquut ion (3); 
Bromwich’s method consisted virtually in constructing a com- 
plex integral solution of type ( 1 ) of the original problem * ( I ) and 
(3) are connected by the 'Inversion Theorem \ so the two 
methods are complementary. 

It is substantially Doetsch’s method that is followed in tins 
book, with some modifications when dealing with problems in 
partial differential equations. 

differ by a factory. It was to preserve this correspondence with the Heavimde 
solution that van der Pol used the multiplier pe^K but we have preferred, 
following Doetsch and writers on the Mathematical Theory, to drop the extra 
factor p which has no mathematical significance and sometimes compheatm 
the algebra. 



CHAPTER T • 

ORDINARY LINEAR DIFFERENCIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 

1 . Suppose we are given the equation 

d n x d n ~ x x dx , ^ 

^ + + * > °> ( 1 ) 

where a 2 ,... are constants, and we require the solution which 
has 

x 0 , aq,..., x n „ x for the values of x } T* when t = 0. 

( 2 ) 

Write as usual Dx for dxjdt, D 2 x for d 2 x/dt 2 , etc., and let 

<f>(D) == D n +a 1 D n ~ 1 + ...+a n „ x D^a n . ( 3 ) 

When the roots of <j){D) = 0 are known and F(t) is such that 
a particular integral can be found by the usual rules, the 
customary method of solving the above problem would be to 
write down the complete solution with its n arbitrary constants 
and then obtain the values of these constants from the n equa- 
tions giving x, Da?,,.., D n “ x a:, when t = 0. We shall now give 
another and simpler method. 

Multiply (1) by e~ pi , where p is a positive constant, and 
integrate with respect to t from 0 to oo. 

Now 

oo oo oo 

J e-v l Dx dt = +#> J er&x dt = — x^p j e^x dt , 

o oo 

, 00 

assuming that lim (e~ pt x) — 0 and that J e~ pi x dt exists when 
00 0 

p is greater than some fixed positive number. f 

Again, 

oo oo oo 

J e-^Dh ; dt = [e~ pt DxJ^ -\-p j e~ pl Dx dt — —x x +p J e~ pl Dx dt, 

f A similar assumption is made as to J e^Fit) dt. 

o 
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2 ORDINARY LINEAR DIFFERENTIAL EQUATIONS 
assuming that lim (e~ pt Dx) — 0. 

t~* oo 

oo oo 

Thus J e~ pi D 2 x dt = j er pi x dt. 

o o 

Proceeding in this way, and with similar assumptions as to 
lim (e- pi D 2 x), etc., we obtain 

t — > 00 
* 00 

f e-P‘D r xdt= — (p r -% -hp r ~ 2 x 1 -f . . . +p.r f _ 2 ■ | ■ r r _ , ) ■ (■ 

0 

oo 

+P r f C ~ pl - K <U, r ■ n. (4) 
o 

Therefore in place of (1) and (2) we have tho equation 
00 

tiP) / e~P‘xdt = (p*~ 1 z 0 +p»-*x l +...+px n _. s -|-ar n _,) )- 
0 

+ a i(P n - st Xo+P n - a x x +-+P* n -z 1-3-,, ,. a ) I- 

+ fl W-s(P*o+* 1 )+ }■ (r>) 

+ a «-i a; o+ 

oo 

+ J e-*F(<) dt. 

0 

(5) is called the ‘subsidiary equation’ corresponding to (ho 
given differential equation and initial conditions. It will bo 
noticed that, in forming it, on tho left-hand side of (I) we 

replace <f>{D)x by ftp) j e -*z dt, and on tho right-hand side 

0 

corresponding to a n _ x Dx we write x () , 
corresponding to a n _ 2 DH we write a n Jpr 0 f r,} 
corresponding to a n _ z D 3 x wo write 

a n-a(P a *a+pXi+%a), 

and corresponding to D”x we writ© 

tP n_ 1 *o +P n ~*x l + ...+pz n . % 

00 

To these we add J e-v‘F(t) dt. 
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2. Our problem is now reduced to finding a value of x which Jj 
satisfies the ‘subsidiary equation’. j| 

As a simple example, consider the equation 

(D+ 1)3 = 1 , t > 0 , ( 1 ) 

to be solved with x = 0, when t = 0. 

The subsidiary equation, § 1 (5), is 



00 1 

(p+l) j* e~ pi x dt = 

o & 


Thus 

TO - 

f e~ pl x dt — . . 

J P(P+ 1) P P+1 

(2) 

But 

1 00 

- = f e~ pt dt, p> 0, 


and 

TO 

= f c-o>+ix dt, p > —1. 

P+1 J 



It follows that (2) is satisfied by x = 1— e~*. 

In §§0, 7, 8 we shall work out a number of examples, F(t) 
being zero, a constant, e at , cos at, sin at, t r , where r is a positive 
integer, e a/ sin6£, e ai cos bt, t r e at , Voosat, or t r sin at. In all these 
cases, on dividing the subsidiary equation § 1 (5) by we 
have an equation of the form 

[*-*'* d, -m (3) 

where g(p) and h(p) are polynomials in p , the degree of the 
former being at least one less than that of the latter. 

We then, by the usual rules, break up g(p)/h(p) into its partial 
fractions, and by the help of a few known definite integrals, 

CO 

express each of the fractions in the form J e^u(t) dt. The 

o 

required solution of (3) can then be written down at once. 

Very few definite integrals are, in fact, required; these, and 
the technique of manipulating them, can be most easily ex- 
pressed in the Laplace Transformation notation, which we shall 
now describe. 
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ORDINARY LINEAR DIFFERENTIAL EQUATIONS 

3. We shall frequently write x(t) for x to emphasize its depen- 
dence on f. We write always 

00 

x(p) = J er&xit) dt , 

o 

and £(p) is called the Laplace Transform of x(t); p is supposed 
to be a real positive number large enough to make the integral 
converge, f 

Table IJ 



In Table I are collected the only Laplace Transforms which 
will be needed in Chapters I— III; a fuller table is given in 
Appendix V. 

Of these, (1) to (7) are elementary definite integrals; (8) and 
(9), which are occasionally of use, are given to illustrate the way 
in which the table may be extended by differentiation with 

t Thus, if x(t) = e at , we must have p > a. Of course, if there is no ftuehj?, 
e.g. if x{t) — e t# , the Laplace Transform does not exist. 

t The parameter a is real except in (3) when it may be complex. 



WITH CONSTANT COEFFICIENTS 


5 


respect to a parameter. Thus, to derive (8), we take the full 
statement of (5), namely, 

f er vt cos at dt = 

J ^) 2 +a 2 

Differentiating both sides with respect to a, we obtain 

which is equivalent to (8). Similarly, from (4) we obtain (9). 
Proceeding in this wayf we may obtain the function x(t) 

whoso transform x(p) is a function of type , where r is 

(i> 2 ±&v 

a positive integer and A and B are constants. 

The following simple theorems are of great importance. 
Theorem I. If x x (p) and x 2 (p) are the transforms of x x (t) and 
x 2 (t), then %i(p)zb%*z(p) & the transform of x 1 (t)± : x 2 (t). 

The proof is obvious. 

Theorem II. If x(p) is the transform of x(t) and 
lim e- pt x(t) =s 0, 

co 

then px(p) — a;(0) is the transform, of dx/dt. 

For 

00 00 

J C ~ Pt ^ ^ [ e “*k(0)]“+jP J e ~ pt x(t) dt = px(p)—x(0). 

o o 

Theorem III. If z(p) is the transform of x(t) and 


lim e-** 

<-*■ co \ 


* \ 

J x(r) dr\ = 0, 

ft / 


1 r 

then -x(p) is the transform of x(r) dr. 

P ■ i 

f This method of differentiating with respect to a parameter to find new 
transforms may be condensed into the following statement: 

If w(p , c) is the transform of x(t, c), where c is a parameter, and, if \p{u) is 
a polynomial in u , then 


c ) is the 


transform of 
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J e Pl \ j ^ T ] ^ 

o L o J 

t 

— - - e -P‘ I x 

P J 


_ CO CO p c 

x(r) dr + — f e ~" pt j :r(r) dr dt 
- o ^ n o 


oo 

= i f e~ pi x(t) i 

jP J 


As an example of the use of this theorem, on applying it to 
(4) it follows that, if x(p) = a/p(p 2 +a 2 ), 

1 1 

x(t) — f sin ar dr = [ 1 — eon at\, 

j it 

o 

Theorem IV. If x(p) is the transform of x(t), and p -\ a > 0, 
then x(p-\-a) is the transform of e~~ ai x(t). 

00 

For, if pf-a > 0, J e^ l e- at x{l) dt exists and is 
o 

This result is very useful in practice, for it makes it possible 

"“’ vrr “ ,, ‘ t # jl p * 4 “ // 

to write down the function whoso transform is . 0 , , , . , 

(pH <*V‘\'b) r 

where r is a positive integer, by simply completing the square 
in the denominator. E.g. 

(i) x(p) = y +s = 2)+G . 

^ (#>+2) 8 +,l 

Then, by (4) and (5) and Theorem IV, 

x(t) — e“^(cos t-\~ 0 sin t), 

( ii) , *Cp+*)-i . 

(p z + 42J+8) 8 LCp+2)*-(-4J« 

It follows from (8) and (9) and Theorem IV that 
, x{t) = ^<e _2 'sin2<— 5 1 g e _2 '(sin2i — 2t cos 2t). 

(iii) It follows from (2) and Theorem IV that, 

**(*> = then*(<) = ^, (10) 

of which (3) is the case n = 1. 
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Theorem V. If x(p) is the transform, of x(t), then e~ a ^x(p), 
a > 0, is the transform of the function X(t), where 
X(t) = 0, 0 < t < a, \ 

= x(t— a), t > a. I 

For 

|* e~ pf X(l) dt = J e~ iH x(t—a) dt = J e -p(/+a)#(g) ^ 

b « o 

The next two theorems are given here for completeness. 
Proofs of them are relatively difficult; that of Theorem VI is 
given in Chapter IV, §33, and that of Theorem VII in Ap- 
pendix I. 

Theorem VI. If x x {p) and x 2 (p) are the transforms of x x (t) and 

t 

x 2 (t), then x x (p)x 2 (p) is the transform of j x x (r)x 2 (t~r) dr, and this 

t 0 

is equal to f x x (t— r)x 2 {r) dr . 
o 

Theorem III will be recognized as the case x x {t) = 1 of this 
result. 

Theorem VII. If two continuous functions x x (t) and x 2 (t) both 
have the same Laplace Transform x(p), then they are identically 
equal. 

This is a special case of Lerch’s theorem, Appendix I. Its 
importance is obvious, for it ensures that if, from a known x{p) 
(for example, that which we obtain from the subsidiary equa- 
tion), we find by any means, e.g. from a Table of Transforms, 
a continuous function x{t) which has x(p) for transform, then 
x(t) is the unique continuous function with this property.! 

4. In §1 we derived from the given differential equation and 
its initial conditions, and subject to certain assumptions, the 
Laplace Transform x(p) of its solution. If F(t) is one of the 
limpl© types of function mentioned in § 2, its Laplace Trans- 
form, which appears’ in the right-hand side of §1 (5), may be 

t It follows also from th© full statement of Lerch’s theorem (so© Appendix I) 
that, if w© find from x(p) (e.g. by th© use of Theorem Y) a function x(t) with 
only ordinary discontinuities, which has x(p) for transform, then x(t) is th© only 
function of this type with x(p) for transform. 
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written down from Table I and we obtain x{p) in tho form of 
a quotient f(p)/g(p) of polynomials, in which the degree of tho 
n um erator is at least one less than that of the denominator. 

To iindf x(t) in such cases we need only break up x(p) into 
its partial fractions and then write down from Table 1, tho 
functions of which the partial fractions are tho Laplace Trans- 
forms. 

If g(p) is of degree n and has zeros at lf <x 2 cx n , all different , 
this may be done by using the formula^ 


g(p) 


Then we obtain from § 3 (3) 


At) = y 


£M e « r i 
ff'M 


(1) 

( 2 ) 


If g(p) has some repeated zeros, the ordinary algebraical 
methods must be used. 

It frequently happens that some of the zeros, though all 
different, are complex. In this case we may either express x(p) 
in partial fractions with linear (complex) denominators, using 
(1), and subsequently combine conjugate terms in (2) in order 
to get a real solution, or we may express x(p) by the ordinary 
methods in partial fractions with real quadratic denominators 
and use § 3 (4)-(7), possibly with Theorem IV. 


5. In the discussion above it has been assumed that the func- 
tion x has certain properties, e.g. 

00 

lim e-v‘x = 0, = 0, etc., and ( e-^xit) dt exists, 

t~> oo t — >00 J 5 * * * 9 

0 

so that, even if we assume Theorem VII, namely, that there is 

# t I n Chapter IV an entirely different method of finding x(£) from w(p) 
given. This involves the use of an inversion formula and the method* of the 
Theory of Functions of a Complex Variable. Examples of its use in problems 
on ordinary differential equations are given in Chapter IV, and all the problems 
of Chapters I-III may be solved in this way. But, in our view, the method 
given above is simpler. 

t Cf. Gibson, Treatise, on the Calculus (1906), § 120. 
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only on© function x(t) corresponding to x(p) } there remain gaps 
in the argument. 

It is therefore necessary to verify, without using the assump- 
tions referred to above, that the x{t) we have obtained does 
satisfy the given differential equation and initial conditions. 
For differential equations of this type and for a wide range of 
functions F(t) this verification may be performed using no more 
than the elementary mathematics of this chapter ;f but it is 
rather tedious, so wo postpone the verification to Chapter IV 
where it is shortened by the rise of the methods of the Theory 
of Functions of a Complex Variable. 


6. Examples in which F(t) = 0. 

Ex. 1 . (I)*+ZI)+2)x *= 0 , t > 0. 

x , Dx equal to x 0 and x v when t = 0. 

The subsidiary equation is 

(2» a +3j>+ 2)« — {px^+xJ+Zx^ 


Thus 

Therefore 


px n -\ (r v \-:ix () ) _ 2x n +x 1 _x a +x 1 
(P+1HP+2) ' p + 1 p + 2 • 
x -- (2x tt +x 1 )er l —(x 0 +x 1 )e- 2t . 


Ex. 2. 1)\D— \)x 0, t > 0. \ 

x, Dx, D % x equal to x 0 , x v and x 2 , when t 0. ) 

The subwidiary equation is 

p 2 (p- l)x =» (ptxn+pxi+xj-ipxa+xj. 

Thus 

* ^ P*Xp+P(z ^ I . *2 

p*(p—i) ~ p p 2 

Therefore x «= 


Ex. 3, [(/;-a)*+6 a ]a? = 0, t > 0. 

x } Dx equal to x Q and x lt when t — 0. 

The subsidiary equation is 

[(#~a) 2 + 6 2 ]£ = (px 0 +x 1 )— 2 ax« 


t S©e Doetech, loc. cit., chapter 
0 


4695 
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[p—a)x Q , Xy—ctx^ 

Thus * = (p-a) 2 +b 2 ' 

Therefore x = \x 0 cos bt+ - 1 sin e ' ,l! - 

Ex. 4. (Z)2-2i?+2)P a +2D-3)x =0, t > 0, 
i.e. (D 4 — 5D 2 +10I>— 6)x = 0. 
a;, Dx, D 2 x, D 3 x equal to 1, 0, 6, and — 14, when t --- 0. 

The subsidiary equation is 

(p2—2p+2)(p 2 +2p—3)x 

= p s x a +p 2 x x +px z +x 3 — < r i(px () + ) H- 1 d.c 0 

= p 3J rp— 4. 

Thus 

p 3 +JP — 4 T 9 

* = (p*-2p+2)(p 2 +2p-3) ~ p 2 —2p+2 p 2 +2p-3 

_ (p-lH-l_ 2 
_ (jp— l) 2 -f-I (3»+I)*— *’ 

Therefore x = e^(cos £-]-sin t) — c~ l sinh 2/. 

7. Examples in which F(l) = constant. 

Ex. 1. (JD — 1)(-Z> — 2)(J0 — 3)a5 « 1, t > 0. \ 

Zto, and .D 2 # zero, when t =« 0. / 

The subsidiary equation is 

(p_l)(p_2)(p-3)*-i. 

Thus 

1 , 1 1 , • 

X ~ p(p-l)(p-2)(p-3) 6p' r 2(p-l) 2(p — 2) (>(/)•— 3)* 

Therefore x = — J+ Je 2 * +• -Je 3 *. 

Ex. 2. [(Z>-a) 2 +6 2 > = 1, t > 0. j 

Dx equal to zero, when t = 0. J 

The subsidiary equation is 

[(p-a) 2 +b 2 ]x = i. 
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1 1 fl p—2 a 

' iii'P— «) a -l-* a J "" «Hd» a lp — {<P— af+b*. 

1 fl v—ci 


a 2 +/> 2 (^-~a) 2 + 6 2 ^(p--~a) 2 + 6 2 /* 


Therefore x 




xuviVAviv »v — i» i i i> \ * | cos bt — — sin bt 1 e a ^ > . 

a 2 +/> 2 \ \ b ) j 

Ex. 3. D(D—l) 2 x =■= 4, t> 0. 

x , i)w, i> 2 & equal to 1, 2, and — 2, when £ = 0. 

The subsidiary equation is 

M/>— l) a * ^ + (2J 2 a5«-|-J5a: 1 +a; 2 )— 2(35a; 0 +a: 1 )+!ir 0 

JT 

- " + (j»*+2p-2)-2(p+2)+l 

— f>/»+4 

Tlnm ^+^-4^ 3 4 2 

' ‘ vHv-lY 2 ‘ ‘ ^-1) o" 1 "®* ®-l- 


Therefore 


r^-i) 2 y*(3>— *) “p’ T > s f 

x r= 34 - 41—26*. 


8 . Examples in which E(t) is of the following types: e at , sin at or 
cos at, t r , t r e (U , and L r sin at or t r cos at (r a positive integer). 

Ex. X. (ir—3J>-\-2)x «. e<“, t > 0. ] a^l ox 2 

x, Dx aro x 0 and x v when 2 = 0./ 

The subsidiary equation iH 

(25 s — 3?H-2);c — +(2»a: 'o+*i)— 3* 0 . 


1 _ i 2 J*o+*i— ■ 3*0 

" (a-l)(a-2)(y-a) + (^l +2 * rt )p-I + 

+ (__I„ +a:i _ a;o )^i 2 . 


Thus 
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Therefore 
x 


) 


(P—1)(P — 2)X : 


(a—l)(a 

Ex. 2. (Z) 2 — 3Z>+2)# = e', * > 0. 

x , Z)rr zero, when £ ™ 0. 

The subsidiary equation is 

I 

p-l' 

1 i __ I __ 1 

(p—1 ) 2 (p—2) ~ p-— 2 p—L (p l) 2 

Therefore x = e 2 *— 

Ex. 3. (i) 2 -fm 2 )a; = aco&nt, t > 0. 

Zte equal to a? 0 and a? 1? when / — 0. % / 

The subsidiary equation is 


Thus 


m. ) 


(p*+m*)x = a f e-^cosntdt +(^ 0 +^i) - | ;t%. 

Thus 

£ = g (-JL P A 4. P*o.. ,4 *i 

m 2 —n 2 \p 2 +n 2 y» 2 +m 2 / r yAf w 2 ‘ y/~ | 

Therefore 


* = -^—5(008 9 ^-- coswi«)+a? 0 oo8wi<-fS H inw<, 

• ••> tu •ft l 

Ex. 4. (D 2 +w 2 )a; = a&innt, t > 0, V 

Z)a equal to a 0 and x v when t • • 0. J 
The subsidiary equation is 

CO 

(p 2 +n 3 )x = a j e-^sin ntdt +(px 0 +x 1 ) = - a ““,+^ 0 +Xj. 


Thus x = *1 

(^2 +n 2 )2 -r p2+w 2-+--r^3- 

Therefore 


Ex. 5. 


X 2n (w Sin 008 +^0 cos m<+ S sin 

T»(D— l)aj = t 2 , t > 0, \ 

x > Dx equal to 0 and 1, when t = 0. J 
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The subsidiary equation is 

CO O 

p{p—l)x = f *-(-1=4 + 1. 
o P 

m, - y 3 +2 3 2 2 2 3 

p(p-~ l ) p—1 p* 2> P P 

Therefore x — 3ef—\t 3 —l 3 —2t—3. 

Ex. 0. (/>■>+ 1+ n l fief, t>0. \ 

x, Dx, J) l x zero, when t = 0. / 

The subsidiary equation is 


(j> 8 + 1)* I j e“to~w/ 2 dt 


fV-lF’ P >1 - 


(p-iyop- i-i) 

_ 1 _ 3 l _ 1 _ 2)— 2 

4(2>~i) 2_1 '8(V-Tj 24(jU+ j j £)*+$] ’ 

Therefore 

x rrr ,}(4 2 — 3H- Dd—^e- 1 — J{eos JV3£*-~V3 sin £V3t}eK 

Ex, 7. (JJ 2 +l)x =a t cos 2t, t > 0. | 

a;, Z>u? zero, when £ = 0. / 

The subsidiary equation is 


{'P l + 1 )'JC = J 6" 


cos 2£ dt 


p 2 +4: (#> 2 ~f-4) a * 


(jp a + JL)C/^ a H-4) C?> a + 1)(^ 2 +4) 

1 L !/_JL 3 M 

3 \p a + 1 2> 2 +4/ 9\2> 2 +l (i> 2 +4) 2 2> 2 +4/ 

S 1 , g J_ , » 1 

9 2> 2 +i' r 9jp 1! +4" r 3 (p 2 +4) 2 ' 

Therefore 

a; = — |sin<+^jsin2<+J[Jsin2<— i!cos2<]. 



14 


ORDINARY LINEAR DIFFERENTIAL EQUATIONS 

9 . The method can also he used for the solution of simultaneous 
ordinary differential equations with constant coefficients. Sup- 
pose, for ex am ple, that we have to solve the system of n second- 
order equations 

n 

Je rs x s = F r (t), r = 1,2,...,», 

S = 1 

where e rs — a rs D 2 + b rs D + c r8 

and, when t = 0, 

x r = u r , Dx r — v r , r = 1,..., n. 

Proceeding as in § 1, we find the subsidiary equations 

n w 

ZPrsXs = K(P)+ 2 IfasP + KaH+VraV* J> ** « »• 

8 = 1 5=1 

where 

Solving, we obtain x n and then, in the usual way, 

X X (t)y,.. } X n (t). 

In Chapter IV we shall verify that the values of aq,..., x n 
thus obtained do, in fact, satisfy the given differential equations 
and the conditions when t — 0, provided that the determinant 
A = a> xx .* 12 W'ln 

^21 2 22 


,Jj nl *n2 

does not vanish. 

The case A = 0 will not be discussed here as it is difficult 
and not of much practical importance. It will be seen that 
when A = 0 a differential equation of lower order can be 
obtained by linear combination of the equations of the system, 
and this implies connexions between the initial conditions. 
Clearly the same difficulty may arise when the equations arc 
not all of the same order. Particular examples, in which the 
F r (t) are all zero, may be dealt with as in § 10, Exs. 3 and 5. 

10. In the examples of this section x 0 , x x , y 0i y x will be used 
for the values of x, JDx , y } Dy , when t = 0. 

Ex. 1. (3jD-|-2)ir-f -Dy == 1, t > 0. 

Dx+(4D+3)y = 0. 

a 0 = y 0 = 0. 
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The subsidiary equations are 

(3/H-2).t“-|-^/7 •-.= 1, | 

— 0. 

Therefore 

- 4/) |-3 ^ J 1 _ 33 

X P(p+I)(ll2>~\-U) % 5(y)-(-l) 10(11^4-6)' 

Thus *== 

A lso , 7 . .. U 1 _ 11 \ 

Thus y l{cr l —c,~^ u ). 

Ex. 2. (I)-~l)x—2y — t, t > 0. 

— 2x-\-(1)~-\)y t. 
x Q ■-■■■-. 2, y„ 4. 

The subsidiary equations arc 


-2i+(y;— l)y -L-f-4. 

V 1 


Adding, wo have 3)(*H+;y) — 


i.e. 


iC-f# 


. «, .V*M , 


[o(j» 


28 _ l 

3) 3p 2 ~ 


I>\V- 3) 

Therefore x-\-y — 2[q ) f ‘c :u — .\/I — JJ. 

Also, subtracting, wo havo 

{y+m-V) - -2, 


i.e. 

Therefore 

Thus 

Ex. 3. 


g — 

x~y 


2 

i>+r 

2e~ t . 


x = | 

y - / 

(2D— l)z+(3D— 2)y = < > 0. 

(2D+l)a:+(3D+2)y = te ». 


Up 
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In this case, since 2cr+4y = when t = 0, wo must 

have #+2 y = 0, and thus 

x 0 ~\-2y 0 = 0. 

The subsidiary equations are 

(2p-l)*+(3p-2)i J = 

(2p+l):e+(3p+2 )y = — y 0 * 

Therefore 

[(2p-l)(3p+2)-(2p+l)(3p-2)]« = 

i.e. 2px = — — ^ +2 r -4- ^ — 4y 

P (P~ l) 2 (P 2) : * L (i 3 — 1 ) 2 ' (#> — 2 ) 2 J ‘ /o * 

Therefore 


* 2(p— l) 2 2(p—2) 2 + 


,ri, i i 2 . 1 _ 1 " 

+ lP iP— !) 2 P~ l + 4p + 2{p— 2) 2 4(p— 2)J 

= 5 _1 1 /5_ 0 \ 1 1 I 

2(p~l) 2 (p-2) 2_| -\4 ^‘’jp (p — 1) 4(p'-~i 

Thus x = (!«— 1)^— (<+i)e»+(i— 2y 0 ). 

Also 2py = _ 2 ^?±A + 2?/ n 

(p— 2) 2 (p_l)2^ y "’ 

i.e. y — ^ A ^ r ?/o 

(p — 2) 2 (p— l) a 2p(p — 2) a 2p(p-l) 2+ p 

_? 3 J 1 1 / 

4(p-2) 2 2(p- 1) 2-1 " 8(p-2) + 2(p-T) + p V Vo ' 

Therefore y = (|«+J)e i “+(-f«+|)e«H-(y 0 -|). 

Ex. 4. ( J D 2 -4D)*-(Z)- 1 )p =1, | 

(D+6)*+(Z)»-Z>)y = c«. / 1 > U ‘ 

The subsidiary equations are 


t > 0. 


(p»-4p)*-Gp.-l)0 = ( px o+ar 1 )-4* 0 -y D +i > 

(p+6)d5+(p 2 — p)p = JB 0 -|-(py 0 +y l )_y -f L 

p— 4 



WITH CONSTANT ( -0 10 FFKTENTS 


17 


Therefore 

[l>(p 2 —ty) + (v + 6 )]* 

“= JPb*o+*i— 4x 0 — y„]4-m+*o+y 1 — y„+--- - 

P 4: 

Thus 

- i? 2 * i+?K-4* 0 )+*ii+,yi— y«, i 

(?>+l)(r?— 2)(??— 3) " 1 " (2>+l)(i» — 2)(p— 4) 

_ 6*o *i ?/o~H?/i _i 3* 0 — 2*, -(-?/„-?! , 3*x-2* 0 -y 0 +y 1 

12(j?+ 1) 3(2? — 2) ~ l ~ 4(2?— 3) ' t " 

1 _ 1 1 
+ 1 5(2?+ 1 ) G (2? -2) + 10(2?- 4) * 

Therefore 

* = l’aC&Ko— *i— 3/o+yi+i)fi~'-f-i(3*o— 2*i+y 0 -2/i— £)e“+ 

+l(3*i— 2x 0 -y a +ij 1 )e 3t +^. 

Also 

[2? 2 (2?-l)(2?-4) + (2?+0)(2?-l)]?7 “» P(p—*)bn/o+ x o+t/i—t/H— 

-(2?+«)[2?*o+*i— 4* 0 -y 0 ]+JP— 

Thus 

... = 3? 3 y n +2? 2 (?/i— 5y 0 )f2>(~ 6*o— *i+5y 0 — 4y t )— 6(3?!— 4a; 0 — y 0 ) 

' y (2?+ 1 )(2?-l)(2?-2)(2?'-3) ~ 

I ^+2 

JP(2>+ i)(p— l)(p—2) 


3(p~2) ( 12x o— 8x i+ 4: i/o— 4: !/i)+ 

~^~8(p—3j ®*i - l - 3yo 3y x )+ 


+ 1 i g__+ , .. 2 

' P 6(|>+ 1) 2(p-l) T J(p-2) 


4695 
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Therefor© 

V = M—3 OaJo+5%+52/0— 4 )e _ '+ 

+i(l 8*0 — 7x x -j- 7 ?/ H — 3 1/ 1 — 

+ i ( — 1 2*0 + — 4y 0 -I- 4y x 4 - 2 )e M 4- 

+i(6» 0 — 9*i+ %o— 3y 1 )e“-{- 1 . 

Ex. 5. (D 2 +l)a;4-(i3 2 — 2Z>)y = 0, , 

(D 2 4-T>)*+-» 2 y = 0. 

These give (D — l)*-f-2 Dy — 0, 

and therefore x x —x 0 J r 2y l = 0. 

The subsidiary equations are 

(p 2 +l)x+p(p—2)y = (px 0 +x 1 )+(py o +y l )~2t/ n , ) 
P(p-hl)z+P 2 y = (2>Z 0 + x i)+x 0 -h(Wo-l ’t/i)- I 

Therefore 

p [( p 2 + 1 )-( p + i )( p - 2 )]x = j»[?4*o4%y 0 H-*.rky, ~ 2y 0 "|~ 

— Cp— 2 )[? j (*o-l-?/o)-l-a'r(- j 'o+yi]- 
Thus JP(jP+3)*=^ 0 4-2(aJ 0 -(-x 1 4-y 1 ) ) 

and 5 = ! /Sdb^±.?i\ , 

3\ p ) 3(i>+3) 

Therefore a: = l(* 1 +* 0 +y 1 )+ ~ 2 ^ 

o 

Also 


p*[(p*+i)-(p*-p-2)]g 

= —p(p+l )[p{x 0 +y 0 )+x 1 -f y l — 2y 0 ] f 


Therefore 


+ (^ a +l)[>(*o-l-2/o)+a:i+a: 0 +yi]. 


y — ^o+^i+yi . 2 * 0 — 4a: 1 + 9y n — 4y t + 4y, — 2x 0 

3 P 2 tip _l " " 9(5>+3) ‘ 

Therefore 

y — i(*o+*i+yi)<+4(2*o— 4*i+9y 0 — 4^)4- 

+J( 4* 1 4-4y 1 — 2* 0 )e~ 3< . 

11 . In all the problems so far considered the function F(t) has 
been a simpie one for which F(p) is a rational function of®, 
his is not the case, or if F{t) is an arbitrary unknown funo- 
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tion, the solution may be obtained formally as an integral by 
the use of Theorem VI. 

For example, suppose wo have to solve 

(D*+2D+2)x ™ F(t) } t > 0, 


with x, Dx eqxial to x 0 and x x when t ~ 0. 
The subsidiary equation is 


thus 


(P 8 + 2?>-f 2)x — px 0 -)- (x l + 2x 0 ) + F(p); 
j)oc. 0 +{x r \-2x 0 ) F(p) 

p 2 +2/>+2 ‘ j/ i d-2jp + 2* 


To find the function whoso transform is the second term we 
take x x {p) = F(p) and x 2 (p) = lftp*+2p+2) in Theorem VI. 
Then 0 ^( 0 ) — F(t), x$(t) — <Hsini t, and we have finally 

t 

x =- a; 0 e~HiOs^+(rr 1 -|“^o) e " /B i n H“ J F(r)e^ r) Bin(t— r) dr. 

o 

If F(t) is a simple function such as those previously discussed, 
this method may, of course, still he used, but the evaluation of 
the final definite integral may be awkward and it is usually 
better to proceed as in §§0-8. 


12. When the equation to be solved is of the type 
4>(D)x =« 1, t > 0, 

with x 0) x x ,... } x n „ x zero and <f>(D) the polynomial 


D n +a x l) n ~ 1 + ...+a n „ x D+a n> 


the subsidiary equation is 

x(p) = 


1 

p4>(pY 


(i) 


and the solution is obtained by breaking up 1 fp<f>(p) into its 
partial fractions. If the zeros of <f>(p) are oc x , a 2 ,..., a n , all 
different and none of them zero, we find from §4(1) 


x(p) 


p<f>(p) p<K o) 

x(t)== f(o) + 2 


» x 

A (X^p — <*r)<l>'(<X,) 


T"*l 






and thus 


( 2 ) 
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This is a special case of Heaviside's Expansion Theorem . The 
method can, of course, be extended to the ease in which :r 0 , aq,..., 
x n „ x are arbitrary constants; also to the corresponding problems 
where we have to deal with systems of simultaneous linear 
differential equations with constant coefficients. 

Another type of expansion used by Heaviside, namely, that 
in ascending powers of t, can also be deduced from the sub- 
sidiary equation (1). It is obtained, in our notation, by expand- 
ing l/pcf>(p) in ascending powers of 1/p and then using the 
integral 

‘ - f i,. 

pn+X J 72 /! 

0 

It will be noted that this form would be of use when t is small 
and the roots of (j>(p) = 0 are not known. 

A very simple example will illustrate both types of expan- 
sions: 

To solve L—+RI = E 0 , t > 0, 


where L, R, and E 0 are constants and I 0 when t 
The subsidiary equation is 

7= 

p(Lp+Jty 

(i) For the Expansion Theorem solution we write 


Therefore 


r = 1 \ 

R 1 p+R/Lf 

I = B °t 


R 


(1 -e-miLy 


(ii) For the series solution we write 


j_ E n 

Lp\ l+R/Lp) 

, A I, JR , W 

JLp* \ Lp*~ JL*p 2 ~ 

From this we obtain 

J - - 

L\ £2!^i/*3! 

which agrees with the result obtained in 
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EXAMPLES ON CHAPTER I 


In tho following exam plow the initial values of x, Dx f D 2 x,... so far as 
required aro taken to bo :r 0 , itq, cr 2 ,... unless numerical values of these 
are specified. The answer is given at the end of each example. 


y x * 

(£>M 

•3/)| 

■2);c -■ 4; 

2, ^ r-n 0. 








ci 

II 

S 

■ 2. 

(-»-)■• 

1)(/L 

| 2).r ■-> J-l-H-t*. 







F* f-H 

-l*» + (2* 0 - 

+x 1 — 2)e~ 

■*— (a? 0 4»i— 4)e*“ ai . 

3. 

(« 2 -l 

•n 2 );r 

asin(w^4«); 

m 4 n; 

as 0 — = 

= 0. 



4 

, '* ... {w cos a sin n£ -f 

n(m*~~n 2 ) 1 

-71 sin ol cos nt — n sin(mt 4 a)}. 

4. 

(JD 8 4w a )a: 

-- atun(nf • |- a); 

^0 — *1 - 

= 0. 






[x — a{sinrt£cosa'- 

-nt cos(n£-j~a)}/2n 2 . 

5. 

(. D »- 

»m a ).r 

— ae mt \be nt ; : 

r o ™ 

0. 



[;t; "■ • (a /2m 2 ) (mte nU — sinh mi) 4 


+ . 2 ,u(m°- n*) {{m ~ n)6 ~ mt + + n ) e ”‘ - 2men< >- 


0. 

(L> 2 41)» - 

sin t sin 2 1. 

[x — (ar 0 ~f ff )cos«4i\*cos3H“(%4iOsin^ 

v' 7. 

(y; a -4)u? -t 

c 2 *. 

fir — a? 0 cosh 2£ 4 ( i 37 ! — -|)sinh 2t -+ ^e 2i . 

8. 

(/) a 4 l)ar - 

1 ; x 0 — -r- x z ^ 0. 

[a? = 1 — **-*— le**cos$<V3. 

* 9. 

(D 3 4 l)x ^ 

t; x 0 r=! aq rr 2 = 0. 

[a; ~ if4 Je“*— Je H (cos JW3+ V3sin^V3). 


10. (X> 3 + l)x =* 1< 2 ; = «i = *2 = 0. 

[a; = \t 2 — Je^ + ie^cos^VS— V3sin J/V3). 

11. (D 3 +l)x = l + t+lt*; x 0 » i» 2 n 1, = —I. 

[ x ssa l+i+J« a + fe**(cos V3sinJ«V3). 

12 . (D+l)(D + 2)(JD+3)a? « 14<4* 8 ; a 0 = = a? 2 = 0. 

,13. D(I>H-l)(D+2)(D+3)a7 = 1. 

[x = (i£ 0 4- ^ktq 4 ^2 4 b x n ~ ao J ) 4 ( 3a? x 4f a?2 4 £^3 — i) e “* 4 

4 ( 1% 4 2^2 4 i x 3 -—£) e ~ 2t ~ ( i x i 4 i x 2 4 b x $ — ■ 
V 14. (D*44D 3 44n a )a? — 0. 

[4# « 4x 0 — 3a? 2 — a? a 4 ( 4itf j. 4 4a 2 4 )* 4 ( 3:r 2 4- rz 3 )e” 2 * 4 ( 2x 2 -j-x 3 )te~~ 2t . 

15. (JD 2 4 1) 2 ^ = sin£; x 0 = x x = x 2 ~ x 3 ~ 0. 

[a; =s -|(3 — jf 2 )sintf— $£cos t. 

10. (D 2 4 1) 2 # s= 2sin£; x 0 = x x = x 2 = x 3 = 0. 

[a? s=s ^{(3tf--2 3 )sin2---3£ 2 cos£}. 
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17. (B*+n 2 ) 2 x = asi n(nt+oc); x 0 = x x = ar 2 = x a - ■= 0. 

# = (3 sin nt cos a — nt ( 3 cos cos a — sin sin a ) ~~ n 2 ^ 2 sin (nt - 1 ■ » a ) }. 

L 8n 4 c 

18. (D 2 -\-n 2 ) 2 x = asin(m£-J-a); m ^ w, a: 0 — x x — % - ^3 ' ' 0. 


[*“ 


g{2n 3 sin(mi +a) -+-m(m 2 — 3w 2 )cos a sin n£ - 


2n 3 (m 2 — n 2 ) 2 

— 2n z sin oi cos nt -f- {m 2 — n 2 )nt(n sin <x sin nt — m cos oc cos n t)}. 


v/ 


19. (D 2 +l)(D 2 +4)(D 2 -b 9)x * l; a? 0 ar x ^ a? 2 


— -A" cos H ■ <jV <‘°‘ s ^ -■ ;t j 0 *<*os:k. 
* 20. (D 2 -a 2 )(D 2 -b 2 )(D 2 ~-c 2 )x = 1; a? 0 ^ ^ - u* 2 tr # ;c 4 ;r 5 0. 

[* = ~ & bW + a 2 (a 2 -& 2 )(a 2 -c 2 ) COHh + 

1 1 

+ /T7T2' 2T/F2 2 \ cosli^-f • 0 /tl coshc/. 

b 2 (b 2 — a 2 )(b 2 — c 2 ) c-(« 2 - a-)(r- />*■) 

^ 21 . (jD 5 -f- l)a? = 1; a: 0 = a? x = # 2 = a? 3 = # 4 -■ 0. 

= 1— Je~*— f6 <COB,r / 6 coB(^sin J7r)— ■J^ t!0 * 3 * r / ft caH(/Min §7r). 

22. (D 2n —l)x - 0; «= 1, x x - a 2 - ... ^ ar 2 „.. x : 0. 


n ■" i 

|a> = ieosh^ l ^ 


Simultaneous Equations 

23. Dx — y, Dy = z, Dz = a:. 

[a; = M^o+J/o+Zo)®*— 

~ i® _it {( - 2» 0 +2/o +z 0 )oos i« V3 - (y 0 -z 0 ) V3 ain J < V3}. 

24. (X) 2 — 3D +2)a5+ (X>— l)j/ — 0, 1 
— (D— l)a+(D 2 -5D + 4)i/ = 0. / 
x 0 = x 1 = y l = 0 , 2/ 0 = 1 . 

|> = i(e t -e 3< +2«e 3 <), 2/ — i(5e ( — e 3( — 2 te 3t ). 

25. (D 2 — 8)a:+ V6Djf = 0, 1 
-V6Da:+(D 2 + 2)2/ = 0. / 

= 1, =: 0. 

[a: = J(3eosh2i — cos2i), 3/ = JV6(ainh2i — mu 2t). 

26. (2D 2 -D + 9)a:-(D 2 H-D + 3)2/ = 0, \ 

(2D 2 +D + 7 )k-(D 2 -D+6)2/ = 0. / 

= 1, 3/ 0 = 2/i = 0. [See § 9.] 

[a: = J(e < +sin2<+2cos2i), y = J(2e‘— sin2i — 2cos2i). 



WITH CONSTANT COEFFICIENTS 


23 


27. D~x~\-(i Dtj—hr, 0, 
Dhj—aD.r—hij : (). 

:'•» ~~ Vo ' L ?/i : ;< ‘i 1. 


[ K « V ■ a ^(cos^9i-cosa<)> 

wlH'i'o «, /? urn J{a_L V(a 2 -46)} if a 3 > 46. 
PisousH hIko Mu' ch.sch a 2 46. 


28. (P 2 ~4).» (O | 2)// |(P~2)s ... 0, 

2l)x- (IP- 3)// | (/A- 4)2 0, 

(/> -2).>'' -,i/ |.(0 2 --4)2 ... 0. 

J, o '/o ■ “(i ' E 2, //j * 3, 2| • I. 

I>" ! ?/ z-teP+iff*K 

29. (IP— 1).b T;//’| ~ ; 0, 
it‘ | (IP - !)//•■[. 2 ,0, 

3!'h?/-|- •(/->“— 1)S : 0. 

[.t: ~ J{( 2;r 0 - - j/ 0 - z„)(! 08 l 1 1 V2 J V2(2xj - ?/ t - z^sinh t V2 + 

‘K^o + 3/o 4 - C ( • (a-j + 2/j + Zj )sin i} . 

*30. Pa* a •* ^ it 2,..., 

P-f„ ■ ■ •-«()• 

a o " E a'jj... * 0 ui t 0, 

[■»■„ - ^(ci) n <r“. 


3L (P 2 ~4),i; ■ (P '| 2),i/-| (l) ~2)z - sin 2 t, 

2P.k- (IP ~2)y\(lP -4)2 . 0, 

(I)—2)x~ y -|- ( P 2 -» 4)s *•< 0. 

Va “ ?/i “ z 0 0 . 

I* “ - & sin 2i -f- &sinh i -j- t8t sinh 3t. 


32 . 


(D—l)X‘\-ly—\z~\u « 0, 

A^+(P 7 1 ) 2 /+?z+ 1 m-». 
i-e-Jy-MP-l)*+i« ~ 0 , 

|a;-fi 2 /- 4 z 4 .(P_l) w « 0 . 


[* ~ J-/(j/ 0 — 2 z 0 — 3 w 0 )eC 



CHAPTER II 

ELECTRIC CIRCUIT THEORY 


Throughout this chapter I, V, Q will bo used for current, 

E.M.E., and charge respectively, 7, V, Q for thoir Laplace 
0 0 0 

Transforms, and I, V, Q for their values at t - - 0. 

13. E.M.F. V applied at t — 0 to a circuit consisting of in- 
ductance L, resistance R, and capacity G in series. The initial 

values of I and Q are to be I and Q respectively. If 
The current is given by the equation 


L Tt+ m +h v - 


(1) 


where the charge Q on the condenser and the current I are 
connected byj 

L (2) 


dQ 

dt 


Multiplying (1) and (2) by «-*, p > 0; and integrating with 
regard to t from 0 to oo we obtain in the usual way tho sub- 
sidiary equations 


(Lp+R)I+^Q = V+LI, 


and 


x.e. 


o 


pQ i+Q, 

I 


Q 


0 

P P 


Eliminating Q, we have the fundamental equation 


(pp~hR~h j 


v+lI-Q. 

Cp 


(3) 


(4) 


( 8 ) 


first order and only one'toitW 6 vrfu e S e 816 ^ ^ * di .® ero ’ ltial 8 l«*tion of the 
oaoaeitv in ts •! » be P r0Soribed - * there J. no 

r 7 01 if th6re “ no inductance only 

side of the condenser. “ P ° SltlV6 Whe “ flowing towards high potential 
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14 . hi this section we consider various types of E.M.F. applied 
at t = 0 to the circuit of § 13, the initial charge and current being 
in all cases zero . 


Ex. 1. A constant E.M.F. E applied at t ~~ 0 to the circuit 
of §13. Initial charge and current zero . 

Here I — Q -- 0, and F ~~ ho § 13 (5) becomes 


Therefore 

1 


where 



4*1 4 <*+**+'V 




R 

9 b ’ 


71? 


1 _ R* 
LG 4 L?' 


( 1 ) 


It follows, lifting Thoorom IV, that 

/ J e’^sinnt, if n 2 > 0, 
nlj 

/ f J de n\ if n 2 — 0, 

Jj 


and if n 2 


0, putting n 2 ~~ —k 2 we find 
M 


kJL 


e““/ A/ sinh Jet. 


Ex. 2. Alternating E.M.F. Eslnwt applied at t = 0 to the 
circuit of § 13. Initial charge and current zero. 

Here V = Esin cot, so V = a , and by § 13 (5) 


(^+*+<5)'' 


Thus 


ojE 

p 8 -f to) 2 ' 

j Epw 

~ (Lp*+itp+i/cHp*+o>r 


( 2 ) 


Expressing this in partial fractions with quadratic denomina- 
tors we find 

7 _ E fX(p+p)—pX' Xp-Ro>\ 

Z*[ (p+iJLf+n* ' jp*+cJ a /’ 
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where X = Lo>—l/(7a» ? X' = Loj+ljCcx), Z 2 = X 2 +/£ 2 , and 
n 2 and /jl are defined in (1). If n 2 > 0 it follows that 


E E 

—=- e~^\nX cos nt — /jlX' sin nt ) — - (X cos wt — R sin cot) 


~ ( 3 ) 

where tany = X/R, tan§ = nX/fiX'. (4) 

Ex. 3 . The problem of Ex. 2; it is required to find the ‘steady- 
state’ current only. 

As before, I is given by (2). Instead of expressing 7 in partial 
fractions with quadratic denominators as was done in Ex. 2, 
it could have been expressed in partial fractions with linear 
(complex) denominators; the partial fractions arc then more 
easily obtained, but the reduction to the final form (3) is longer. 
But when only the ‘steady-state’ current is required it is best 
to proceed in this way. 

The roots of the denominator of (2) are and 

the roots — give a contribution to I which dies away 
like eri* and so may be ignored. Thus we need only determine, 
by § 4 (!)> the partial fractions with denominators p±.ico. These 
are 

E f E 1 

2i(Lico-{-R J rl/Cio) (p — ico) 2 i( — Lioo-\- It — 1 jCico) p «b ia> 9 

which correspond to current 

Ee™ 1 Ee~ iwt E . 

2i(Liaj+B+l/Giw) 2i{ — Liw +R—lJdioj) ~ Z v)> 

where y is defined in (4). 

The algebra of this process is almost identical with that of 
the usual method of finding steady-state solutions (by assuming 
all quantities proportional to but the subsidiary equation 
(2) contains also the transient terms if required. 

Ex. 4 . Alternating E.M.F . of the same period and damping 
applied t = 0 to the circuit of § 13 ( oscillatory case , n 2 > 0). The 
initial charge and current zero. It is required to find the subsequent 
charge in the condenser. 
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1 IP R 

As in (1), lot nr : - — and /* - Then, including 

for generality a constant phono angle <*, wo take 
r ■ AV Jmx). 


Thus, by Theorem IV, 

^ V F 

(;>■! M) 2 d^ 

And therefore, by § 13(4) and (5), 

/ /? «-h?i cofl« 

’ V lj | (?H ■/*)*+?**)* 

Tims, using Theorem TV and (H) and (9) of §3, 

yy f I | 

O arsi ~ . win win ?ild- , „ cob <* sin ni— 

* L I 2n 2n 2 


- -4- cos a er&t cos I 
2n I 

jj fl 

— ' e~i li \ -coHaHinwJ— / cob(w£+«) . 

2nA |w J 

Ex, 5. E.M.F, any function f(t) of the time applied at t = 0 
to circuit of § 13. Initial charge and current zero. 

In this cane by § 13 (5) we find, using the notation (1), 


Then in Theorem VI wo take x x (p) = f(p), so that x x (t) = /(/), 
and f 2 (p) =w p/[L(p~{~fA)%+Ln*], so that, in the case n 2 > 0, 

x % (t) ™ e~^(^ cos nt—p&in nt)j(nL). 

Therefore it follows from Theorem VI that 


/ 


1 

nL 


t 

J e^f lT (n cos 72-T~~~ju- sin ivr)f(t — t) dr. 


w 


0 

Ex. 6. battery of E.M.F. E connected to the circuit o/§I3 
at t = Q and short-circuited at t = T. Initial charge and current 


zero . 
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. The E.M.F. V is here given by 

V — E, 0 < t < T, ) 
= 0, t > T; ) 

thus V = E f J 


And so, from § 13 (5), 

f ? . n—e-i> T ). 

~ L{p 2 +(E/L)p+l/LG} y 

Hence, using Theorem V and the result of Ex. I (i), we have, 
in the case n 2 > 0, 


I = (E/ntye-^sinnt, 0 < t < T, 

= ( /nL)e^/ li sin (E/nL)e-^ T ^ sin n(t— T), t > 2\ 


A device which is very useful in problems of this type in 
which the applied E.M.F. is varied by switching processes is the 
following: the applied E.M.F. V may be regarded as f(t)+g(t) % 


where 


and 


fit) = E, t> 0, 

gif) = o, o <t<T, \ 

TP. / - — rp l 


Ee~ pT 

Then, by Theorem V, g = — 

and thus V = f+g = ^(1 — e" pT ), as before. 


15 . Electrical networks . 

A complicated circuit may be regarded as built up of elements 
of the typef discussed in § 13. 

Let B k , L k , C k , Q k , I k correspond to the &th element, let V k 
be the potential difference between its terminals, and let be 

f For the slightly more general case of inductance L and resistance M in 
series with a leaky condenser (capacity C and resistance 1 jQ in parallel) equa- 
tion § 13 (5) is replaced by 

[^+*+idcrA T = Li+v -<w P - 
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the mutual inductance between it and th(^^l^elel4eAtB , : 
for the current in this element we have 


L k 


(IT;, 
dt ‘ 


h Rk 4+ + i\ J 4 dt + 2 

L 4 J r?k 



0 

2 ' ** l = v k - y» +lJ, c + 2 M kr l ( 1 ) 

r 2?^k r ^ k 

where 


Z kk = ^A.jP+-Rjb+ 


1 

VkV 


and z kr = M Jcr p, if r =£ 1c. (2) 


We shall in future for shortness use 2 for the 'generalized im- 
pedances’ (2) and write down subsidiary equations directly in 
the form (1). 

If we add the equations of type (I) for all elements com- 
prising a closed circuit and use Kirchhoff’s second law, we obtain 


22^1=2 [i‘Jk+gx tf i-Q k ipO k ]+ 2 v, ( 3 ) 

where the 2 refers to the summation over the members' of the 
closed circuit, and 2 ^ i 8 sum transforms of the 

applied E.M.F.s in the closed circuit. 
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KirchhofFs first law, 2 I = 0 at a junction, becomes 

21=0, at a junction, (4) 

These equations are sufficient to determine the I k in terms of 
the initial conditions and the transforms of the applied MM.F.s. 
In complicated circuits the denominators of the I k may be of 
high degree in p, so that explicit algebraic solution is clumsy 
or impossible, hut the solution can fairly easily bo carried out 
numerically in actual cases. 


16 . Examples of simple circuits with non-zero initial currents and 
charges . 

Ex. 1. Condenser charged to potential E and discharged at 
t = 0 through an inductive resistance. 

Here / = 0, Q = CE , so by § 13 (5) 




Thus 


1 = 


E 


E 


Lp*+Rp+ 1 10 ' ’ 

in the notation of § 14 (1). It follows that 
E 

l — e-^si nnt, if n 2 > 0, 

nL 


I = 


if n 2 = 0, 


E_ 

hL 


e~i xi sinh Jet, if n 2 < 0, where = —n 2 . 


To find the charge on the condenser we have by § 13 (4) 

Q = I Q-fl / = 9IL _ CE(p+2fx) 

P p P Lp{p 2 + (B/L)p+ ijLC} (p + ijl) 2 h n* * 

Therefore, if n 2 > 0, 

CE 

Q = ■— -e~^(/x sin nt+n cos nt). 

Ex. 2. Steady current Ej JR is flowing in the circuit of Fig . 2 
with the switch S closed. At t = 0 the switch is opened . 
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Hero I = JS/X, Q ~ - 0, ho from § 13 (fl) 


/, . , . . 1 \ , hlC , K 

('*+“+ c i,) 7 “ /( 


So, in the notation of § 14 (1), 

v A7 (H-W 


A? ;;+2/4 


(p-MH-w 8 ’ 


Therefore 


/ — • -“C’' count l/imnnl), if '/e, 2 > 0. 



L R 

Kia. 2 


Ex. 3. 2 r Ac switch 8 in the circuit of Fig . 3, which has been 
closed for time T, is opened at t =«= 0. 

It is easy to show that after tho battery has been connected 

for time T (from zero initial conditions) the charge on the 
d 

condenser is Q = EC, and the current in the inductance is 

I = — (JS7/Jf?)(l — e-KTfL)' measured in the direction of the arrow, 
i.e. towards the high potential side of the condenser. These are 
the new initial conditions. Inserting them in § 13 (5), we hare 

(Lp+£ + ^)l- -§-%( !-«-"*)• 

Thus 

T __ E Ep (l_ e -RTIL) 

L[(p+rf+n*\ 'M p+tf+v*] y h 
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in the notation of § 14 (1), and so, if n z > 0, 

TP JP 

/= — — e-v* sin nt~- erv*(n cos nt—p sin nt) ( 1 — e~ m 'l L ) . 

^, 7 , Rn 



Ex. 4. Steady current EjR is flowing in the circuit of Pig . 4 
the switch S closed. At t = 0 the switch is opened. To find 
the subsequent current. 

The initial current is EjR in L } and zero in L\ Thus, by 
§ 15 (3), for the closed circuit ABCD the subsidiary equation is 

i(L+L')p+R+B']I = 
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Therefore 

j = LE_ E 

and 

___ .. "7 L'R) e -i(R+R')l(L + L') 

~~ B+B'^ B(L+L')(B+B') 

JEJ L 

Notice that lim/ = ~ ~~ r — and there is an impulsive redis- 

sC — >-0 Xv Ju 

tributionf of current between the inductances at £ = 0. 

l r 4 



17, /n this section some easy network problems are discussed . 

Ex. X. Can the inductive effect of a coil be neutralized by 
shunting it with a resistance and condenser in series? The initial 
current and charge are supposed zero . 

Let the currents in the branches be as shown in Fig. 5, and 
let V be the applied E.M.F. Then the subsidiary equations are 


thus 


(Lp+JR,)!, - V = (n 2 +-L')l 2 ; 

= 1,+J, = ^[^qr^+^oj+i] 

^ BCp 2 -{- cp(B x -\~ ^ 2 )"^ 1 1 
" K lLCB 2 p*+p(L+B x B 2 C)+Bly 


, t For further discussion of this problem see Appendix III. 


4695 


34 


ELECTRIC CIRCUIT THEORY 

If the system is to behave as a pure resistance, the last bracket 
must be independent of p, so we must have 

LG G(R x -\-’R$) _____ 1 

LGR 2 L-\~ R x R 2 G R x 

L 

i.e. R 2 , ==: J*i and G 9 

With these values I = V/R x , so the system behaves as a 
simple resistance R v whatever function of the time the applied 
E.M.F. V may be. 

Ex. 2. Two circuits coupled by mutual induction . 

Suppose that at t = 0 an E.M.F. V is applied in the first 
circuit , all initial currents and charges being zero. Then, if 


»u = L x p+R x +-^, z 12 = Mp , z 22 = L 2 p+R 2 +^- 9 (1) 


the subsidiary equations are 

*11 4 +*12*4 ^ V, 

Solving,! 

Z> = 0 ^ V and 

*i2-*n 


*12 4 + *22 4 

I 1= =_. ^ F. (2) 

*12 *11*22 


In the general case the denominator is a quartio in p and 
there is no simple algebraic expression for the solution. Special 
cases are considered in the following examples. 

Ex. 3. The problem of Ex. 2 with G x = C 2 = 0. A constant 
E.M.F. E applied to the primary circuit at t = 0. It is required 
to find the secondary current . 

Here V — E[p , so using (1) and (2) 


ME 

M*p*-(L x p-\-R x ){L 2 p+R 2 ) 

ME l 

(l x l 2 -m*) (p-\ x )(p-\ 2 y 


t It is known that L x L 2 > M z and we assume here L t L % > MK If 
Li L 2 — M % (perfect coupling), the determinant of the coefficients of the 
highest powers of D in the original differential equations vanishes. This is 
the special case mentioned in § 9 and § 10, Exs. 3 and 5. 
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where Aj and X 2 are the roots (both real and negative since 
L x L, 2 > M-) of 

| ^3“f“ /J) 1 H l ft'i ,, 

1 L x L. i ~-M* 1 r (/; i y Ja -^) w * 

So finally, X- 

Ex. 4. The problem of Ex, 2 with V «= Em\ cot. It is required 
to find the "steady -state' secondary current, 

ur. l T7 A T 0> 


We have now 




and substituting this in (2) gives 

j ^ Mp wE 

9 "" m- 2 >--{l iV -i'- f i/f>j(/;ff4TiM?) *>»+»•* 

To find the steady-state current we need only evaluate, using 
§4(1), the partial fractions corresponding to the roots ±i<x> of 
the denominator.! These give 

Mw *L + m~ \] i r+ 


jj? 

-f conjugate imaginary = — — sin(a)tf+8), 

Z/{\ 

tanS — ^ 2a>2 + -^1^2 

uano , 

*i - [M»+ **£*& ]'. 


and X x = £*<*>— - 7 - — *, — * XgO)—^ — . 

6\ o> 62 <o 

Ex. 5. circuits of resistance E v B 2 and inductances L v L z 
are coupled by mutual inductance M. At t = 0, when a steady 
current E/M x is flowing in the primary, this circuit is opened. To 
find the secondary current, 

t Strictly it should be verified that the other roots of the denominator do 
give rise to transient terms, i.e. have their real parts negative. 
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The differential equation is 

MDI x -\- {L% D~\~ E 2 )/ 2 “ 

where I x = 0, t > 0 , and thus /, = 0 , to be solved with 

•^1 — -4 = 0. 

The subsidiary equation is 

(L 2 p+E 2 )/ 2 = if/, = MEjR x , 
and so L = 

L % R 1 

Ex. 6. Two circuits L x , R x and L 2> R 2 coupled by mutual 
inductance M . L X L 2 = if 2 . ^ constant E.M.F, E applied at 
t= 0 in the primary circuit . Initial currents zero . 

The differential equations are 

(L X D+R X )I X +MDI 2 = E, | (1) 

fl+JJtH, = 0. } t>0 - (2) 

Multiplying (2) by LJM and subtracting from (1) we have, 

using L x L 2 = M 2 , 

RJ.-^I^E, t> 0 . ( 3 ) 

At t = 0 the E.M.F. in the circuit is zero.f so the initial currents 
must satisfy 0 0 

0. (4) 


The values given, J x = J 2 == 0, do satisfy (4). 
From (1) and (2) the subsidiary equations are 


(-^i^+-®i)A+ATpJ 2 = Ejp, | 

== 0. } 

Solving, we have 

/ — +j?a) 

-®1 + -Sj j? 2 ] * 

.J m ■ 5P1 “ “ »' •** 

^ 0 , t » 0 , 

= iff, * > 0. 
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and 


Thus 


and 


7 MM 

p(L x J^+H x L % )+Ji x M % m 

r — iL— L t R^M e ~n x ii t ikL x RikR x £*> 
r — _ M M Ri ^ lj(hi * i+ ^ /jst) 


B 



Fia. 6 

18, Alternating current bridges , 

Ex. 1. Anderson's bridge for the comparison of capacity and 
self -inductance. 

The circuit is shown in Eig. 6. The currents are chosen to 
satisfy KarchhofiPs first law automatically. An E.M.E. V is 
applied at t = 0 across AD (initial conditions zero) and it is 
required to find the condition for the galvanometer current I g 
to be zero. We write z g for the impedance of the galvano- 
meter. 

Applying Kirohhoff ’s second law, § 15 (3), to the circuits ABH, 
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BED, DEE, ABDF in that order gives the subsidiary equa- 
tions _ 

— -4) 2iJ s 0, 

- o. 

ij(J fl -J3)+ij 4 (4+i fl -/ 3 )- i j s - o, 

^Jr 

{Dp+R^+R^-l) ----- V . j 

Solving, using determinants, for I u we have (the denominator % 
A(#>) is a polynomial in p which we need not calculate) 

I B = < ^{(B,R z -B 1 R i )+p[CR i (B i li i -\- HR,)- Lit,]}. 

Thus, if 

R 2 R Z = R 1 R /k (the direct current balance condition) 

and LR 4 = CR Z (R 2 R^+RR^ RR^ 

I g — 0, and so I g = 0 for all t > 0, whatever the applied E.M'Jf. 
may be, e.g. alternating current of any frequency, or the tran- 
sient due to switching on a battery. 

Ex. 2. The bridge of Ex. 1 is balanced for direct current , i.e. 

R 2 R 3 = R x B 4 , and at t = 0 steady current is flowing from a 
battery E connected to AD. At t ^ 0 the battery circuit is 
opened. To find the condition that there may he no galvanometer 
current. 

The initial currents are 

5 _ l 5 _ E 8 } fl 

1 J2 \+R,’ 3 ~ Jff °' 

The initial charge on the condenser is 

A_ cer 3 

Rx+Rs 

Also for < > 0, J„ = -I v thus J 2 = ~J V 
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The subsidiary equations for the circuits A BH, BED, and 
DEH aro 

{Lp+R^+s, 7 U + 4 - 

xww.>-^-u = 

= ^ e ‘- a . j 

Solving, wo have 

where, as before, the denominator determinant F(p) need not 
be evaluated. Thus, if 

LB, - OIURB,+ RB 2 +B 2 B,) f 

7 a * o, 

and /„ — 0 for all t > 0. 


Ex. 3. Rimington's bridge . 

The circuit is shown in Fig. 7. E.M.*F. F is supposed applied 
at l mb 0 across A/v, all initial currents and charges being zero. 

The subsidiary equations for the circuits ABB, BDB, DKH , 
ABDF, respectively, are 

(Tjp+Rjlx+Zglg— B z T a = ,0, 'j 

Ra(?l -^) -4) — 0, 

r a(-4H~-^ ^3) — Cp^ a ~ 
(Li5+f? 1 )7 1 +ij 3 (j 1 -/j = r j 

Solving for l a , we obtain 


- a - A ^{£Cr 1 r z p*+pWr 1 +r 2 )+C(B 1 r 1 r 2 -R 2 M 3 r 2 )]+ 

d~ ~h^*a) -^2 -^3}) (1) 

where A(#>) is a polynomial in p whioh we need not calculate. 
Thus it is impossiblef to adjust the resistance so that I 0 ~ 0 
for all F, but there are still two possible ways in which the 
bridge can be used: 

t Unless r x ®» 0. We shall not discuss this case. 
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(i) As a ballistic bridge. The bridge is first balanced for direct 
current so that = £ 2 E 3 . ( 2 ) 

Suppose, then, that a battery of E.M.F. E is switched on at 
t — 0 (the initial currents and charge all being zero) so that 


B 



V = E[p; we seek the condition that the total charge passed 
through the galvanometer may be zero. This reqmresf 


0 — f I g dt = lim f e-^Ig dt = lirn I g . 

J J P -X) 

And, since from (1) and (2), 

I g = {F/A( 3J )}{AC'r 1 r 2 ;p+[A(r 1 +r 2 )+C'(r 1 r 2 iZ 1 - J B 2 i2 3 r a )]}, 
we see that lim I g = 0 if J 

— = ^2(^2 -^3 jjl r l) __ jjl ?jj 

C *l + r 2 *l+ r 2 # ' 

t The inversion of order of limiting processes below is justifiable since it 
follows from the form of I 0 that 1 Q consists of a number of exponentially 
decreasing terms. 

$ It is easy to show that A(0) # 0. 



hleutrk! < him tut theory 


41 


(ii) As an alt ernat ing-eunvnt bridge. Suppose V ~ sine ot, so 
that V ~ c o/(p*+co%) 9 and that steady current conditions have 
been attained, then considering only the partial fractions 
involving the roots izo> of t he denominator of (1), wo have for 
the steady current 

{- J LCr 1 r 2 a>*+R l (r 1 +r 2 )--It % R r \- 

+ io>[L(r r \-r,)-\-0(R iri r a -R 2 tf 3 r 2 )]} , + 


“| - c?on j ugate imaginary. 



This will vanish if both the real and imaginary parts of the 
bracket vanish, i.o. if f 

jTjC — ^i( r i +r 2 ) R 2 R% L _____ t 2 {R 2 R $ R>x r i) 

Ar 2 C f x +r 2 

Here, in contrast to Anderson's bridge, there is a balance only 
for on© frequency, and only for the steady state of that fre- 
quency. 

19 . Filter circuits . 

We consider a number m of similar circuit elements (‘sec- 
tions’) arranged in tandem so that the output of one is the 
input of the next. The T section, Fig. 8, is taken as typical. 
A circuit made up of m such sections, with E.M.F. V applied 

t Note that this requires Ei(rx+r a ) ^ E 3 , Le. the bridge must not be 

in balance for direct currents. 

4695 a 
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to the first, and the last closed by impedance z% would appear 

as in Fig. 9. 



The currents / ()v / l5 ... are chosen 
as shown in Fig. 9, and the 
initial currents and charges are 
supposed zero. Then applying 
KirchhofFs second law, § 15 (3), 
to the meshes successively we 
obtain the subsidiary equations 

(i*'+s)f ? -s7, .« V,\ 
z7 0 —(2z+z')l 1 +zl 2 ~= 0, 

^jn — 2 (2z~\~Z )4/t— ~ 

(*+£*' z 4-x — / 

( 1 ) 

Except in the end sections, 
the transforms of the currents 
in neighbouring sections are 
connected by the difference 
equation 

z7 r —(2z+z')7 rll -\-z7 rl2 ~ 0. 

(2) 

We seek a solution of (2) of 
typo l r oc g r , then substituting 
in (2), jjj must be a root of the 
quadratic 

^-(2+~y+l^Q. (3) 

Thus, if fx x and fi z are the roots 
of (3), a solution of (2) contain- 
ing two arbitrary constants is 
7 r = (4) 


and this is in fact the general solution of (2). 


The roots of (4) are 
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which may bo written e ±0 , 


(6) 


where 

cosh# -1+-1. 

(V) 

In this notation (4) becomes 



I r Ae r0 +Be~ rl) , 

(8) 


where H. and i? are to be determined in terms of V and z" by 
substituting in the first and last of equations (l), which give 

A(\z'+z— ze 6 )+B(lz’+z—ze- Q ) = F, \ ( . 

+55 — = 0 . / W 

Using (7) these become 

—A sinh 9+B sinh 6 = V/z , | 
Ae m0 (sinh 0+z ,f jz) + sinh 0+z*l%)= 0. / 

Solving for HI and 21 and substituting in (8) gives 

j F sinh ^ cosh (m~-"r)^+(2:'7^)8inh(m---r)^ . 

» sinii6/[Hinhmflsinh^+(2s7»jcoshi^] * 

As simple cases we consider 

Ex. 1. 

F = J? (constant), z" =0, z' = 2?, z = l/OJp. 


Here 

cosh# = 1+ \BCp, 

Co 

and (10) becomes 



Nowf 

j OB cosh(m— r)8 
r sinh 0 sinh md 

(i?) 


sinh#sinhm# = 2 9n ~ 1 (cosh 1) (cosh #— cos Trjm)... 

. . .{cosh (9— cos(m— 1 )<7r/ra}(cosh #+ 1) 

= 2 w ~*(J22(7j))(l -f iJRCp — cos 77 /m)... 

t Cf., e.g., Carslaw, P/cme Trigonometry , 3rd ed. (1930), § 119. In the same 
way the more general expression (10) may be expressed as a quotient of poly- 
nomials in cosh 6 f i.e. as a rational function of p. 
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Thus the zeros of the denominator! of (12) are 


p = 0, p = — cosw/w) 


2> = ^ 


4 


i.e. 




2 ^1— eos^, s = 0, 1, 2,.*., m. 


JSCV m/' 

The corresponding values of 6 are isrrjm, s — 0, 1, 2,..., m, 
respectively. Now 

d , . , o . m jBO cosh0sinhmfl+w.«inh 
(smh 0 smh m<9) = — - sinh g 


dp 
Therefore 


(13) 


(sinh 6 sinh mO) 

L dp ip— 


cos $irlm) 

= £i2C7m(— 1)®, £ 1, 2,..., m—1, 

= mRG , t9 = 0, 

= ( — l) w m.H<7, £ ^ m; 

the last two results are obtained by taking the limit of (13) as 
0-^0 and d->in respectively. And so, using §4(1), wo have 
from (12) 

E , (-1 YE e -UlRC_ 

‘ m& 

8»»1 


mR in R 


2E V cos !l 57r e - 2/(l-<iOHS7r/m)//eO > 


7 ■ fg V 
^mRZ^ 


m 


(14) 


and 


Ex. 2. 

F = E (constant), z" = 0, z' = Ap+i?, 3 = l/CTp. 
Here cosh.0 = l-\-^Cp(Lp+R) 

CE cosh(m — r)6 


Ir = 


sinh 6 sinh md 


(15) 


t It may happen that some of these are also roots of the numerator of (12). 
This need not be allowed for in determining the partial fractions since the 
corresponding terms (those with cos rsnlm = 0) vanish in the final result. 
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The denominator of (15) vanishes for 0 = isrr/in, s = 0, l,..., 
m , and the corresponding values of p are the roots of 

v*+7J }+ -L(j[ l ~ COH 'S) “ °’ * ~ °> 1 ’”> m - 

Thus the zeros of the denominator of (15) are 

p = 0 and p ~~ — B/L, corresponding to s = 0, 


,9 =s 1, 2,.,., m, 


where 


a„d A - 


- (sinh 0 sinh m0) 


cosh 0 sinh m04-m sinh 0 cosh m0 


Therefore 




6 sixth m6) 


sinh 0 


p 


(LCp+kBC). (16) 


- ±i(-iymLCp 8 , 

if s = 1,,.., m — 1, 

= ±2i(~irmLCp m9 


if 8 = 771. 


Also, taking the limit of (16) as 0 -> 0, 


(sinh 0 sinh md) J = mBC , 

[ iL (sinh 0 sinh m0) 1 = —mBC. 

L# Jj)— re/x 


Using these results we find, on applying §4 (1) to (15), 

T E E mr , (— l) r i7 u.t * o « . 

r mB mB ^ 


sin ft, t rsn 

1 * n/\a 


, ZJV ni sin Pg v 

H F e“P > — ^ -cos 

mL jLt p, m 
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Ex. 3. Alternating E.M.F. applied to the filter circuit of Fig . 9. 

Eor definiteness we shall take V = sin cot, z" - ~ 0, and con- 
sider only the current in the last section, r -- m. In this case 
(10) becomes 

r CO / 1 *7 \ 

m (^ 2 +aj^)2;(^)sinh^(^)sinh'n(t^(^)^ ^ 

where z(p) and 6(p) are written for z and 0 to emphasize their 
dependence on p. 

The denominator of (17) has zeros at d-uo in addition to 
those of 2 :(^)sinh 0(£>)sinh md(p); the latter give rise to terms 
which may be evaluated as in Exs. I and 2; the former give 
for the part of the current of frequency 0/277 

0 icol 

* 2^(«cu)sinh 6(ico)smlim9(ico) ^ ^ ^ 

If co is such that 0(ico) is complex, say a+ib, tiinh?n0(iw) 
behaves like e m|a| for large m and thus I behaves like 
i.e. decreases exponentially as the number of sections is in- 
creased. Thus the part of the current of frequency to /277 may 
be ‘stopped’, i.e. made as small as we please, by increasing the 
number of sections. 

If to is such that 9(ico) is pure imaginary, the hyperbolic func- 
tions in (18) become trigonometric functions so that the part of 
the current of frequency cojZir does not decrease exponentially 
as the number of sections is increased. Such frequencies are 
‘passed’ by the filter. 

The condition for 0(ico) to be pure imaginary is that cosh 0(iw) 
be real and less than 1 in modulus. That is, since cosh 6 is given 
*>y ( 7 ) ? iz'(ico)jz{i(o) is to be real and 


z f (ico) 


^2z(ico) | 

As examples consider 


< 1, i.e. —1 < 


z'(ico) 
4 z{ico) 


< 0 . 


(19) 


(i) A low pass' filter z' — Lp, z = 1 jCp. Here (19) requires 
1 < —\LCco (i) 2 < 0, i.e. 0 < co < 2co 1? where <o\ = 1 JLC. 

(ii) A band pass' filter . z' consists of inductance L x and 
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capacity C x in scries, z of inductance L 2 and capacity C 2 in 
parallel, bo that 

s' = L,p+- 1 ~ ■ L & 

li+ 6>’ l+L z G s p r 

Then (10) requirca 

^ 4)L t C 2 


< 0, 


( 20 ) 


where oo\ = l/L l O li a>\ == l/L 2 O z , and wo suppose aq < a> 2 . 
Let a> 3 and co 4 , o> 3 < a> 4 , bo the roots of 

LjCycu 2 — o>f)(cu 2 ~a>l) = 4w 2 , 

then (20) is satisfied if either o> 3 < co < a> x or a> 2 < o> < a> 4 . 


20 . The case of an infinite number of sections . 

If m = oo in § 10, the solution is specially simple since only 
the root less than unity of § 10 (3) is admissible (i.e. the negative 
sign in § 19 (5) ), and so 


I « A 


(( , +£)-[( i +s) I - i ] i ) 


Substituting in the first of equations §19(1) gives A, and thus 
finally 



^[4 + 9P{KHKHT 


(i) 


For example, consider the simple case 

z' = J$j z = l/Gp, V = E/p. 


With those values (1) becomes 




where lc = 
lows that 


2/JRC, Using the formula, Appendix II (35), it fol- 
y 2 E 


R 


e~ k %(kt), 


where, on the right, I r (kt) is the Bessel function of imaginary 
argument. 



48 


ELECTRIC CIRCUIT THEORY 


21. Any periodic E.M.F. applied to a circuit. f 

Suppose the E.M.F. V — f(t) has period 2T, so that 
f(t+2rT) = fit) 

for any integer r. 

Then for the Laplace Transform of/(i) wo have 
co oo aC'+iir 

I(p) = f c-» i m * = 2 I c~ pt f(t) dt 

J <y% 0 

0 2r2’ 


27 T 

= ( 1 + e- spT +e- 4pr + ■■■) J c~ pl f(l) 


dt 


l— e -ivT 


2 T 

J e- pt f(t) dt. 


( 1 ) 


As an illustration of the method of procedure consider the 
B.MJ4 

m= 1, 2rT <t<(2r+})T, ) 

= 0, (2r+l)T < t < (2r+2)T, j 

applied at t = 0 to the circuit of § 13 with 


R 


o o 

0 and I = Q ~~ 0. 


Then 


and thus by (1) 


f e~ pl f(t) dt = I (l— 
4 jp 


/= 


l_ e -»r 


^>(1— e- 2 * 2 ’) ptl-t-e-* 2 ’)' 

Hence from § 13 (5), putting R — 0 and n 2 — IfLC, 

I = 1 

jL(p 2 +^ 2 j(l+e“^ T ) " 

Thus, using the Inversion Theorem (§§28, 29), 

y-f-ioo 


J_ f 

27riL J (A 2 +n 2 )(l+e- A2 ’)' 

y—iao 


e^d A 


( 2 ) 


t This problem requires the methods of Chapter IV ; it is given here for 
completeness. 

J For discussion of other wave forms see McLachlan, Phil. Mag . (7), 24 
(1937), 1055. 7 
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The integrand of (2) is a single-valued function of A with 
simple polesf at A — iin, and at 

(2r-f 1 )t* 

T ' 


±' 


0 , 1 , 2 ,.... 


The residue at the pole A === in is 

e ini 

2in(l+e~ inT y 


and that at the pole A = (2r-\-l)7ri/T is 

e (2r+l)7ritlT 

T[n*~-(2r+l) 2 7T 2 /T*Y 

It can be shown, as in the examples of Chapter IV, by using 
the contour of Fig. 10 that the line integral in (2) may be 
replaced by 2 rri times the sum of the residues at the poles of 
the integrand. Thus finally 

j 1 sinn(t+ \T) 2 ^ cos(2r-f l)irt/T 

“ 2nL cos InT + LT 2, (2f+W”VT*i * 


EXAMPLES ON CHAPTER II 

L E.M.F. Ecos(a»H-o«i) is applied at t = 0 to a circuit consisting of 
capacity C and inductance L in series. The initial current and change 
are zero. Show that the current at time t is 

.E{(jo mn(a)t -J- a ) — n cos a sin nt~~ cu sin a cos nt}/L(co 2 — n 2 ) f 
where n 2 = l/LO, supposed not equal to c o 2 . 

2. E.M.F. of the resonance frequency, E&innt, is applied at t = 0 to 
a circuit consisting of capacity O and inductance L in series. The initial 
current and charge are zero. Show that the current in the circuit at 
time t is (E/2L)t&innt, where n 2 = 1/LO. 

3. E.M.F. J27sin(a>£-f-a) is applied at t = 0 to an inductive resistance 
L 7 E. The initial current is zero. Show that the current at time t is 
given by 

E{sm( y — + sin(o>£,+ a — y)}( E 2 4* L 2 ca a )~*, 
where tan y = Lco/E. 

t If n« ( 2r+l)7rJT for some integer r f the cirouit is in resonance with 
one of the harmonics of the applied E.M.F. There are then double poles at 
A » ±in and a separate calculation must be made. 
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4. E.M.F. E x for 0 < t < T, E 2 for t > T, E x and E z being constants, 
is applied to a circuit consisting of L, B, G in series, the initial current 
and charge being zero. Show that the current for t '> T is given by 

{EJnL)#-^ sin nt- \{E X - n(t~~ T ), 
where n and fx are defined in § 14, Ex. 1, and it is supposed that n* > 0. 

5. E.M.F. V = sincutf, 0 < t < n/w, V 0, t > tt/o) is applied at 
t = 0 to a circuit consisting of L, B, C in series, the initial charge and 
current being zero. Show that the current for t > rrjco is given by 

— (E/nZL i C i )e~ fJ 't{evi T lu sm[nt~8 — nn/w} — 8)}, 

the notation being that of § 14, Ex. 2. 

6. Alternating E.M.F. Ecr^ sin(n£-f-a), of the same period and damp- 
ing as the circuit, is applied at t = 0 to a circuit consisting of L, it!, 0 
in series. The initial charge and current are zoro. Show that the current 
at any subsequent time is 

I£e~^{sin(a — y )sin nt + nt sin(n£ + ol **}- y )}/( 2 ri*L* (7* ) , 

where tany = /a/n, n and \x are defined in § 14, Ex. 1, and n a is sup- 
posed positive. 

7. Show that a combination of capacity G shunted by resistance B, 
in series with a combination of inductance L shunted by resistance 
B> behaves as a pure resistance for all forms of applied E.M.F. if 
L = CB*. 

8. A condenser of capacity G x , charged to potential E , is discharged 
at t — 0 through a resistance B in series with a leaky condenser of 
capacity G and leakage conductance G, initially uncharged. Show that 
the potential across the condenser C at time t is 

- (E/KBC)e~ kt sinh Kt, 

where k = 5(3^+1+355)’ ** = 

9. A circuit consists of an inductive resistance L x , B x in series with 
a combination of B, L, G in series. The latter combination can be 
short-circuited by a switch S- At t = 0, when steady current EjR l from 
a battery of E.M.F. E is flowing through the circuit with S closed, the 
switch S is opened. Show that the subsequent current is 

[E/nB x ( L-\-L x )]e~^ \nL x cos nt -f ( B x — L x (x ) sin n£\ f 

where fx = J(j R+B X )!{L+L X ), n a = - /i »+ 1/<7(L+Xi), and n a is sup- 
posed positive. 

10. A circuit consists of resistance B in series with a parallel com- 
bination of inductive resistance L Xt B x and an inductive resistance L if 
B 2 . There is a switch 3 in the arm L 2 B z which is open at t =» 0, At 
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t = 0 a battery of E.M.F. E is applied to the circuit and at t = T tbo 
switch S i h cloned. Show that the battery current for t > T is 


_ _ K(B t + *,)_ K_ Yl-l I'fMl- 

L, /,,(«! -at,) Z, ' ; 

r 1 

L X (E 2 "i~ « r ) 


T) v 


x([*i + *.+o^+£.)]/«Vh 


E \-E x 


(l-. e -(H l +R*)TlL 1 




where c^, a 2 arc the roots of 

L X L^ + [L X E 2 + E x L t + R(L X + L 2 )]p + E x E Z + E(E X + E,) * 0. 


11. Steady-state current duo to E.M.F. iiJsina^ is flowing in a circuit 
consisting of L, It, C in series, whim at t — 0 tho resistance It is short- 
circuited. Show that the current for t > 0 is given by 


co E 


E 


n'i) 


(cos n L t — cos cot) — y sin y cos n x t + 


Bn* 

-^cosysmnj, t. 


where wj l /LG, and Z and y are defined in § 14, Ex. 2. 


12. Alternating current due to E.M.F. V = i£ 0 sin(<nJ{+<£) is flowing 
in a circuit consisting of an inductive resistance L , E r shunted by a leaky 
condenser of capacity C and leakage conductance Q. At t = 0, when 
steady-state conditions are supposed to have been attained, the E.M.F. 
is disconnected. Show that the subsequent potential difference across 
the condenser is 

E 0 e~«t sin <j> cos fit + (B^LOZ){\Z{ EC- LG) sin <f> — L sin(^ - y )]e-“%in pt, 
where a: = ~ [j- + ~j), p «= -J~£T ~“ 2 ’ Z * = R *+ L *°>\ tany = Lto/S. 


13. A circuit consists of a parallel combination of capacity O and an 
inductive resistance L, E . The initial currents and charges are zero. 
Constant current J 0 is fed in across the terminals for t > 0. Show that 
the potential drop across the condenser is given by 

I 0 E—I 0 Ee’~i lt £cos nt~~ — ~|Jsin ntfj , 
where n and fi are defined in § 14, Ex. 1. 

14. A circuit consists of a combination of capacity (7, resistance 1 /G, 
and inductive resistance L f E, in parallel. At t = 0, when the currents 
and charge are zero, current J 0 sin(aj£ — a) is supplied to the circuit. 
Show that the transform of the voltage across the circuit is given by 

— J 0 (X^4- E)(co co&a—p&mat) 

V “ (p*+<^(LOp*+&G+RO)p+lBG+l)y 
and evaluate V. 

15. Two resistanceless circuits L x , O x and L 2f C 2 are coupled by mutual 
inductance M . If at t = 0, when the currents and charges are zero. 
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a battery of E.M.F. J W Q is applied in the primary, show that the secondary 
current is given by 


MK 


where 


(L x L 2 —M 2 )(P 2 —<x 2 ) 
-a 2 and — are the roots of 


( ol sin cat — /? sin fit ) , 


{LlLa -M*)x^ + $*+^ d - r 0 . 

16. If E.M.F. sin cot is applied at t « 0 in the prixnary circuit of 
Ex. 15, show that the secondary current is 

ojM j oc 2 , 

((j8 2 — a a )(co 2 -a 2 ) C ° S “ + 

+ (^-J 

in the notation of Ex. 15. It is assumed o> 2 # a 2 or fi 2 . 

17. A circuit L lf B x is coupled by mutual inductance M to a secondary 
circuit consisting of B, L, C in series. At t = 0, when steady current 
E 0 /B x is flowing in it, the primary circuit is opened. Show that the 
subsequent secondary current is given by 

M JSq e~^t(n cos nt—ixBinnt)lnB x L f 
where p, = B/2L, n 2 — 1 /(LC)—/jl 2 , supposed > 0. 

18. Two equal circuits, each consisting of JR> L , O in series, are 
coupled by mutual inductance M. At t = 0, when the currents and 
charges are zero, constant E.M.F. E 0 is applied in one circuit. Show 
that the current in the other is given by 


W(£+3Zk <rM sin ni * " (£-1 * K e ""* < sin n, 'l’ 

where fx x = /jl 2 = iB/(L~M) t n? « l/C(L + M), 

n\ = provided n\ and n% are positive. 

19. Two equal circuits, each consisting of B, L f C in series, are 
coupled by mutual inductance M. There is ‘perfect’ coupling so that 
M — L. At t — 0, when the initial currents and charges are all zero, 
a constant E.M.F. jE 7 0 is applied in one circuit. Show that the current 
in the other is given by 

(E 0 /4:Ln)e- Rt l*L sin nt — ( E 0 /2B)e~ t l no , 
where n 2 = (1/2LC) — (B 2 /16L 2 ), supposed positive, 

20. Points A x and A 2 , A 2 and A 2> A 3 and A 4 are joined by equal 
resistances B. A x , A 2 , A 3 , A 4 are each joined to A s by equal capacities 
O. At t = 0 the condensers in A 2 A Sf A 3 A 5 , and A 4 A S have no charge 
and the condenser in A x A St which has charge © 0 , is discharged into the 
network. Show that the subsequent charge on the condenser A 4 A & is 

i<2o+i<?oe- at ' BO - , e-<*+V»W*o_ ( ,_ V , )(/J?0 

4(2+ V2) 4(2— V2) 
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21. The arms A 1 A 2 , A 2 A 3 , A 3 A 4 , A 4 A X of a Wheatstone bridge 
contain an inductive resistance L, R x , and resistances B 2 , R 4 , B z 
respectively. The galvanometer, of resistance B g , joins A % A 4 . The 
bridge is balanced for steady currents and steady current is flowing 
from a battery of E.M.F. B connected to A x A B . Show that if the battery 
circuit is broken a quantity of electricity 

EL(R 2 - \~R 4 ) 

(ltd- Jtz)l( ftd ■ ■/*» • i" B 4 )B g I : ( R x + b 2 )(r 2 -kk 4 ) j 

will flow through the galvanometer. 


22. The arms A X A 2 , A 2 A Bt A B A 4 , A 4 A X of a Wheatstone bridge con- 
tain, respectively, inductive resistance L x , B Xr resistance i? 2 , resistance 
i? 4 , and inductivo resistance L 2 , B z . A 2 A 4 contains the galvanometer. 
There is mutual inductance M between the arms A X A Z and A X A 2 . 
E.M.F. V is applaud in .d x .4 3 . Show that there will be no galvanometer 
current at any time provided 

L x -\-M R 2 ___ R x 
L 2 -M ~ li € It 3 ' 


23. The arms A x A 2f A 2 A B , A B A 4 , A 4 A X of a Wheatstone bridge con- 
tain a combination of inductive resistance L, B x shunted by a condenser 
C, resistance B 2 , resistance B 4f and resistance It a respectively. A a A 4 
contains the galvanometer. Show that 

(i) there is a balance for steady-state alternating E.M.F. connected 
to A X A B if LB 4 — OB x B 2 B b and R 2 R B LCto* — B 2 B b — B x B 4 ; 

(ii) if the bridge is balanced for direct current, and steady current is 
flowing from a battery of E.M.F. E connected to A X A B , there is a bal- 
listic balance when the battery circuit is opened if L = CR\. 


_ 24. For the Alter circuit of Fig. 9, with z = R, z' = Lp~\- z" = 0, 
V — E/p, show that the current in the rth section is given by 




+ 


where a* — [222(1 — ■ oos sir /m) R']/L. 


_ m— 1 „ 

2E NT' 1 V37T 

y —cos — [1 — € 
L rn Z-t oc 3 m 

«- 1 




25. For the filter circuit of Fig. 9, with z' = R'-j-I/Q'pr z — 1/Cp, 
z" — 0, V — E/p, show that the current in the rth section is given by 

n—i 


E 

mB 


■ WHWW + 5 2 


rair , 

cos e *«% 

m 


where ot s * 2 [((7/2 (70 4*1— cos$7r/m]/22'(7. 
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26. For the filter circuit of Fig. 9, with s' ™ If' + 1/0% s « It, z" — 0, 
V — E/p, show that the current in the rtli section is given by 

E e -tiR'C' + .Sr. 1 ) rls e -(/c'(/('+i«) + 2KC 
mB' m(B'-{~4R) m 

where a, = l/[JS'C'+2JJC7'(l-cos<w/w)]. 


m i 

> «„« 

Jmm*4 


27. For the filter circuit of Fig. 9, with s' m if, s 1 /Op, s' r- 0, 
F = sincof, i.e. E.M.F. sinoji applied to the circuit of § 19, Ex. 1, show 
that the transient current in the rth section is 


4a>C(— 1) T 


-ItjltC. 


7nli jL ~4 


a 


OT 


, fW7T 

; cob e m 

m 


where a 8 = (2/J?C)(l -coss7r/m). 
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DYNAMICAL APPLICATIONS 


Jk this chapter a few examples will ho given to illustrate the 
application of the method to dynamical problems. Roughly it 
may be said that whenever such a problom leads to an ordinary 
linear differential equation with constant coefficients which has 
to be solved with given initial conditions, the Laplace Trans- 
formation provides a simple method of solution. 


22* Two flywheels of moments of inertia J t and J 2 are connected 
by an elastic shaft of negligible moment of inertia . The whole 
system is rotating with constant angular velocity co when at t = 0 
a constant retarding couple P is applied to the wheel I v It is 
required to find the subsequent angular velocity of the wheel / 2 . 

Ijot 9 X and 9 2 be the angular displacements of the wheels, 
then wo may take 8 X = 9 2 =» 0, 1)8 x = I)8 2 = a), when t = 0. 
Let A bo the stiffness of the shaft, i.e. the couple per radian 
relative twist of the wheels. Then the equations of motion are 

« -p, 

i r D%+M^-(h) - 0, 

to be solved with the above initial conditions. 

The subsidiary equations are 

A0J = I X U >—P/p, 

— A^ 1 +(4i >a +A)^2 : 

AP 


t > 0, 


I* co. 


( 1 ) 


( 2 ) 


Hence 




CO 

n2 


r PVAifi+Wx+m 

If tj> is th© angular velocity of / 2 , we have 


p 


where n 2 
Hence 


co - 


_ w AP 

8 P IihP^+n 1 ) 


AP 1 

i ) 

(3) 

i X / 2 ^ 

p 2 +n 2 J* 

2* 

Pi , 

+ ----smmi. 

Ad” *4 7l (4+4) 

(4) 
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As another example, suppose the retarding couple P is applied 
for time T only . 

Here the couple which appears in the right-hand side of the 
first equation of (1) is 

— P, 0 < t < T, \ 

0, t > T. ) 

Thus its Laplace Transform is 



e hp* dt 


— ~(1 — e-* T ) 
P 


( 5 ) 


and the only change is that — P/p in (2) and (3) is to be replaced 
by (5). Thus 

Then from Theorem IV we see that <j> is given by (4) when 
0 < t < T, while for t > T it is given by 

Pt Psinnt P(t—T) Peinn(t~T) 

- inT - 


23. A particle of mass m is hung by an elastic siring of length l 
and modulus of elasticity A from a point vertically above , and is at 
rest with the string unstretched. At t = 0 the point of support 
commences to make a vertical oscillation a sin cut about its original 
position and the particle is released . To find the subsequent motion 
of the particle . 

Let £ and x, both measured downwards, be the displacements 
of the point of support and the particle from the original posi- 
tion of the point of support. Then the equation of motion is 

mD 2 x = mg — \(x—£ — l)/l } 

or JD 2 x+n 2 x = n 2 a sin aut-\-g-{-n 2 l y (1) 

where n 2 = A /ml. 



.DYNAMICAL APPLICATIONS 


57 


Tliis is to be solved with x = l, Dx = 0, when t = 0. 
subsidiary equation is 


(p 2 ~\-n 2 )x 


n 2 aco 

Jp a + G0 2 


+3 rf+?±?«. 

5 ? 


Thus, if w ^ to 5 


The 


- „ n 2 ao> pi g+nH 

X (p 2 +n 2 )(p 2 - \-a>») 2 )2 +n 2+ p(p 2 +n 2 ) 

n 2 aco r 1 _ 1 ] pi p ] 

a> 2 — n 2 |j? a +w a #> 2 -|-ci> 2 J p 2 -\-n 2 n 2 \_p jp 2 +^ 2 J 

Therefore 

na , . . , N , g+n 2 l q 

x rr= , 0 wsmwi- wsmwQ+ 0 cosnl 

co 2 — 7i 2 n 2 


If ^ = n, 

x 


l a(sin nt — nt cos nt) + 


g+nH 
n 2 


— cos til 
n 2 


24. To find the motion of a particle of charge e and mass m acted 
on by an electric field E parallel to OX, and by a magnetic field 
II parallel to OZ. The particle is projected at t =±= 0 from the 
origin with velocity (u, v, w). 

The equations of motion are 

mD 2 x =s Ee+—~Dy, 
c 

ml) 2 y = — — Dx, 
c 

mD 2 z = 0, 

and so, with the above initial conditions, we have the sub- 
sidiary equations 

ell _ Ee , 
mp 2 x — —~2 r 9 = —+mu, 

2 . . eH . 

mp 2 y-\ — -px = mv, 
c 

mp 2 z = mw, 

1 


4695 
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Solving, we have 

ojHv+cE) u 
X " Hp(p 2 +a z y jp 2 +<x 2 ’ 

v oc 2 (Hv+cE) otu 

® Hp 2 (p z +<x 2 ) p(p z +<x 2 y 



where a = eHjmc . 
And so, using 


1 


\ 

p(p 2 +<x 2 ) 

a z \p 

p 2 -^-a 2 j 

1 

1 r 1 

_1_ \ 

an< ^ p 2 (p 2 +a 2 ) 

a 2 j# 2 

p 2 +a 2 j 

we have 




= l^dl^(l~-cosaO+- sinai, 

a 


2/ = sina^— (l~cosa£), 

2 : = wt. 


25. Motion of a projectile relative to the earth . 

We find the path of a particle, projected with velocity (u, v , 
from the origin in latitude A: if the Z-axis is in the direction 
of apparent gravity, the X-axis to the East, and the E-axis to 
the North, the equations of motion arej* 

D 2 x— 2ojDy8inX+2a)DzcosX = 0, "j 

D 2 y+2a)Dxsm \ = 0, | 

D 2 z—2coDxqobX^ —{ 7 , J 

where 00 is the earth's angular velocity. 

Thus, with the initial conditions above, the subsidiary equa- 
tions are 

p 2 x—2cjL>py sin A+ 2 copz cos A = u, \ 
p 2 y+2copxsmX = v, > 

p 2 z~2copx cos A =ss w—g\p. ) 
t Lamb, Higher Mechanics, 2nd ed. (Cambridge, 1929), § 66. 
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Solving, we have 

_ 2<o(f;sinA— wcosA) 2<7a>eosA u 

'fl(p 2 + 4o> 2 ) j; 2 (^ 2 + 4a> 2 ) # a + 4o> 2 J 

_ 4co 2 win X(v sin A*—^ cob A) 

® P(P*-\~ 4co 2 ) 


4<7^ 2 sin A cos A ^ 2am sin A v 
$> 3 (p 2 ~j~ 4cu 2 ) p(p 2 -\-4co 2 ) p v 


4 co 2 cos X(v sin \—iv cos A) 
p*(p*+ 4co 2 ) 




4 geo 2 cos L> A 2o>ueosA , 

i> 3 (tf> a +4o> 2 ) jp(p 2 +4o> 2 ) jp 2 jp 3 


Therefore 

tJsinA— ■ wcosX,, n A , 

a; = ■■ ■ (1 — cos2a>0 + 

2cu 

, a cosA /ft . . n JV , w . - . 

+ * (2a)t— mi2<ot)+-~- sm2o>tf, 

4ar 2oj 


smAfosmA— wcosA) /rt . . A 

= — v '(2ct)t~ &in2(ot)— 

2o) 

— 9 Sln / 2 ° 8 A (2co^ 2 — 1 + cob 2wt) — u ® in A (1 - cos 2«f) • + w#, 

4co 2 2 oj 

cosAftmnA— wcosA) /jri , . n , x . 

= v '(2cot~~ Bin2^) + 

2co 

+ 9. c °f X (2 ooW— 1 + cos 2cot) + -~- B 2 ( 1 - cos 2w<) ■ + wt- fat*. 
4cu 2 2 co 


26. Small oscillations about equilibrium using the Lagrange 
equations. f 

Consider a system of n degrees of freedom in which the 
kinetic and potential energies are expressible in the form 

2 ^= 2 2 a r3 q r q e , 

2f = I ! c Ta q r q 8 . 

r^l 8^1 

t In this section and the next dots will be used for differentiation with 
respect to the time. 
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The Lagrange equations | are 

d/emeT__a_r r _ 1 „ 

dt\8q r J 8q r 8q r 

For small oscillations about equilibrium — in which case terms 
of the second order in coordinates and velocities may be 
neglected and the a ra taken as constants with the values they 
have in the equilibrium position — those become 


2 = °» r = 1,..., n. (1) 

S — 1 

This is a system of n ordinary linear differential equations 
with constant coefficients which has to be solved with the values 
of q r and q r (r — 1,.,., n) given when t = 0; it may be solved 
by the methods of Chapter I. 

The following properties of the coefficients a r8 and c rB are 
known from general dynamical theory 

for all r and s, (2) 


A = * X1 


't'nl 


*1 n ¥* 0. 

a m 


( 3 ) 


It follows from (3) that exceptional cases of the type discussed 
in § 9 cannot occur. 

If there are in addition resistances to the motion proportional 
to the velocities, equation (1) is replaced by|| 


2 ( a r»Z»+K4»+Cr»<U) = 0, r = 1,..., n, (4) 

S=»l 

where (2) and (3) still hold and 

b r3 — b 3r . (5) 

Tor a cyclic systemf t the form (4) again holds with (2) and (3), 
but in place of (5) * , 

In problems on forced oscillations terms depending only on 
the time w ill appear in the right-hand sides of equations (4). 
All these cases can be treated immediately by the methods 

t Lamb, loc. cit., § 77. J Ibid., § 73. || Ibid., § 98. -ft Ibid., § 99, 
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of Chapter I. No farther theory is necessary. As an example 
consider the following: 

Particles of mass 3m, 4m, 3m are equally spaced along a string 
of length 41, fixed at its ends and stretched to tension T. At t = 0, 
when the system is at rest in the equilibrium position, a transverse 
impulse I is given to the first particle. Find the subsequent motion. 

Let x x , x 2 , x 3 be the displacements of the particles from their 
equilibrium positions. Then the kinetic energy of the system is 

1 m ( 3& 2 + 4rr| + 3&§ ) , 
and its potential energy isf 

(T ll){xl-\~xl+xl~~ x x x 2 —x 2 x 3 ). 

The Lagrange equations are 

3x 1 -\-ri 2 (2x 1 -— x 2 ) = 0, \ 

4x 2 + n 2 (2x 2 — x x — xf) = 0, > (7) 

3# 3 +w 2 (2# 3 — x 2 ) = 0, J 

where n 2 = T/ml. These are to be solved with 
x 1 = x 2 = x 3 = x 2 = x 3 = 0, x x = I/3m, when t = 0. (8) 

The subsidiary equations are 

{3p 2 +2n 2 )x x —n 2 x 2 *== Ifm, \ 

— n 2 x 1 J r (4p 2 -{-2n 2 )x 2 — n 2 x 3 = 0, | (9) 

—n 2 x 2 -\~(3p 2 +2n 2 )x 3 = 0. J 

Solving successively, we obtain 


n 2 I = I ( 6 1 \ 

2m(p 2 +ri 2 ){tjp 2j rn 2 ) 10 m\§p 2j rn* p 2j rn 2 }’ 

= JL[ 4 , 1 5 1 

3p a +2«, 2 3p 2 +2» 2 J’ 


m(3^) 2 +2^ 2 j 3p 2 +2w 2 


J 

10m 



( 10 ) 


t Ibid., § 87. 
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And therefore 


I (4 


Tit 


sm 1 -+ sin nt+ sin nt 

lOm^Wb V6 VO 


2_f, 

Omw { 


i /« . nt 
WGsm-r^- 
lOmw Vo 


-sin^J, 


a;, = _L-(-isin^+sm»«- 

lOmw I V6 V6 


5 . , // 2 \ 
■ T sinm / A 
VO 


(ii) 


27. Comparison with the method of normal coordinates . 

The classical method of solving equations §20 (4), namely, 

i M S H-AW S +<V S &) = 0, r — l,..., n, (I) 

s = x 

is to seek a solution of type # i9 = A s e od 9 s «= 1,..,, n. 

Substituting in (1) we obtain the rc homogeneous equations 

2 ( a2 ^sH~ a ^rsH~ c rs)\ = 0, r — 1,..., n. (2) 

8 — 1 

The consistency condition for these is 

D(ol) = a 2 a n +a6 n +Cu a2flt in + a ^l»+ c l» ^ 

(3) 

^Cf'nl-+°^nl J r c nl • * «\n + ^m+ c wtt 

which has 2w roots oq,.,., a 2n , assumed for the present to be all 
different. 

For each of these roots a k we can solve the system (2) for 
the ratios of the A, obtaining 

A< & > : A?> : ... : Aj?>. (4) 

Each of these solutions 

q r = Mj^e***, r = 1,..., n, (5) 

is called a normal mode of motion, and the most general solu- 
tion is given by a linear combination of them, namely, 

2 n 

q r = 'Z A kK k) e ai,t , r = l n, (6) 

& = 1 

where the 2 n constants A k are to be found from the conditions 
at t = 0. If u r and v r are the values of q r and q r for t = 0, we 
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have, when = 0, 

2 n 

2^*4 fc) = w rJ r = l,...,n, 

(7) 

2 = *v> r = i>— , 

7c*l 

Solving these 2^ equations we obtain the constants At x ,..., -4 2n . 
The motionf may be regarded as a superposition of vibrations 
in the normal form with amplitudes A 1} ... } A 2n . 

It will be noticed that some algebraical steps remain to be 
filled in in the above sketch; for example, it has to be shown 
that the equations (7) are linearly independent. The complete 
theory is, in fact, not difficult unless the equation D(a) = 0 has 
repeated roots, in which case considerable algebraical difficulties 
arise. :]: These are absent in the Laplace Transformation solution. 

Consider now the solution of the example of §26 by the 
method of this section. The equation D(ot) = 0 is 
3a 2 +2n 2 —n 2 0 | = 0, 

— n 2 4a 2 -f-2^ 2 — n 2 

0 —n 2 3a a +2?& a 

of which the roots are ±m/V6, db^Vf- The ratios of the 
amplitudes in the three normal modes are respectively 
Ai 1} : : A^> = 2:3:2, \ 

A<«:A<»:A^ = 1:-1:1, (8) 

Af» : A!j 3> : A^ 3> =1:0: —1. J 
The general linear combination of these terms is 
Xj = 2A j sm[^4 2 “I - to£/ VGj ~^~A 3 sinj^l 4 ~j~ to^J ~(— 

+JL s sin[ J 4 6 +n^|], 

x 2 = 3A t sin[yl 2 -|--TO</\ , 6] — A z Bm\_A i - J r nt], J, (9) 

x 3 — 2^4 1 sin[^ 2 +TOi/V6]+ J 4 3 sin[ J 4 4 +«^]— 

—A 5 $in[A 6 -\-ntJ%]. 

f Routh and Heaviside first developed this method, and Heaviside {Electrical 
Papers , 1, 523) gave a formula for determining the amplitudes A*,..., A 2n . 
Bromwich, in his classical paper ‘ On normal coordinates in dynamical systems’ 

( Proc . London Math. Soc. (2), 15 (1914), 413), showed that the amplitudes 
obtained in this way agreed with those found by a method related to that of 
Chapter I. Heaviside’s development of his operational method was subsequent 
to his study of this method and indeed grew out of it. 

% Lamb, loc. cit., § 93. 
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The six constants A v ..., A e are to be determined from the 
six equations x x — x 2 = x 3 = x 2 = x 3 = 0, x x = Ij3m, when 
t = 0. Solving and substituting gives the result §26(11). It 
will be seen that the algebra of that section is considerably 
shorter. 

The relation between the results obtained by the Laplace 
Transformation and by the method of normal coordinates may 
now be seen. For simplicity we consider only the case in which 
all the b rs vanish; here there corresponds to each root of the 
period equation (supposed all different) a factor of the de- 
nominator of all the Laplace Transforms : these roots occur, in 
fact, in conjugate imaginary pairs i:iv k , k = 1, 2 ,..., n ; thus to 
each such pair corresponds a partial fraction with quadratic 
denominator (p 2 +vf c ) in the expressions for the transforms. 
The coefficients of the partial fraction with denominator p 2 -\-v% 
in x l3 x n are in the ratio A^ : A!^ : ... : \$ ] for the normal 
mode of frequency v /c /27t. Similar results hold when the b r8 are 
not all zero. 


EXAMPLES ON CHAPTER III 

1. A particle of mass m moves in a straight lino under restoring force 
raA times the displacement and resistance 2/xm times the velocity. I f it 
is projected at t — 0 with velocity u 0 at distance ;r 0 from its equilibrium 
position, show that if n 2 = A— -/x 2 > 0 the subsequent displacement is 

1. cos nt -J- (u 0 -J- fj,x 0 ) sin nl}, 

and discuss the cases n 2 < 0. 

2. A particle of mass m can perform small oscillations about equili- 

brium under restoring force mn 2 times the displacement. It is started 
from rest in its equilibrium position by a constant force P which acts 
for time T and then ceases. Show that tho amplitude of the subsequent 
oscillation is 2P 

rsinJnT. 

mn 2 

3. A mass m rests on a horizontal plane of coefficient of friction /a, 
and is connected to a fixed point of tho plane by a spring of stiffness A. 
It starts from rest at a distance a from the position in which tho spring 
is neither extended nor compressed. Find the motion, and show that 
the mass will next come to rest at distance a~—2mgyulX from tho equili- 
brium position. 
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4. A simple pendulum of length l is set in motion from rest in its 
equilibrium position by small horizontal motion of its point of support. 
Show that 

(i) if the point of support is displaced a horizontal distance a, the 
displacement of the bob is 

a(l — cor nt), n 2 = gjl ; 

(ii) if the point of support makes half a complete oscillation of a sin coif, 
the displacement is 

i^ n 2 H * n nt n B * n <*>^)» 0<t< 

2 naco . / mr\ n-rr ± , 

and — — —s sm I nt — — loos — , t > tt oj ; 

<x> 2 — n 2 \ loo! 2a) 1 

(iii) if the point of support makes r complete oscillations of the 
resonance frequency, the displacement is 

Ja(Hinn £— nt count), t 0 < t < 2r7r/n, 
and — arrr cos nt, t > 2nr/n . 

5. A particle hangs at rest in the equilibrium position at the end of 

an elastic string whose unstretched length is a. The equilibrium length 
of the string is b and the period of oscillation about equilibrium is 2? r/w. 
At t 0 the point of support begins to move so that its downward 
displacement at time t is esmtotf. Show that the length of the string 
at time t is ^ 2 ■ 

CHCt) , CCO 4 

b — ~ sm nt 4* — rsi xuot, if n -■/■■■ co, 

tv — or n 2 — or 

or b -f J c sin nt — \nct cos nt , if n = co. 

6. Two equal masses m, free to move in a straight line, are connected 
by a spring of stiffness A. At t = 0, when they are both at rest and 
the spring unstrained, a force P is applied to one of them in the direction 
towards the other mass. Show that the displacement of the other mass 
from its initial position is 

7. Show that in the problem of Ex. 6, if the force is Psinu>£, the 
displacement is given by 

P 

{( n 2 __ — n 3 sin cot -f co 3 sin nt}, 

2to 2 mn{n 2 — co 2 ) 

where n 2 = 2\/m, and co 2 n 2 . 

8. In the problem of Ex. 6, if the applied force is one half-wave of 
sino^, i.e. is Psincotf for 0 < t < n/co and zero for t > 7 r/w, show that 
the displacement is given by the answer of Ex. 7 if 0 < t < 7r/a>, and 
if t > 7rfco is 

P 

— 2o> 3 sin n{t— 7r/ 2co )cos nirfaco} 

if <o 2 ^ n 2 . Find also the displacement if n 2 = to 2 . 

4695 K 



66 


DYNAMICAL APPLICATIONS 


9. Two particles of masses M and m are connected by a spring of 
stiffness A and are at rest in equilibrium on a smooth horizontal plane 
when the particle M is given a blow P in the direction towards the 
other particle. Show that the subsequent displacement of the particle 
M is 

M { M+ m )n {Mnt+mSinnt) ’ 
where n* = a(-1 + I). 

10. A uniform rod AB of mass m and length 2 a is supported at its 
ends by equal springs of stiffness A whoso other ends are fixed to a hori- 
zontal plane. When the rod is at rest at t = 0 in its equilibrium position, 
a vertical blow P is struck at one end A. Show that the subsequent 
displacement of that end is 

P f 1 3 1 

~ i — 7 K si* 1 H jt sin 6hit 1 , 

mmV2 n V6 ) 

where n 2 = A/m. 

11. The rod AB of Ex. 10 is at rest in its equilibrium position at 
t — 0 when the other end of the spring supporting A is given a motion 
asinojtf, 0 < t < 7r/oj, zero t > tt/oj, where a is small. Find the angular 
displacement of the rod for t > 7 r/o>. 

12. A particle is projocted vertically upwards in latitude A with velo- 

city V . Show that owing to the earth’s rotation it will strike the ground 
again at a point . 

A'OjP cos A 

to the West of its starting-point. 

13. A particle falls freely under gravity in latitude A from relative 
rest at the origin. Show that if the earth’s rotation is taken into account 
its displacement towards the East at time t is 

igcosA(2a>£— sin 2ajt)laP. 

Find the Easterly deviation in a fall of 100 metres and show that 
the Northerly deviation is relatively negligible. 

14. In latitude 46° N. a gun is fired due North at an object distant 
20 kilometres, this being the maximum range of the gun. Show that, 
if the earth’s rotation has not been allowed for in aiming, the shell 
should fall about 44 metres East of the mark. Show also that if the 
shell is fired South under similar conditions the deviation will bo twice 
as great and towards the West. (Air -resistance is neglected.) 

16. A straight, imperfectly rough tube starts to rotate at $ s» 0 in 
a horizontal plane about one end O with angular velocity o>. The tube 
contains a particle which is initially at distance a from 0 and at rest 
relative to the tube. Prove that at time t the distance of the particle 
from O is 

1 -f g 2 )-* sinh wt{ 1 -j-g 2 )* + cosh cot( 1 +/r 2 )*}. 
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16. A particle is projected vertically upwards at t = 0 with velocity 
V from the origin under gravity and resistance 2 km times the velocity. 
Show that its displacement at time t is 


gt , {g+2kV) /1 
'Wc + ~W (1 - 




17. A particle travels in a resisting medium which produces a retarda- 
tion 2AF, whore V is the velocity, and it is attracted to the origin with 
an intensity /xV. It is projected from (a> 0) with a velocity v parallel 
to Oy. Prove that, if /x > A, the orbit is 

ae~ xt 

x s cos(ni{cosa— a), 

cos a ^ 


V « 

where sin a = A//x. 

Find the orbit when /x < 


-siniut cos a), 
/x cos a n 

A. 


18. A particle of mass m and charge e is projected from the origin 
with velocity ( u , 0, 0) and is subject to magnetic held H along the Z - axis 
and resistance to motion km times the velocity. Show that its co- 
ordinates at time t arc 


hu 

A HP 


hu 

A^hP 


er™ cos \t + 


A u 


e~ lct sin A t. 


y - a$/^ + a 4^ c ' 7 ‘' t(AoosA<+ * sinAi) ’ 

whore A = eH/mc. 


19. A particle of mass m and charge e is projected from the origin at 
t sbb 0 with velocity (■w, v, w) and is subject to an electric held Esin(wt-\-oc) 
along the X-axis and a magnetic held H along the j£-axis. Show that 
the ^-coordinate of the particle at time t is 


v v . . u . . , Be 

r — V COS At H- T am At -f , rrr 

A A A m(o» 2 — A 2 ) 


|sin a cos As 4- ~ cos a sin Az— sin(a>£ -j- a)] . 


20. A particle of mass m and charge e is acted on by an electric held E 
parallel to OX and by a magnetic held H parallel to OZ and resistance 
to motion m/x times the velocity. It is released from the origin at t = 0 
with zero velocity. Show that its subsequent displacement parallel to 
OX is 


Be I oi 2 -~fju 2 /x£_ 

m ((ja a + a 2 ) 2 (/x a + a 2 ) 
where a = eH/mc . 


2 -a 2 ) 

(^ 2 +a ! 


e“^ cos - 


2oc/jl 

cx 2 ) 5 


, sin 


)• 


21. A machine is of total mass Jf and is supported symmetrically on 
four springs each of stiffness A. The reciprocating part of the machine 
is of mass m and moves vertically in simple harmonic motion of ampli- 
tude a. There is resistance to motion of the machine 2 Mk times the 
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velocity. If the machine starts to work at t = 0 with frequency co/2tt 
from rest in the equilibrium position, show that the subsequent dis- 
placement of the bed is 

T 7 r~x {n x (n 2 — aj 2 )sin cot — 2kcon x cos cot -f 

Mn x {{n 2 — co 2 ) 2 + 4& 2 o> 2 } 

-J- 2kcon x e~ M cos n x H-a>(a> 2 H~2/c 2 — n 2 )e~** sin n x t}, 
where n 2 = 4A/ikf, n{ «= n 2 —k 2 , supposed positive. 

22. A light string of length 3 1 is stretched horizontally between two 
fixed points. Gravity is neglected. Masses 16m, 7m are attached to the 
points of trisection. The tension in equilibrium is A ml. The particle 
of mass 15m is drawn aside a distance a , tho other remaining undis- 
placed, and both are simultaneously released. Provo that in tho sub- 
sequent motion the displacement of the particle of mass 7m is 

i|a{e os V(3A/35)«-cos ,/(A/3)«}. 

23. A smooth circular wire, of mass 8m and radius a, swings in a 
vertical plane, being suspended by an inextensible string of length a 
attached to one point of it; a particle of mass m can slide on tho wire. 
Prove that the periods of the normal oscillations are 

2'77v s /(8a/3#), 2 7rJ(a/3g), 27r^(8a/9g). 

If the system is released from rest with the ring in its equilibrium 
position and the mass m displaced through a small angle a from its 
equilibrium position, show that at time t the angle which tho string 
makes with the vertical is 

-—{COS « V(%/ 8a ) — COS * V( 3 ^/ a )}« 

24. A light string of length 3Z is stretched under tension P between 
two fixed points. Masses 6m and 8m are attached to it at the points 
of trisection. The whole is at rest until a small transverse velocity u 
is suddenly given to the particle of mass 5m. Prove that in the subse- 
quent motion the displacement of the other particle is 

ns W sin v * ai ~ V2 sin 5) ■ 

where a 2 = P/ml. 

25. Two uniform rods AB, CD, each of length l and mass 4 M, lie on 
a smooth horizontal table and are freely movable about their ends A, D, 
which are fixed at a distance 4 1 apart. B , C are joined by an elastic 
string which carries a particle of mass M at its middle point, the tension 
of the string being T. Initially B is displaced through a small distance 
a from the position of stable equilibrium while C and the particle M are 
held in their equilibrium position and the whole system is then released. 
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Show that the displacement of the particle at any subsequent time is 
given by y = |. o { 0OS kt ^ _ cos 2 kt), 

where h = «J(3T/4Ml). 


26. A light string OAB is tied to a fixed point at O, and carries a 
mass 2m at A and a mass m at B. The lengths OA, AB are JZ, fZ 
respectively. The string is free to move in a vertical plane, and the 
system oscillates about the position of equilibrium. The inclinations of 
OA, AB to the vertical are denoted by 6, </> respectively. Find the 
normal coordinates. 

The system is hold with the string straight and inclined at a small 
angle oc to the vertical, and is lot go from rest in this position at the 
instant t = 0. Show that at any subsequent time 
6 ~ Joc(2 cos nZH- cos 2nZ), 
cf, = Ja;(4eosnZ— cos 2nt), 

where n = *J( : gjl ). 

27. A light string of length 4 a is stretched at tension T, and particles 
of masses m, -f-Jm, m are attached at the points of quadrisection, with 
the unequal one in the middle. Find the normal modes for small trans- 
verse oscillations. 

If the motion bo started by a blow I on one of the particles m at 
the instant l = 0, prove that the displacement of the middle particle 
at any subsequent time is 

10 7/sinaZ sinySz\ 

29 mV 'ot /T /’ 


where a 2 = ~ ----- , B 2 
7 ma 1 


10 T_ 
3 ma 


28. Two equal rods AB, BO of length 2a resting on a smooth hori- 
zontal plane are jointed at B by a spring such that BO can rotate about 
B, the couple requirod to twist BO till Z . ABC — it— 6 being A 6. The 
rod AB is fastened at A by a similar spring. The system is released 
from rest in the position in which AB is in its equilibrium position and 
BC is turned through a small angle oc from the direction AB. Show 
that the periods of the principal oscillations are approximately 

27r/0*292n and 27r/l'942n, where n 2 = A /ma 2 , 
and that the angular displacement of AB in the subsequent motion is 
given approximately by 

0-291cm 2 {cos 0-292nZ— cos L942nZ}. 

29. A disk A of moment of inertia 100 is attached to a point B by 
a shaft of stiffness (couple per radian twist) 900 and negligible inertia. 
The end B of the shaft is given a forced vibration 0-1 sin ret, beginning 
at Z =s 0, when the system is at rest and unstrained. Show that the 
motion of the disk is given approximately by 

0 — 0*345{7rsin3Z— 3 sin ttZ}. 
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30. A disk C of moment of inertia 10 is attached to the disk A of 
Ex. 29 by a shaf t of stiffness 20. Find the natural frequencies of the 
system and show that the motion of G duo to motion 0-1 sin rrt of B, 
beginning at t — 0, when the system is at rest and unstrained, is approxi- 
mately q _ 0 .369sinir<-0-414sin3-042i+0-070sin 1-39.%. 

31. Three flywheels A, B, C, of moments of inertia 3 7, 41, 31 re- 
spectively, are connected by equal shafts AB , BC of stiffness A and 
negligible moment of inertia. At t = 0, when the system is at rest and 
unstrained, A is suddenly given an angular velocity o>. Show that the 
subsequent angular velocity of C is 

{3 — 5 cos nf + 2 cos nt Vf-}, 


where n" — A/37, 



CHAPTER IV 


THE INVERSION THEOREM FOR THE LAPLACE 
TRANSFORMATION AND ITS APPLICATION TO 
ORDINARY LINEAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 

28. In Chapter I § 1, from the differential equation 

<j>(D)x = F(t ), t > 0, (1) 

with x 0i x n „ x for the values of x , Dx JD^x, when t = 0, 
we obtained by means of the Laplace Transformation the sub- 
sidiary equation § 1 (5), and for various forms of F(t) we saw 
that x(t) can be found from this equation with the help of 
elementary theorems in the differential and integral calculus. 

The method adopted was to break up x(p) into its partial 
fractions and for each fraction to write down the function of 
which it is the Laplace Transform. 

An alternative method is to use the Inversion Theoremf for 
the Laplace Transformation, an integral formula by which x(t) 
may be obtained from x(p). A formal statement of this theorem, 
without any reference to the conditions to be satisfied by the 
functions, is that 

if x(p) = j e-» l x(t) dt, R(jj) > 0, 

y-hioo (2) 

then% x(t) = ~~~ f efix(\) dX, 

2l7T J 

where y is a constant greater than the real part of all the singu- 
larities of £(A). 

So far we have made no use of this theorem as it seemed 
better to solve the problems of the introductory chapters by 
the simplest and most elementary means, but it is essential 
for the application of the method to partial differential equa- 

t It is related to Fourier’s and Mellin’s integral theorems and is sometimes 
called the Fourier-Mellin theorem, 
y+ioo y+iffl 

t By J we mean lim J . 

y— i 00 1V-+CQ 
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tions. A complete discussion of the theorem f needs some know- 
ledge of the Theory of Functions of a Complex Variable and 
is rather difficult. However, if we assume that x(t) satisfies 
certain fairly general conditions, the formula can be obtained 
without much trouble. This proof will be given in § 29. $ As an 
alternative in §30 w§ shall derive the formula from Fourier's 
Integral Theorem, again imposing certain conditions on x(t ). 

In § 32 we shall apply the theorem to problems of the type 
given in the previous chapters. In these applications a slight 
knowledge of the Theory of Functions of a Complex Variable 
and of the simplest ideas of the Calculus of Residues will bo 
required. 

We shall then return to the question raised in § 5 of the veri- 
fication of the solutions obtained by either of these methods. 
It will be remembered that in obtaining the subsidiary equation 
certain assumptions were made as to the properties of the 
unknown function x (t), and the Inversion Theorem is also here 
established with further assumptions regarding it. We shall 
show that the given differential equation (or system of simul- 
taneous equations) and the conditions imposed when £ = 0 are 
satisfied by these solutions, when F(t) in (1), or the correspond- 
ing equations, is continuous or has a finite number of ordinary 

co 

discontinuities, and J e-&F(t) dt converges absolutely when the 
o 

real part of p is positive and sufficiently large. 

29. The Inversion Theorem. 

Let x{t) have a continuous derivative , and let |a?(J)| < Ke d , 
where K and c are positive constants. Let 

00 

X(p) = J e-**x{t) dt, R(p) > C. 

0 

Then x(t) = lim 

2iTt% e*)—>ao 

y—ico 

t Cf. Doetsch, loc. cit., chap. vi. 

$ For this section and § 34 we are indebted to Professor Titchmarsh. 


y+ict) 

J e^rr(A) d\, where y > c. 
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For 


L 

2ni 




y-b ico 


j e X{ x(X) dX — J* e Xt dX j e~ Xll x(u) du 


y—ioj 


y—uo 


0 

y+ ia> 


J x(u) du j e M(~~u) 


0 y—ico 

(sine© w© may invert the order of integration because of the 
uniform convergence) 


;) sina>(£— u) 
t—u 


1 f /y N sinca«5 7 y , x 

- f(s)—~ds, 1 ) 

7T J S 


= -- j x(u)evV- 

o ~t 

on putting u = t+s and writing f(s) = e-y 8 x(t+s). 

oo 0 

We break up the integral in (1) into J and J . Then the first 

o -t 

of these we write 


oo 0 O 

J r, x sin oks , r /n \ C sinews 7 , f 

/(«) — — * = m j — j— ds + j 


®bfflo«4 + 

5 


A oo 

i f // v sxn cu«sf * . f a/ v sin ct)<5 7 yo \ 

+ J /(«) — J— * + J /(*) — J— *• (2) 

8 A 

We can choose 8 and A so that the moduli of the second and 
fourth integrals in (2) are less than e for all values of co. For 
the third integral we have 

A 


jm 


sm cos 


■ ds 


i J * - o(i). 


Also for the first integral 


8 w8 


4695 
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Combining these results we obtain 

00 

lim f f(s) S ^ds = hrf(0) — \nx(t). 
cu-~*co J S 

0 

0 

Treating the part J of (1) in the same way we obtain 

lim f f(s) — ds = \Trx{t), 
ao-+co J S 

-t 

and the result follows. 


30. Deduction of the Inversion Theorem from Fourier's Integral 
Theorem. 

The usual elementary statementf of Fourier’s Integral 
Theorem is as follows: Let the arbitrary function <f>(x), defined 

for all values of x, satisfy Dirichlet's conditions '. f in any finite 

00 

interval , and in addition let J f(x) dx be absolutely convergent . 

— 00 

Then <*, » 

doc J cf>(x')cosot(x— x') dx' = cf>(x) (I) 

0 — oo 

at every point of continuity and equals \\f>(x+0)-\-cj)(x~~ 0)] at 
every point where f(x-\-0) and <f>{x — 0) exist. 

The repeated integral can be written 

00 

doc j (f>(x')co3ot(x—~x')dx' } 

— 00 — 00 

and it is clear that 




2tt 


00 00 

J * J 

— 00 — 00 


(f>(x')8ma(x— x') dx f 


t Carslaw, Fourier Series and Integrals , 3rd ©d. (1930), § 119; Titchmarsh, 
Theory of Fowrier Integrals (Oxford, 1937), § 1.9. 

$ For a full statement of these see Carslaw, loo. cit. Common types of 
function which satisfy them are (i) functions with only a finite number of 
maxima, min i m a, and ordinary discontinuities; (ii) functions of bounded 
variation. 
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is zero. Tims wo can replace (1) by 


.1 

2tt 


00 

J <S iour (Itx 


no 

J <j>(x')e~ lax ' dx' = 


( 2 ) 


for points of continuity, with a corresponding result for points 
of discontinuity. 

Now let co 

i*(A) "== J e~^ l x(t) dt , R(A) ^ y > 0. 

o 

Then 


y 4* / to 

J e A 'x(A) cZA = 

y — '/a» 


yt'/ai oo 

J e A< c/A J e-^ap') dt’ 

y~iw 0 


— ie* j e iyi dy J e^'le^xft')] dt r 3 

~co 0 

on putting A = 

CO 00 

But lim -y - f ti iyl dy f dt r 

<0->-oo -&77 J J 


(3) 


is the Fourier Integral for the function of £ equal to e~y f x(t) 
when £ > 0 and zero when £ < 0. 

It follows from (3) that 

y-Koo 

x(t) = ~ f e Xt x(X) d\, 

2t7T J 

y—ico 

provided that x(t) satisfies Dirichlet’s conditions in any finite 

00 

positive interval and [ e~y l x(t) dt converges absolutely, 
o 

31. The line integral for x(t) obtained by the use of the Inver- 
sion Theorem is usually evaluated by transforming it into a 
closed contour and applying the calculus of residues. The fol- 
lowing simple result permits such a transformation in many 
cases. 
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Lemma. If |/(A)| < CE~ k , when A = Re i$ , —it < 6 < tt, 
It > R 0 , where R 0 , <7, & are constants and k > 0, J e^/( A) dX 

taken over the arcs BB'C and AA'C of the circle T of radius B 
(Eig. 10) tends to zero a<$f R -> oo ? provided t > 0. 



We consider separately the integrals / BB . and over the 
arcs BB' and B'C. Those over AA' and A'C are treated in 
the same way. 

t In dealing with partial differential equations it will frequently be neces- 
sary to take the radius of the circle T as a function of the positive integer n 
and then let n oo. Clearly the result holds if B tends to infinity in this 
way through a sequence of values for which the given conditions are satisfied. 
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For BB', let cc = cob T hen 

lrr 

\I mr \ < CR-’^eY 1 J do = CIt- k + l eY‘ain- l (y/R). 

. (X 

Therefore lim (/ /jf/r | -= 0. 

Jt~-+co 

For}- B'G, 

\I B , C \ < CR~ h ' 1 J a mnm0 dO 

krr 

hlT $TT sy ft—Jc 

= | e~ imn0 dO < C'jB-*+ 1 J dO < 

0 0 ^ 
Therefore lim |/ /w | =-= 0 and the result is proved. 

It™*® o 

In all the problems of this chapter x(X) will be a function of 
A which satisfies the conditions of the lemma and which is 
analytic except at a finite number of poles all of which are to 
the left of R(A) = y. It follows that the line integral (y— -ioo, 
y-Hoo) of the Inversion Theorem may be replaced by the limit 
of the integral over the closed contour of Fig. 10, when R co, 
and this in turn may be replaced by any circle C , centre the 
origin, which includes all the poles of x (A). 


32 . Examples of ordinary linear differential equations with con- 
stant coefficients solved by the use of the Inversion Theorem . 

Ex. 1. (D 2 +4D+4)# = sin coif, t > 0, 

with x 0 and x x for the values of x and Dx when t = 0. 

The subsidiary equation is 

(p-f 2) 2 x = (px 0 +<c l )+4a: 0 + ° J 


j£> 2 +C0 2 


Thus 


x 


px 0 +x x + 4a?o 


+ ; 


(^+2) 2 1 (33 2 +co 2 )(j5+2) 2 ' 

It follows from the Inversion Theorem that 


x{t) 


_1 

2iir 


y+ico y-t-ioo 

s t \x 0 +x l +4a; 0 , 01 

e ~ (A+2) 2 + 2^ 

y — ico 


y-rx* 

-J 

y~~ica 


'- 1-100 

/ 


d A 


(A 2 +co 2 )(A+2) 


where y > 0, 


(1) 


t In the reduction we use the result X > — > - if 0 < < £ . 

u it * 
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Since the multipliers of in the integrands of (1) axe all 
oa-tc) Jc > 0, it follows from the lemma of §31 that, it t > u, 
the hue integrals may be replaced by the integral round the 
contour of Fig. 10, and this in turn may be replaced by the 
integral round any circle G, centre the origin, enclosing the 
singularities ±ico, and — 2 of the integrand. 

The Calculus of Residues then gives us at once the terms m 
x(t) corresponding to each of the integrals in (1). 

Ror the first we have 
‘ d 


[jx 4a: o) J 




i.e. 

In the second, 


[x 0 +(x 1 +2x 0 )t]e~ 21 . 


>i(ot 


i( 2 ico) 2 

the pole at ico gives 

i(2+ico ) 2 io)t 
2(o> 2 +4) 2 


and the pole at ico gives 

Adding these, we have 


The pole at 


(4 — to 2 )sin cot — 4o> cos cot 

7^+4) 2 ‘~ 

2 gives 


r d I e Xi \ 

l5AV(A 2 +o) 2 )/ 


coe 


,-2 1 


A”-2 


a> 2 +4 


;(* + «■+*)* 


Thus 

x(t) = {aJod-^i+^o)^} 6 2 *“i" 

(4 — co 2 )sin cot — 4cco cos cot 
"* (co 2 +4) i 


coe 


,— 2 / 


cu 2 +4 




In the method used in the earlier chapters we would have proceeded 
as follows: 


x(p) 


ftp , Si+2e 0 
p + 2^& + 2)* 


'(p 2 + a; 2 )(^-l-2) 2 


a? 0 , x x +2x 0 to j 1 

~~ p+2 i ~(p+2) i! " r o il +4l(p+2) 2 
Therefore 

a;(t) = x 0 e~* t -{-(x 1 J r2x Q )te~ 2tj r 
co 


-f" 


~4p 


(co 2 +4)(p + 2) + (a> 2 T4K'P i +^ 2 ) 


,)• 


+ 


oj 2 + 4 


l \ 1 l -“*^0/^ ' 

■ [ + -At e~ 2t + , 1- 7 {(4 - o) 2 )sin cut - 4w oos to*}] . 

L 0> 2 4“4: Cd(aT + 4) J 
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Ex. 2. The problem of §6, Ex. 4. 

(n 2 ~~2D+2){W+2D~Z)x = 0, t> 0, 

with Do;, D' 2 x, IPx equal to 1, 0, 6, —14 when, t = 0. 

As before, we find 

- __ P*+P— 4 

* ” (^ 2 -2p4-2)(p 2 + 2 i3 -3)’ 

The Inversion Theorem gives 

y+i oo . 

* = f c a '(A 3 +A— 4) 

2w J (A 2 -2A+2)(A 2 -f-2A-3) 

y~-£oo 

The path (y— ioo, y+£oo) may be replaced by a circle (7 con- 
taining all the poles —3, 1, l±t of the integrand, and x is equal 
to 2tti times the sum of the residues at these poles. 

The pole at A = — 3 gives 

that at A = 1 gives — id; 
those at A = l±fc give £(l=Fi)ed±w 
Adding these we obtain 

x = ^(cos ^+sin t)— \e l + 

Ex. 3. (D 2 +a 2 ) 2 a; = cosaL 

x, Dx , D 2 x , B 3 x zero when t = 0. 


Here 

Therefore 


- _ P 
x - (pi+at)*- 

— JL f - d\ 

~ 2irr J (A 2 +a 2 ) 3 ’ 


where the integral is taken round any circle C of radius greater 
than a . 


Now 


(A+ia) 3 )] 


A« ia 


[dA 2 \ (A+ic 
Thus the pole at A = ia gives 

Also the pole at A == — ia gives 


-^K) e “ 
Hi* - 


16a 2 

t 

'16a 2 



so 
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Adding these we have 

x = ~ [ sin at — at cos at\ . 

8a ? L 


33. We now prove Theorem VI of Chapter I, § 3, which was 
stated there without proof. 


Let 

A(P) = J e-P’-Ffu) du 

0 

(1) 

and 

CO 

f s (p ) = J e~v v F s (v) dv 

(2) 


converge absolutely for p = p 0 > 0. 

00 

Then A(P)MP) = f ***¥{£) dt, 

0 


where t t 

F(t) = J — t)jP 2 (t) C?t = J F 1 (r)F 2 (t—r) dr. 


(3) 

(4) 


for p > Po‘ 

On account of the absolute convergence of the integrals (1) 
and (2) we know that 


00 00 

J e -Po ^F x {u) du J e~^ v F 2 (v) dv—JJ e-v° (u + v F 1 (u)F 2 (v) dudv, 

0 0 

where the double integral is taken over the quadrant u > 0, 
to > 0 . 

The substitution u+v = tf.and v = r transforms this double 


integral into 


JJ e-vrfjpyff — t)jP 2 (t) dtdr, 


taken over the region between the £~axis and the line t = r in 
the ( t , r) plane. 

This double integral is equal to the repeated integral 



Since the absolute convergence of (1) and (2) for p = p 0 > 0 
clearly carries with it their absolute convergence for p > p 0 , 
the theorem as stated is proved. 
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34. Verification of the solution obtained by the Laplace Trans- 
formation method for 

HD)x - F(t ), f 

with x 0 , x n~i for x , D 71 - 1 #, when t = 0. 

Write the subsidiary equation of § 1 (5) in the form 


where 


<KP) j e~ pl x dt = x(lA+F(p), 

0 

x(p) = *o(jP' l_l +%:P n_2 +---+a»-i)4- 

+a?i(^ ' n ~ 2 +a 1 p n ~ 3 + ...■+ a n _ 2 )+ 


+%n~2(P J rO'i) + 

+% n -l 

00 

and F(p) = J eft. 

The solution is given by 

X(t) = + 

y-Moo 

where a^OO = -4~ f ZA, 

1V 7 2^tt J <£(A) 

y—ico 

and, by Theorem VI, § 33, 

t 

(l) = J Q(l t)F(t) dr , 

o 

Q(t ) being given byt 


or 


y4"£oo 




y— zoo 


cZA 

4(A) 


( 1 ) 

( 2 ) 

(3) 

(4) 


t J e-3P*F(«) dtf is supposed absolutely convergent for p with a real part 
o 

sufficiently large and positive. 

$ It is clear that the absolute convergence required in Theorem VI as proved 

CO 

in § 33 is satisfied by J e^Qit) dt. 
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Since y(A) and ^(A) arc polynomials in A, the degree of the 
first being at least one lower than that of the second, it follows 
that the integrands of (2) and (4) satisfy the conditions of the 
lemma of §31, and thus that, if t > 0, the line integrals 
(y — ioo, y+ioo) in (2) and (4) may bo replaced by integrals 
over a circle C, centre the origin, which includes all the zeros 


of^(A). 

By expanding in ascending powers of 1/p it will ho seen that 


x(P ) _ 1 _l .?«- i 

4>{p) P P* P n 



( 5 ) 


Thus 


x[ m \t) 

= 55J‘ > ' A ”(t+3+- 


-¥)*+ -L J > °(*. '-) 


dX. 


It follows that lim x™(t) — x m , m = 0, 1,..., n— 1 , since when 
0 

t — 0 the last term tends to zero as the radius of the circle G 


tends to infinity, f 

Also it follows from (4) that 



\,X m d\ 

’ m • 


( 6 ) 


and thus 


lim Qf- m \t) — 0, when m < n— 2, 
t-+ 0 

= 1, when m = n— L 


Now consider t 

x 2 (t) = J Q(t— t)F(t) dr. 

o 


Then, for values of t at which F(t) is continuous, 


t * t 



t 


Since 


;y» c Af 




dX is continuous for t 
f \m 


> 0, 

xW. 


lim x\ m) (t) 
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and t 

*;(*) = Q'( 0 )m+ J Q"{t~r)F(r) rfr = J Q"(t-r) F{r) dr, 
0 0 


= j <& n -V(t-T)F(r) dr. 

t 

But X$\t) = -F(<) + J Q <n Kt — r)F(r) dr. 

c 

Thus = ^(0+ / Jf(r. )<j>(D)Q(t-r) dr 

— F(t), 0 (7) 

since, by adding results of type (6), 

<f>(D)Q(t) = -L f e^cZA = 0. 

2t%7T J 

a 

Also <j>(D)x 1 (t) = -L f x (A)e^ tZA = 0. (8) 

Zlrt J 

Thus, from (7) and (8), 

cj>(B)x(t) = F(*), 

and the verification is complete. 

35. For simultaneous equations we omit the general case and 
consider only the system of n first-orderf equations 

2 = F r (t), r = 1, 2,..., t > 0, 

where e r5 = D+b r8 , (1 ) 

and = u r7 r = 1,..., n , when £ = 0.J 

The problem is simplified by breaking it up into two: 

I. The non-homogeneous case: 

2 = #(*)> ** = w, * > 0, 

with x v = 0, r = I, 2,..., n, when t = 0. 

t A system of higher order can be reduced to a first-order system by sub- 
stitution. 

t The footnote on p. 81 also applies to the functions F r (t). 
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II. The homogeneous case: 


n 

H = 0, r — 1,.,., n, t > 0, 

,S*= 1 7 


with x r — u r ,r = 1,..., n, when t — 0. 

I. The non-homogeneous case. This can he further amplified 
by taking all but one of the P’s zero and adding the solutions 
thus obtained. Thus we take the system of equations 


%e u x s = F(t), 

n 

lM s = 0, r=2, 3 n, 

Sw*l 7 

with x r = 0, r = 1,..., n, when t = 0. 
The subsidiary equations are 


t > 0, 


( 2 ) 



'ZPi s x s = 1 F(p), 




n 

S = 0, r= 2, 3,..., n. 


(3) 

where 


Prs ~ a rsP+b ra . 


(4) 

Thus 


^ = PlrT(p)l^ 


where 

A = 

P* Pv ■ • 3>n» 





P21- - . . , 


(5) 



P** • ' • 2>»» | 



andij. 

is the cofactor 

of p rs in this determinant. 


Let 

T = f t-v'QrM dt, 

0 



so that 

Q - M - ss / 


(6) 

Then the solution of (2) with its initial conditions is 

4 



. Xr ~ I r(t~r)P(r) dr, r = 1, 2, 


(?) 



THE LAPLACE TRANSFORMATION 


85 


Verification . Wo liavo 

^ “ 2 in J 

where A 


,n __ JL f e Ar^r*^ n _Hj” dA, 


e A ^™.\7 rfA = -L f 
A (A) J 


a Xl a X2 




and A rs is the cofactor of a rs in the expansion of this deter- 
minant. We assume A ^ 0. Then 

«-«»- k j[^ +o (^)] ,fl * 


Vs 

A' 


Now Bx s = Q ls ( 0 )F(t)+ J Q'y,(t-r)F{r) dr. 

0 

Therefore t 

e ls x 3 = *»£»F(t)+ J F{r)e la Q u (t-r) dr. 
0 

Thus, adding, 

J> ls * s = F(t)+ J dr 

= m, 

n X ^ f 

sine 0 = J 


m 


8 s ® X q 

0, if r 76 m, 

— f c Al? dA — 0, r 
2 iir J 


m. 


( 9 ) 


( 10 ) 


Hence the first equation is satisfied, and the others are treated 
similarly. 

II. The homogeneous case. The equations are 

2 e rs x s = °> r ~ 1 >— > n ’ * > °> 
s**l 

with x r =5 u r> r = 1,..., n } when t = 0. 
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The subsidiary equations are 


n 



jE, first's ^ 

s~ 1 


where 

U r = 2 

5=1 

(ii) 

Thus 

n 

x = A V P V 

•v s — ^ x wr 





and 

n 

%'s ==:: 2 Qrs ^r> 



T~ 1 


where P rs and Q rs are defined in (5) and (6). 
Verification. It follows from (10) that 


n n n 

2 e rs%s ^ 2 2 ^ rs Qms ^ ^ === 1,..., *%. 

m=l s=»l 

Also, when £ = 0, 

^ = iy,a s (o) = 


r=«l 
n ?? 


— A. a nn A. r 

7>i=l r=*»X 

= 5 = 1, 2,..., n . 


EXAMPLES ON CHAPTER IV 

Us© the Inversion Formula to solve the equations in Exs. 1-10, with 
the given conditions when t = 0. The answer is given at the end of 
each question. D is used for djdt. 

1. D(D— 1 )X = t 2 , ££ 0 , CCj. 

[(^ 0 ““ e* — 2^1 -f-<+ 4" g] ~~ 

2. (H 3 +l)^ = £*V, as 0 = ~x x = a? 2 . 

[(*o-A)s- < +i(^-3«+l)e < -f6“cos(i7r+4V3i). 

"3. (X) 2 + l);r = £cos2£, a; 0 , a? x . 

Oocostf-j-a^ sin£~ f sin£— Jtfcos 2$+f sin 2t. 
4. (H a — 3JD + 2)a; — e t > x 0 , a? x . 

C(#i — a 0 -f 1 )e a * ~f (2a? 0 — x x — 1 — £ )e*. 
6. (H 2 — 2H + 2)(X) 2 — 2I>-~ 3)# == sintf, # 0 , a?!, jr 2 , and a? 3 all zero. 

[ too e * 1 + *o e ~* + 25 ( 1 7 cog t— 16sinZ)e*~ ^(3 cos ^+4 sin f). 
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6. (D 2 -\-m 2 ) 2 x = asinmtf, x 0 , x 19 x 2 , and x z all zero. 

L8m4(i- <2 ) sinm# -| COSWi! - 

7. (D 2 +m 2 ) 2 a; = asinniJ, x 0 , aj ls a; 2 , and x 3 all zero. 


[ a . an 

(m 2 -~n 2 ) 2 smn 2m 2 (m 2 — n 2 ) 


3 m 2 — n 2 . \ 

Ucosratf — , „ sm mt} 

l m(m 2 —n 2 ) J 


8 . (D 2 H-m 2 ) 2 a; = asin(m£+a)» a? 0 , # ly a; 2 , and # 3 all zero. 

[Seep. 22, Ex. 17. 

9. (D 2 -j- m 2 ) 2 x = asin(nH-a), # 0 , aj x , a 2 , and cc 3 all zero. 

[See p. 22, Ex. 18. 

10 . (JD— l) tt # = 1 , x 0 , a?^ all zero. 


1 1 . From the integral 


W 'V7T 

J e~ a3x% ~ ha l xi dx =3 2 o^ e~ 2a6 , a and 6 positive, 
o 

show that, if # = ^J(p/k), 

g~qx G -~x*ltKt 

(i) - — is the Laplace Transform of , # > 0, 

Kq *]{TTKt) 

(ii) c"’ 035 is the Laplace Transform of -- T / - - — — e-®*/*** x > 0; 

2*J(7TKt Z ) 

and from (ii) doduco that 

#37 

— is the Laplace Transform of 1— erf {x/2j(f<t)}. 


12, Us© the Inversion Formula to obtain x x {t) and x 2 {t), when 


v4i) *i(P) 


(p 2 +a‘ 




[£ cos at . 


p sinatf. 


13. Show that 


and deduce that 


1 r u dX t n e iat 

2irr J 6 (A — ia) n + x “ n! 

y—ioo 


W J 

J e-vH n co&at dt = n! xreal part of , 


J ervt^miat dt — nix imaginary part of 


(p— ics)"* 1 * 
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LAPLACE TRANSFORM METHOD IN THE SOLUTION 
OF LINEAR PARTIAL DIFFERENTIAL EQUATIONS 

36. A similar method can be used in the solution of partial 
differential equations such as occur in various branches of 
applied mathematics, with initial and boundary conditions. 
For example, take the equation 


,d 2 u 


8u 


V z u+A 2 (x,y,z)—z+A 1 (x,y,z)—+A l) (x,y ) z)u — B(x,y,z,t), 


8 f 2 


8t 


( 1 ) 

02 02 02 

where V 2 = — + (x, y, z) is a point in a given region, 

and t, usually the time, is positive. 

A boundary condition is to be satisfied of the form 


( 2 ) 


(3) 


0(x, y, z)u+H(x, y, z) ~ = K(x,y,z,t), 

where 8/8n denotes differentiation along the normal. 

There are also conditions for t = 0 within the region; e.g. 
lim u(x, y, z, t) = u 0 (x, y, z), 

t — >-0 
0 

lim-u(x,y,z,t) = u^x,y,z). 

t-y 0 ot 

We multiply (1) by e~ pt (p > 0) and integrate with respect 
to t from 0 to oo, assuming that 
00 00 

j e-^udt, j e-Qt—dt, etc., 

o o 

exist. Also we assume that 


J e~^V 2 w dt = V 2 J e-^u dt * 


But, as in § 1, 


00 

J e-^dt = ler#u£+p J e-p‘u 

= —u 0 +pu, 


dt 
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CO 


where 


u = j* e- pt u dt. 



00 

0 

CO 

Also 

j 


f dt 

J et 


0 0 


— — %+P J e ~ pt -^ dt 

0 

= — (puo+ u i)+P 2 u- 

Thus, with the above assumptions as to the nature of the 
unknown function u , we obtain from (1) and (3) the Subsidiary 
equation’ 

V*u+[A 2 (x, y , z)p 2 +A x {x 9 y , z)p+A 0 {x, y, z)]u 

CO 

= A z (x, y, z^pUa+u^+Axix, y, z)« 0 + J e~ pt B(x, y, z , t ) dt. (4) 

0 

The boundary condition (2) is replaced by 

p _ co 

0(x, y, z)u+H{x, y, z)~ = j e~ pt K{x, y, z, t) dt. (5) 

0 

37. If we can find u from (4) and (5) of §36, our problem is 
reduced to finding u from the equation 

00 

H(x, y, z,p) = J e~ pl u(x, y, z, t) dt. 

0 

It may happen that u(x, y, z,p) appears in the Table of Trans- 
forms and then u(x, y, z, t) can be written down directly. If this 
is not the case, we obtain u from u by the Inversion Theorem, 
§ 29, namely, y+ xK. 

u{x,y,z,t) = ~ J e M u(x,y,z,X)dX. (1) 

y—ico 

The line integral is then evaluated by transformation to a 
suitable closed contour and the use of the Calculus of Residues. 
Most of the problems with which we shall be concerned fall 
into two classes according to the nature of u(x,y, z , A) as a func- 
tion of A: 
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I. u(x , y , 2 , A) is a single-valued function of A with an enumer- 
ably infinite number of poles. In this case we use the contour 
of Fig. 10, choosing for the radius R of the large circle F a 
sequence of values R n such that none of these circles passes 
through any pole of u(x , y, z , A). Then, if u(x, y , 2 , A) satisfies the 
conditions of the lemma of §31, the integral round the circle of 
radius R n in Fig. 10 tends to zero as n 00 . Thus, by Cauchy’s 
theorem, the line integral in (1) may be replaced by the limit as 
n 00 of 2 t n times the sum of the residues of the integrand 
at its poles within the circle F of radius R n . 

^11. u{ A) has a branch point at the origin but otherwise only 
a finite number of poles. In this case we use the contour of 
Fig. 11, § 39. If u(x, y , 2 , A) satisfies the conditions of the lemma 
of §31, the integrals round the arcs BF and AC of the large 
circle F tend to zero as its radius R tends to infinity. The 
integrand will be single-valued within and on the contour so 
that, when R 00 , the solution is obtained as a real infinite 
integral (derived from the integrals along CD and EF) together 
with 2 ni times the sum of the residues at poles within the con- 
tour, and possibly a term arising from the integral round the 
small circle about the origin. 

Other types, such as those of Chapter IX which have two 
branch points, will be dealt with as they arise. 

In §§39-44 three simple examples are solved to illustrate the 
methods of procedure. The proofs that the integrals round the 
large circle F of radius R tend to zero as R -»■ 00 are given in 
detail in these examples. In the problems of later chapters they 
will be omitted, but in all cases they can be supplied along the 
lines of those in §§ 39, 41, 43. 

38. In deriving the subsidiary equation and its boundary con- 
ditions in §36, and in obtaining u(x,y } z 9 t) from u(x,y,z,p) by 
the use of the Inversion Theorem, certain assumptions as to the 
nature of u{x, y, 2 , t) were made, so that the previous discussion 
is incomplete. The same difficulty arose for the ordinary dif- 
ferential equation, but there it was found possible to give a 
general verification process, §§34, 35, which would cover all 
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cases. For partial differential equations this is not possible and 
a separate treatment must be given for each problem. 

It should be remarked that the assumptions referred to above 
are reasonable and not at all restrictive from a physical point of 
view. If we assume a priori that there exists a solution of the 
problem with these properties the preceding analysis becomes 
valid. This point of view seems adequate for most purposes in 
applied mathematics. 

To make the solution completely rigorous it is necessary to 
verify that the result obtained does satisfy the original differ- 
ential equation and the initial and boundary conditions. This 
must be done for the particular problem under consideration. 
The final form of the solution may be best to work upon. In 

y-j-£oo 

other cases it may be better to deal with the line integral J 

y—ico 

obtained from the Inversion Theorem, and there it may be 
possible and advisable to change the path L into the path U 
of Fig. 15. We shall return to this question of verification in 
§ 58; for the present we take the point of view of the preceding 
paragraph and simply remark here that for complete rigour 
verification is necessary and that it can be performed for most 
of the solutions obtained in the text.f 


39. Linear flow of heat in a semi-infinite solid , x > 0: the 
boundary x = 0 kept at a constant temperature v 0 ; the initial 
temperature of the solid zero. 


Here we have to solve 
dv __ 
dt ~~ ' 

with v = v 0 , 

v — 0, 


S?' *><M>0, 

(i) 

when x = 0, t > 0, 

(2) 

when x > 0, t — 0. 

(3) 


•f An entirely different method has been used by Churchill {Math. Zeitschrift, 
42 (1937), 567, and 43 (1938), 743; Math. Ann. 114 (1937), 591, and 115 
(1938), 720). The Inversion Theorem, § 29, was proved under conditions on 
x(t). In place of this it might have been proved under conditions on x{p). 
Further, it is possible to state conditions on x(p) under which x{t) obtained 
from sc(p) by the Inversion Theorem has the properties required for the 
verification. 
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Then, using the Inversion Theorem, we have 

y-fioo 

V = f e ^-aV(A/«-)^ / 7 \ 

2 in J A ' { ) 

y — %oo 

The integrand of (7) has a branch-point at the origin, so in 
evaluating (7) by contour integration we have to choose a path 
which does not contain the origin. 

Consider the closed circuit of Pig. 11, where AB is parallel 
to the imaginary axis at a distance y from it. The circle F of 
radius R and centre at the origin cuts this line at A and B and 
the imaginary axis at A ' and B'. There is a ‘cut’ along the 
negative real axis. The small circle with its centre at 0 is of 
radius <=. This circle is open at DE and T is open at CF. The 
argument of A is — rr on CD and tt on EF . 

We take -i- f e A<-sv<A/*/ iA 

2 ittJ 


over this closed circuit and we know that the integral is zero. 

Since i < lAI" 1 on BF and AC the conditions of the 

lemma of § 31 are satisfied, and it follows that the integrals over 
BF and AC tend to zero as R -* oo. 

It follows that 

y-Hoo 

_L f e A(-zV(A/*)^ 

2 in J A 

y— too 

is equal to the sum of the integrals over CD and EF, and that 
over the small circle, when R oo and e -> 0. In the integrals 
along CD and EF put A = pe~ irr and A = pe irr respectively, and 
we get co 

L_ J* e ~pt[ e ix^(plK) — e -TaV(p//c)J 


x.e. 


00 

J si nx^Jip/fc) 


dp 

, 

P 
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i.e. 


i.e. 


CO 

-is 


e ~KUH g i n ux _ 


du 


*Jtt 


Xj^i,Kt) 


j e~ u ' 1 du.\ 


Also from the small circle we get 1 . 
Thus from (7) we have 

a?/2V(/d) 


1 — J e~ u * du\ 

n ' 

= vjl— erf- 


2 M)J’ 


X 

2 r t 

, where erf a; = -y- e -1 ** du. 

Vtt J 


( 8 ) 


40. Linear flow of heat in the solid 0 <x <1: no flow across the 
boundary x 0; the other boundary x = l kept at a constant 
temperature v x ; the initial temperature of the solid v 0 . 

Here we have to solve 



8v d 2 v 7 

a-'s?- <>o. 

(i) 

with 

02; _ , 

— = 0, when x = 0, t > 0, 

3a? 

(2) 

and 

v = 2 ^, when x = l, t > 0, 

(3) 

and 

v = v 0J when = 0, 0 < x < Z. 

(4) 

The subsidiary equation is 



d 2 v p _ _ 

= 2, 0 < a: < Z, 

c&c* 5 /c /c 

(6) 

with 

^ = 0, when a; = 0, 

(6) 


t This well-known integral can be obtained from 

f e~ a ‘ x ‘ cos 26* dx = ~ e- 6 '/ 0 * 
5 2a 

by integrating with respect to b from 0 to b. 
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and 


v = when x 
V 


Thus 


€s=s v o | v i~ v 0 cosh x^J(p / k) 

: p p cosh Q(p/k) ‘ 

Then, by the Inversion Theorem, 

y+i co 

r _ v ) v i— v o f r M oosh ^Wx) 

0 2in J cosh Z^/(A/k) A ’ 


(7) 

( 8 ) 

(9) 


y — ico 


The integrand is a single-valued function of A and there are 


poles at A = 0, and A 


(2n— 1\ 2 « 

* ~ K hn 


p 


n = 1 , 2 ,.. 


Consider the closed circuit of Fig. 10, where AB is parallel 
to the imaginary axis at a distance y from it. If the circle has 
radius R equal to Kn 2 7T 2 jl 2 , it will not pass through any pole of 
the integrand. As n -> oo the integral over the arc BCA tends 
to zero; this will be proved in §41. 

Thus we can replace 

y-fico 


-L f 

2 % 7 T J 


y— loo 


^cosha^A /k) dX 
cosh I^JX/k) A 


by the limit when n oo of this integral over the closed circuit 
A BOA. And by Cauchy’s theorem this is equal to 2 itt times 
the sum of the residues of the integrand at its poles. 

The residue at the pole A = 0 is 1. 

The residue at the pole A = —K(n—%) 2 7T 2 /l 2 is 
6 -*(n-*)W CQsh 


A^{coshV(A/«)}]^ 




77 (2n — 1) 

Using these results in (9) we obtain 


= 4 (~ 1 ) 7i ' e -K(n~l)VW‘ (2n—l)rrX 


s 


4 («i 


-«o)y(- i) n .^ 
2n 

n— X 


cos 


2Z 


( 2 % VjTTX 

21 * 
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41 . To show that when 0 < x < l and t > 0, 

cosh x*J(A/k) dX 


I 


cosh IJ(X/k) X 
vanishes in the limit over the arc BCA of Fig. 10. 

We have to show that c osh^c A /(A//c ) 

AcoshZvW*:) 

satisfies the conditions of the lemma of §31 on the cirelo F of radius 
R sss Kn 2 Tr 2 /l 2 . 

Using the result 

2cosh(a+^)cosh(a—^6) — cosh2a~f cos 26, 

we find at the point A == Re id 

2|coshZ- N /(A//c)| 2 == cosh(2n-77cos|0)-f“cos(2n7rsin J0) 

= cosh( 2nrr cos J#)[l 4-sech(2w/7rcos l6)coH(2mr sin -£0)]. 

0 7 „ ( 2 ) 

2n—\ 


Let 


sin -Ip = : 


so that cos Ip : 


V(8n-1) 

2n -- 4n - - 

When rr > 0 > P, 

2mr > 2mr sin > 2mrsm-lP — (2n — J)tt, 
and thus cos(2n7rsin |0) > 0. 

Thus, when 77- > 0 > p, 

2|cosh£ v /(A//c)| 2 > cosh(2n7rcoH 
Also, when /? > 0 > 0, 

|sech(2wrcosJ0)cos(2n7rsin J0)| < soch(2tt7rcos J0) 

< soeh(2mrcos J/J) 

= soch |t r*J(&n— 1) 

< sech J-7rV7, when n > 1 
Using (3) and (4) in (2), it follows that 

2|coshiV(A//c)| 2 > (1— sech j7r\/7)cosh(2n7rcoH 16) when rr > $ ,> 0. 

Therefore 

|coshZV(A/*0| > Coosh*(2nflroos J0), tt :> 0 > 0, 
where C is a constant, independent of n. Also 
[cosh x*J\ (X/ k) [ = |cosh{(n7r/?)a;(cos J6’H-'isin j6)}[ < GQHh{(nw/l)xQQ8 16}. 


(3) 


(4) 


Hence 


[ cosh x<J(X/ k) co&h{ (nrr/l)x cos J0} 

cosh Q(X/k) C\/[cosh 2n7r(co8 J0)j 


< <? 


^ e (mrJl)xcosiO 


e nwcosi0 

< O / e” , {(^“ aj )/0 w,rC08 ^ 

< O', when tt > 6 > 0. 

And this holds also for 77 < 6 < 2tt. 

Thus the conditions of the lemma of § 3 1 are satisfied and the result 
follows. 
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42. A stretched string with its ends fixed at the origin and x = l 
is pluclced at its middle point and released at t ~ 0. If the dis- 
placement is b 3 find the subsequent vibration . 

Here we have to solve 


&y _ „2 S V 


with 


dt 2 

= - 
~ l 

2b 


, 0 < x < l, t> 0, 


&r 2 

0 < x < P, 

(Z 3/)j -^l < 3? <C l 3 


t = 0, 


a* 


o, o < x < i, t = o, 


(i) 


( 2 ) 


(3) 


y 0 } when # == 0 and x = l> t > 0. (4) 

Multiplying (I) by (p > 0), integrating with regard to £ 
from 0 to oo, and using (2) and (3), we obtain the subsidiary 
equation ^ 


= 


~pf(x), 0 < x < l, 


(5) 


where 


/(*) 


2 & 


x, 0 < x ^ 


= ~ (l—x), < a; < Z, 


and y = 0, when x = 0 and x = L (6) 

We solve (5) and (6) by the method of variation of para- 
meters^ &s follows: 

Let y ~ AcQ$\\qx-\~B&m\xqx 3 (7) 

where q = p/c and A, B are functions of x to be determined. 

Then y r = q(A sinh. qx+B cosh qx) 

provided that A ' cosh qx - f B f sinh qx = 0. 

Also 

y" ass ^ 2 (J. cosh <7#+ R sinh grr) + ??(-A * sinh qx + B r cosh qx). 

t For an alternative method, using the ideas of Chapter I, see Appendix IV, 
Ex. 3. 

4695 


O 
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Thus 

y"—q 2 y = #(A'sinh##+B' cosh##) 


and so y 

= A cosh ##+ J5 sinh qx satisfies (5) 


if 

A' cosh ^ 37 + B' sinh## = 0 

(8) 

and 

fix') 

A' sinh #37+ B' cosh## = — 

(9) 

From (8) and (9) A' = ^^sinhga; 

(10) 

and 

B’ = — tsA cosh qx. 

c 

But from (6) 

.4(0) = 0. 


Therefore 

X 

A{x) = i J /(|) sinh g£ 

ft 

(11) 

Also 

u 

A(Z)cosh#Z+i?(Z)sinh#Z = 0. 



Therefore B{1) = --~coth#Z J /(£)sinh qg dg. 


Thus, from (10) and (12), 


1 P z i 

B(x) = - J /(^cosh qg dg — coth ql J f(g)sinhqg dg . (13) 

L !« n - 


Finally, from (7), (11), and (13), 


;sinh#Zy = sinh#(Z— x) j'/(£)smhg£cZ£ + 


+sinhga; J /(£)sinh #(/!— |) d£. (14) 


Then, substituting for f(x) from (2), we have 
l _ x c sinhg# . . . , 7 

TyrV = 2 — rT~ 7 > 0 < x < JZ, 

26 p p 2 cosh \ql * 


i_ - — c sinh#(Z— x) 

26^ j) _^ 2 coshJ#Z 


, *Z ^ 37 ^ Z# 
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We have now to find y, and from sym^o^ it Ta UlCttr LUtLL 
we need only deal with (15). 

The first term on the right gives x. 


1 sinh qx 
p 2 cosh %ql 


we use the Inversion Theorem and haY£ 


1 f M sinh(Arr/c) dX 
"lire J cosh(AZ/2c) A 2 ’ 


We now consider this integral taken over the closed circuit 
of Fig. 10. The circle F of radius R equal to 2nTrc/l does not 
pass through any pole of the integrand as these are at A = 0 


and A 


= * = 


1, 2 


As n -»■ oo the integral over the arc BCA tends to zero ; this 
will he proved in §43. We can thus replace (17) by the limit 
when n oo of this integral over the closed circuit ABC A. 

Then from the Theory of Residues we obtain the value of 
(17) as an infinite series. 


The pole at A = 0 gives xjc. 


The pole at A 


.(2n—l)7TC . 

% — gives 

i 


ctn s\nhi{2n-l)TTx!l 


A 2 cosh: 


JA-t(2n— 1 )ttcI 


2Z_ sm(2n~l)77xll i(2n _ 1)7rcljl 
’ t r 2 c (2n — l) 2 


So the poles at 1 )ttc/Z give 


sin(27i— 1) ~ cos(2n— 1) ^ 


(2n — l) 2 


Then from (15) we have 


’4 Z 


( — \) n . ( 2 n — 1 ) 7 tx (2n—l)7rct 

___sin - -cos j 
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Tkusf 


8b ^ (— I) w -i . (2n~l)7TX (2n — l)rrct 

y == _ > A- — sin- — cos- 7 


77 2 AA (271— l) 2 l l 

n= 1 v * 

when 0 ^ x ^ |-Z. 

Por ^ x ^ l, we replace x in (21) by (l—x). 


( 21 ) 


43 . To show that when 0 < x < JZ and t > 0 

/ A< sinh(Aa:/c) dA 
6 cosh(A Z/2c) A 2 

vanishes in the limit over the arc BCA of Fig. 10. 


If we can show that 


s inh(Aa?/c) 
cosh (Xl/2c) 


is bounded on the circle P of radius R = 2nrrcjl, the result will follow 
from the lemma of §31. We prove this for A in the first quadrant, 
J7r > 6 > 0; the other quadrants are treated similarly. 

If A — Re id , where R = 2nrrcll > we have 


c°sh— = cosh(2‘tt7r cos 0)[1 -f> sech(2n7r cos 0)cos(2n7r sin 6)]. (1) 


Now let 


cos £ = \r’ 0 < ^ < 


so that sin 8 = 

4n 

Then, if > 0 > J-rr— /?, 

2n7r > 2n77sin^ > 2mr cos ft = ( 2 n-~l) 7 r, 
and thus cos(2mrsin0) ^ 0. 

Therefore 2|eosh(AZ/2c)| 2 > co$h(2mreos0). (2) 

Also, if Jtt— ^3 > 0 > 0, 

|sech(2^7rcos0)cos(2n7rsin0)| < sech(2n7rcos0) 

< sech(2n7rsin/S) 

= sechj7rV(8n— 1) 

< sech^n- V7, when n > 1. (3) 


t It should be remarked that for this problem it is not possible to verify 
directly that the solution obtained as a line integral satisfies the differential 
equation and initial and boundary conditions. It will be found that the solu- 
tions obtained from (15) and (16) by the Inversion Theorem cannot be twice 
differentiated under the integral sign and thus we cannot verify by direct 
differentiation that they satisfy the differential equation. The difficulty is due 
to the fact that the given initial form of the string has a discontinuous deri- 
vative at x » %l. The solution obtained by the Wave Method in § 44 can be 
verified. 
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Using (2) and (3) in (1) we obtain 

2|cosh(AZ/2c)| 2 > (1 — sech |7rV7 )eosh( 2mr cos 6), ^rr > 6 > 0, 
and thus 

|eosh(AZ/2c)| > <7 c osh* ( 2nir cos 6), J 77 > 8 > 0. 


Rut 

Hence 


sinh 


Ax 


cosh I' 


(2nrrx 


\ l 


id). 


sinh(A x/c) cosh{(2n7TX/l)eos 9} 

eosh(A l/2c) C cosh i (2n-7r cos 8) 

< #V" (2w,r / Z >(i2-<S)COS0 

where C' is a constant. This is the result required. 


44. The solution obtained in §42(21) can be put in another 
form which shows the shape the string assumes as t changes, f 
Since y is periodic in t of period 2 Z/c, we need only consider the 
interval 0 < ct < 21. 

First we prove the following lemma: 

y+ioo 

J e<xA ^ ~ 2^77 a, when a > 0, 

y-—ioo 

= 0, when a ^ 0. 


(i) When a > 0, it follows from the lemma of § 31 that 


/ 


e a\ 


dX 

A 2 


taken over the arc BCA of Fig. 10 tends to zero when the 
radius R of this circle tends to infinity. 

Also there is a pole at A = 0. Thus 


1 

2in 


i 


e aX 



when the integral is taken over ARC A and the radius R-+ 00 . 


Therefore 


y+'i 00 

f „>,d\ n . 

6 ~ 2Z7TCl " 

y—ico 


t Heaviside made frequent use of this device, which he called the Wave 
Method. Cf. E.M.T. 2, 71. 
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(ii) When a < 0, we take the closed circuit ABHA of Fig. 17, 
p. 200. There is no pole inside this circuit, and an argument 
similar to that of §31 shows that when the radius tends to 
infinity the integral over BHA tends to zero. 





0<Cfc</2l 


cb = /2L 



y-j-ioo 

It follows that J = 0. 

y—ico 

We now return to §42(15). This gave, by the Inversion 

Theorem, y-Mco 

ty- r £_ f ^sinhj^/c) dX m 

2b 2 in J cosh(AZ/2c) A 2 ’ 

y — i CO f 
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sinh(Aa:/e) X (U-x)ic l-e~ 2 ^ 0 

cosli(AZ/2c) l+e-^o 

= [e~A(i*-a;)/c g~A(iZ+a;)/cJ ^ 1 yng~m\llC' 


y-i-T,oo 

1 f )X( sinh(Aa;/c) dX 
2 m t J ' cosh(AZ/2c) A 2 


2ii t J cosh(AZ/2c) A 2 

y—ic o 

y-fico ^ 

— - jl - j ^X(c(—il+x)fc € \(d—ll~-x)lc'^ ( 1 yng-mtifc ^ . (2) 

2i-7r j A 2 

y-ico m= =0 

We can integrate this series term by term, since it is uniformly 
convergent, and obtain 

co y-bico 

il ( 1)^ f [eX {ct-{mbi)lbx)Jc e Mct-Cm+h)l-xVc'j ^ # 

^m-O y J ico * 

The result is obtained by applying the lemma above to the 
successive terms of this series. 

It will be convenient to take t 
(I) in the interval 0 < ct ^ \l, 

(II) in the interval < ct < L 
I. The term e^ x -^ l ~ ct ^ c in (2) gives zero when x < by 

the above lemma. 

It gives (ct—fyl+x)/c when x > \l—ct. 

The term e-A{*+(Jr£--c/)}/c gives zero. 

And all the other terms give zero. 

Thus, when 0 < ct ^ \l, 

JLy = x, when x ^ 

= x — (ct— %l-\-x), when x > %l—ct, 

= jpl — ct, 

Le ‘ 26 

y = —x, when x ^ U — ct, 

V 

y = l—-ct ), when x > \l—ct. 

I 

When ct = y = 0. 
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Fig. 13 


II. The term e^ ct ~ il+x ^ c gives (ct — %l-{-z)/c. 

The term e^ cl ~^ l ~ x ^ c gives (ct—%l—x)/c when x < ct- and 
it gives zero when x ^ ct — 
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All the other terms give zero. 

Thus, when < ct < Z, 

= x— — a?)}, when x < ct—%1, 

= x — (ct—\l+x), when x ^ ct—^l, 

ie * 26 , , 17 
2 / ^-;r, when x < ct—%1, 

26 

= — (iZ— cZ), when £ ^ 


When ct = l, y ~ ~x. 

As ct passes from l to 2 Z, this motion takes place in the 
reversed order. 

It will be seen that, except when ct is a multiple of JZ, the 
form of the string consists of three straight portions: the outer 
having the same gradients as the two pieces into which the 
string was initially displaced, while the middle portion is parallel 
to the axis of x. The middle portion moves parallel to itself 
with velocity 2bcjl and its ends have a velocity c parallel to the 
axis of x. 

It is clear that except at the corners d 2 y/dx 2 is zero and 
d 2 y\dt 2 is also zero. So the equation of the problem is satisfied 
except at these points, and the initial and boundary conditions 
are also satisfied. 

The result for the general case in which the string is plucked 
at the point x = a will follow in the same way for any a < Z. 
It is simpler to take ol < \l and in the discussion the intervals 

0 <C ct a, a <Z ct ^ l — a, Z — a < ct < Z 
would be considered in place of the equal intervals for a = JZ. 

The form of the string plucked at its mid-point is shown in 
Fig. 12, and that of the string plucked at a point of trisection 
in Fig. 13. 


4385 



CHAPTER VI 


CONDUCTION OF HEAT 

45. The rate of flow of heat in a homogeneous solid across a 

surface is —K— per unit area, where v is the temperature and 
dn 

K a constant called the thermal conductivity, d /dn denoting 
differentiation along the normal. Taking as an element of the 
solid at the point P (x, y, z) a rectangular parallelepiped with 
P as centre and edges parallel to the coordinate axes, of lengths 
dx, dy, and dz, we find that the rate of flow of heat into the 
element is K^vdxdydz. (1) 

But the element is gaining heat at the rate 

pc^-dxdydz, (2) 

01 

where p is the density and c the specific heat. Thus, if there 
is no gain of heat in the element other than by conduction, 


we have 


dv 

~dt 


= kV*v, 


( 3 ) 


where k = Kjcp. 

If heat is being produced at ( x , y , z) in any other way, a term 
must be added to the right-hand side of (3). 

In this chapter we shall discuss various problems in the con- 
duction of heat where the flow is either linear and equation (3) 
reduces to Bv ^ 

8t ‘dx 2 ’ O 

or the distribution of temperature has cylindrical or spherical 
symmetry, so that equation (3) reduces to 

dv 
~dt 


or 


dv 

at 


i 
H 


'd 2 v 1 dv\ 
dr 2 r dr) 


( 5 ) 


d 2 v 2 dv 
dr 2 r dr 


)• 


( 6 ) 


There will also be initial and boundary conditions which the 
temperature must satisfy. 
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46. Before proceeding farther it is advisable to mention some 
fundamental solutions of the equation of conduction which we 
shall have occasion to use in some of the following sections, f 
First we note that § 45 (3) is satisfied by 


V = —9. e -«x-xy+(y-y')*+(z~zy}l4Kt m 

and it will be seen that, when t -> 0, this value of v -> 0 at all 
points except (x',y f ,z'), where it becomes infinite. But 


/ / 


00 

J v dxdydz = Q, 

— 00 


when t > 0, 


since each of the integrals 


1 

2 


/ 


e -(X-XVIiKt fix', 


1 f 

2*J(TTKt) J 


e-iv-v'mxt d y^ 


-r — 7~ r f e-^~ Z ' mKt dz' 

2^j(TTKt) J 

— oo 

is unity. 

The solution in (1) is said to be the temperature due to an 
instantaneous point source of strength Q at (x',y',z f ) at t = 0, 
since the quantity of heat instantaneously generated at the 
point is Qpc. 

Similarly, v = (2) 

4:7TKt 


satisfies 


dv 

~et 


(8 2 v 

K \8^ + 


dhA 

syY 


and it tends to zero when t -> 0 at all points except (*', y’), 
where it becomes infinite. 

Also, when t > 0, 

00 00 

J J v dxdy = Q. 


t Cf. Carslaw, Conduction of Heat (2nd ed., 1921), chap. ix. This work will 
be referred to in future as C.H. 
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Again, v = ■■ (3) 

2y(7r/cc) 

, . ~ dv 5 2 t? 

satisfies — /c— =, 

8t 8% 2 

and it tends to zero when t -> 0 at all points except x', where 
it becomes infinite. 


Also 


CO 

J v dx = Q, when t > 0. 

— CO 


Equation (2) can be obtained from the point source in three 
dimensions by integrating 


V dx dy d z -xy+itu-v'y+iz-zyy&Kt 
\_2^(rrKt)Y 


with regard to z' from — oo to co, and finally substituting Q for 
V dx'dy' . From this point of view (2) can be said to be the 
temperature due to an instantaneous line source through (x',y r ) 
at t = 0 of strength Q per unit length. 

Similarly, (3) can be obtained from (4) by integrating with 
regard to y' and z' from ~oo to oo and finally substituting Q 
for V dx and, from this point of view, (3) can be called the 
temperature due to an instantaneous plane source through x' at 
t = 0 of strength Q per unit area. 

Other important solutions of the equation of conduction are 
those for the Instantaneous Cylindrical Surface Source and 
Spherical Surface Source. 

In the former we are dealing with flow in two dimensions, 
and we obtain our solution by integrating 


Vr'dr'd d' 

4:7TKt 


g-(r*+r'*-%rr'QQ& 0')/4/d 


with regard to 6’ from 0 to 2 it. This gives 

27 r 

Vr' dr' r 

V = - e -(r a +r /a )/4^ I e (rr'l2Kt)GOBd' flQ 


4:1 TKt 

Vr'_ dr ' (r , +r . WK< j 
2 Kt 0 


[rr'\ 
\2 Kt)’ 
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and, writing Q = 2ur'V dr\ 

V = e -(r*+r'*)j4Ki]rJ ( 5 ) 

47TK# °\2 KtJ ' 

It will be seen that (5) satisfies 

dv / d 2 v 1 dv\ 

dt \dr 2 r dr)* 

the form the equation of conduction takes for cylindrical sym- 
metry. Also v tends to zero when t 0 at all points except on 
the cylinder r — r' , where it becomes infinite. 

But, using Weber’s First Integral, f 

J e~ a ‘ u 'J 0 {bu)u du = ^ e-W»’ 

0 

oo 

we have 27 t J vy dr = Q, when £ > 0. 


We can thus regard (5) as the temperature due to a quantity 
of heat Qpc per unit length instantaneously generated on the 
surface of the cylinder r = r' at t = 0. 

Again, with spherical polar coordinates, integrating 

„ = Fy ' 2 cfo - ' Bi n 6 ' dd'df c ^ r , +r ._ 2 „. cos e^ Kt 
[ 2V(mc«)] 3 

over the sphere of radius r', we have 


Vr' 2 dr' r 

V = .. H i e -(r*+r'*m K t e (rr'l2Kt)cos 8' $l n Q' 

4tt*(ac£)S J 

0 

1 

— 2< ^ r e -(r*+r' 2 )/4/c£ f e (rr72/c0/x rf, u 

47T*(k^)^ J 


Fr'dr' 


2r(7T/c£)* 

and, writing Q — 47rr' 2 F dr', 


|g—(r~r') 2 /4/c^ g— (r+r') 2 /4/cO ^ 


^ = 9 . r e -(r-r') , /4K<_ e -(r+r'W4Kn 

8rr^' (77^)1 L J ' 


( 6 ) 


f Watson, Theory of Bessel Functions (1922), § 13.3 (1) ; Gray and Mathews, 
Treatise on Bessel Functions (2nd ed., 1922), p. 68 (15). These works will be 
referred to in future as W.B.F., and G. and M. 
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It will be seen that (6) satisfies 

8v / d 2 v 2 

~dt ~ K \ar2 + r dry 

the form the equation of conduction takes for spherical sym- 
metry. Also v tends to zero when t 0 at all points except on 
the sphere r = r\ where it becomes infinite, 

DO 

But 4 7T J vr 2 dr = Q , when t > 0. 

Thus we can regard (6) as the temperature due to a quantity 
of heat Qpc instantaneously generated on the surface of the 
sphere r = r' at t = 0. 

The solutions obtained in (5) and (6) are said to be those 
for an Instantaneous Cylindrical Surface Source of Strength Q 
and an Instantaneous Spherical Surface Source of Strength Q 
respectively. 

Linear Flow 

47. Flow of heat in a semi-infinite solid , x > 0. The boundary 
x = 0 kept at a cos cot, t > 0. The initial temperature of the solid 
zero . 


The equations for the temperature v at x at the time t are 


dv ' d 2 v 

_ = * > 0, * > 0, 

(1) 

v = 0, when t = 0 , x > 0 , 

(2) 

v — a cos cot, when x = 0, t > 0. 

(3) 

Then the subsidiary equation is 


d 2 v 

= 0> * >0 > 

(4) 

whena: = o - 

(5) 

From (4) and (5) 


V — g — */(pIk)x 

p*+co* 

(6) 
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and we have to find v from v = J e~ pt v dt 3 i.e. 

o 

fr = f e-p‘v dt. ( 7 ) 

p 2 +a> 2 J 

Using the Inversion Theorem, 

y+ic o 

«= “ f e Ai-v(A/^)x cZA. (8) 

2t7r J A 2 -f~a> 

y — ico 

There is a branch-point at the origin, so we use the contour 
of Fig. 11, §39. The integrand is single-valued in the region 
bounded by this closed circuit and has poles at ± ico. 

It is easy to showf that when E -»• oo the integrals over BB' 
and B'F tend to zero. 

The same remark applies to the integrals over CA' and A' A. 

r X dX 

t To evaluate lim J, when I = e \t-*j{tyK)x __ — _ t taken over the ares BB ' and 
JR— >co J '1 + 

B'F of the circle T of radius B, 

[See Fig. 14, p. 112.] 


Let 


Then 

Also 

thus 

Therefore 
Over BB'. 


Thus lim J-0. 
JR — *-00 


p = vva 

B x == \Be id — ioi] t it ^ d ^ ft, 
B z = «* > 6 > /?. 

^ <x - 
jRj ^ B— o) $ 

^-<—-<2, if i? > 2at. 

jKjl ix — a) 

R 2 

0 

< 2 eYHin—P) = 2e^sin- 1 ^ 


Over JEf'F. 




B 2 f 

72 1 Bj J 

*7T 


cos 0 ^ 


< 2 J dtf < 2 

o 


J e -*B% dQ < 


7 T 

Bt’ 


Thus lim 1 = 0. 
ifr-^ao 




Fig. 14 
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Then, by Cauchy’s theorem, 


y+icQ 

L f e*- 
17T J 


a 

2irr 


-^(\{k)x , 


Xd X 
A 2 +o) 2 


y—tao 


a /sum of the integrals over CD , the small circle, \ 
2ii t \and B F when B -> oo and e 0 ) 


pitot 


_[_ ^ e -V(<w//c)#(cos i77-+isin i7r)__|_ a g— V(<w//c)^(cos J7r-isini7r) 

2 2 

To evaluate the integral over CD, put A — pe~ tV and we 
obtain, when jR -> oo and € 0, 

oo 

f e-P { e u W K te —£ — dp . 

2 %tt J P 2 4 -o > 2 ^ 

0 

Similarly, with A = /oe tV for .EF, we obtain 

CO 

r e -/>< e -w(p/K)x — p — d p 

2 %7T J p 2 -\~OJ 2 


And the small circle gives zero when e 0. 
It follows that 


v = ae 


~-J(o)}2k)x 


cos — *J(wI2k)x} — ~ f sin *J(p/k)x . (9) 

77 J /r + OT 


48. The same solid: radiation at x = 0 into a medium at zero; 
initial temperature of the solid v 0 . 

Here the equations for v are 

dv 
~di 

v = v 0 , when t = 0, x > 0, (2) 

dv 


K ^X 2 ’ X > °’ 1 > °’ 


( 1 ) 


dx 


-\-hv = 0, when a; = 0, t > 0. 


( 3 ) 


Then, as in the preceding section, the subsidiary equation is 
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-+7iv = 0, when x = 0, 


where v = J e~-^ dt. 
o 

Solving (4) and (5), 




p \ V(i , / K )+ A 


_ e -*J(plK)X \ 

h )’ 


i.e. 0 = 12(1— e- v ^W ;t ) + 


*J(P K )U(p! K )+fy 


.. e-'KplKfr" 


We knowf that 


to p w/js'vt/o-,/ 

1(1— e -vtP//c)x) _ J e -p< J e~ u ' du dt. 


We have now to find -F(f), where 


Vp(v'(15/k)+A} 

Using the Inversion Theorem, 

y+?*oo 


co 

. g-v(p/*>® _ f e- pl F(t) dt. 

>/«)+*} n J 


iJ’(i) = A f 

2t7T J 


va’{V(a/k)W 


We take again the closed circuit of Fig. 1 1 and note that the 
integral round the closed circuit is zero, and that when i? oo, 
the integrals over the arcs of V -> 0. Thus 

y-Koo 


L f 

2^7T J 


gA<~V(A//c)£c 


va{V(a/k)+/T} 


— 1 /f^ e sum of the integrals over CD, the small circle A 
~~ 2i7r\and EF , when R oo and <s 0 / 

It is obvious that the integral over the small circle 0 when 

€ 0. 

Also oo 

the integral over UD =: i J 


h — i^Ip/k) vp’ 


t §39, (7) and (S). 
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J £-M(pIk)x ftp 
erP 1 77 - -r . 

A+WOV*) Vp 

Thus oo 

wm — 1 r „-ot hoos J(pi K ) x —J(pi K ) ain 'J(pi K ) xd p 

'*'* i J ^ Tp 

0 

oo 

__ 2V/c f ^ KQtH 1i cos ocx— asincxa? rl 

~~v J e 

0 

Je-^sma^ = 


But 


And 

Therefore 


2V/c 

7T 


00 

" ? 

f e -/ca a j! 

J 

e~ 7< £ cos d£ 

J 

0 

L o 

® r 

CO 

mi 

|* e -^cosa(a;+f) <Zcc 

J i J 

0 L o 

- 


d£ 


Hence, from (6), (7), and (8), 

sc/ 2 V(kO 


V = 


2*o 

Vtt 


VC 

0 

:/2Vl 

/ 


00 

L_ f e -^-(z+£m** df. 

>o J 


e-™ 8 cZw 


V(- 


oo 

Vo r 
V/cZ) J 


e -hu-(x+u)*j4Kt du. 


( 8 ) 


49 . Instantaneous unit source at x f at t = 0 in the semi-infinite 
solid x > 0. Radiation at x ^ 0 into a medium at zero . 

We require a solution of 


Tt~ K ~d&’ ® >0 ’ t>0 * 


which shall satisfy 


0a? 


= 0, when a; = 0, £ > 0, 
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- e -(x-x')% Kt a t x = x\ when t 0 


and shall be infinite as ^ . 

but be zero for every other positive x when t 0. 

1 


Put 


u 


_ g— (£C— £e') a /4/d! 


2 *J(7TKt) 

and v = 

Then w has to satisfy 
dw 

Hi 

w = 0, when t = 0, a; > 0, 




= ——Jiu, when a; = 0, t > 0. 
do; 5a; 


Write 


u = J e~ pi u dt, 

o 

oo 

£ = J e~^v dt, 


and 

We lmowf that 




u = 


w 

-J 


e~ pt w dt. 


2V(*P) 

Tlie equations for i5 are 


g“V(p//c)|£c-a;'| 


Thus 


«Z 2 m> - a ^ n 

d^~ !pw = 0 > x>0 ’ 

did . , _ dit i „ i 

— ~dx^ r ’ lW ~ dx~' lU ’ w ^ ien # = 0* 


= 2 ~ J^ K p) WOpAO when a; = 0. 


f Q-a'xi-Wx*) dx=s ddL e -2|a&| 
o 2|a| 


w OO 

f = A f e -t*-a>x*HKt*) dt = 

J V* V# J 


e“Vd>/*)|a|. 
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It follows that 

yj -- Jt 4 ivL K ) — h e ~*J(PlK)(X+X') 

V(^) V(p/*)+* 

and 

,-y __ * _ / e ~V0>/*) |*-«'| l e -*J(pIk)(x -kb') g-V(3?//c)(a:+a:')) 

27(^r vcp/«)+* / 

The first and second terms of £ are the Laplace Transforms of 


. _ e -(»-*T/4/rf and 

2*J(7TKt) 

respectively. 

Also we have seen in § 48 (8) that 
is the Laplace Transform of 


g-iX+X'flbKt 

2y / (‘ 7TKt ) 


c-^IkXx+x') 

V(P*)W(P/*)+*} 


Therefore 


1 

'sJi'TTKt) 


I 


e ~hg-(X+SC'+g)*/4Kt fig 


V = 


2*J(TTKt) 


l^ e -(x-xyi4Kij^ e Ax+xyi4Kl^ 2h J e -hi-(x+x'+im K t 


50. Unit source at x' at t = 0 in 0 < x < L The ends x = 0 
and x = Z Icept at zero. 

We require a solution of 


dv d 2 v 

dt ~ K dx v 


0 < x < l, t > 0, 


which shall vanish when x = 0 and x — l, when t > 0, and 


shall be infinite as ~-r 7 e -fr-n'Yli a t a; = a;', when t -> 0, but 

2* s J{7TKt) 

be zero for every other value of # in 0 < cc < Z when < -> 0. 

As before, write 


w == 


X s>~(x—xyi4fd 
2*J(7TKt) 


and let 


v = 
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Then w is given by the equations 


dw 


d 2 w 

K dx 2 ' 


0 < x < Z, t > 0, 


w = 0, when t — 0, 0 < x < Z, 
w = — when x = 0 and x — l, t > 0. 
Det oo 



u 

0 

[ e~ pt udt } 

00 


V 

0 

< 

J* dt , 

x> 

and 

w 

0 

I' e~ pi w dt. 


We know that ^ = r—r; — 

Thus from (1), (2), and (3) the equations for w are 


( 1 ) 

( 2 ) 

( 3 ) 


K 1^~ PW = °’ 0 < X < 1 > 
w — — — 1 — r when x = 0, 

2<s/(*P) 

= — — 77 — - e-vop//t)(/-»') when x — l. 

2V(*P) 

Therefore we have 

- 1 e ~^(PlfcXi-x') ginh ^/(p/k)x-\- e~^ p l K ^ x ' s inh <sj(p/tc)(l — #) 

^ 2 a /(k^>) sinh *J(p/k)1 

1 cosh *J(p]k)(1 — x—x ') — e~ Vfa) ^ cosh *J(p/k)(x — x') 

~ 2*J{xp) sinh J(p/k)1 ’ 

But v = uA^-w. 

Therefore 

* = 4^) x 

I cosh //<)(;— a;— a;')— cosh V(y /k) (x — a:' ) ' 

L sinh *J(p/k)1 

_ 1 cosh7(y/ ,c )(^+ a: — &')— coshV(y//c)(Z— a;— a:') 

2V(«3>) sinh^/(p//c)Z ’ 

when a; < a;'. 
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And when x > x' we must interchange x and x’ in this 
result. 

Then, by the Inversion Theorem, 

y+ico 

1 f ^cosh aJ(X/k)(1+x — x')— cosh^/(A/«:)(Z — x — x') dX 
V ~l J e sinhV(A/*)Z vA’ 

y—ioo 

when x < x r . 

In this case we use Fig. 10, since the integrand is a single - 
valued function of A in the region bounded by the closed circuit 
of this figure, and, as before, we take the radius of F equal to 
K{n-\- i) 2 (n 2 /l 2 ), so that it will not pass through a zero of 
sinh^ (X/k)1. 

The integral over the circular arcs -> 0 when n oo and we 
find that 

„ = J_ V c-^v«^ cos S7T(l+x—x')/l—cos sit(1—x—x')II 
2 V/c A [VA(<Z/cZA)sinh V( a / k )(1a= 

= y 'S' e-Ktf-n'W sin ^ x sin ~x' . (4) 

l ^—4 l l 

1 

This has been obtained for x < x\ but it is symmetrical in x 
and x' and thus holds for x > x' as well. 

For a source of strength Q we replace 2/£ in ,(4) by 2 Q/l. 


If we take a source of strength Q — f(x') dx' at x' at t — 0 and 
integrate the result obtained above, we find 
i 


M2- 
0 L 1 


■K(n*7r*ll*) t g i n 'HIL x g£ n 'OIL x 4 


•' dx'. 


l l 

and with suitable restrictions on /(a?) we may write this in the form 

oo 

V = e -K(n 2 7r>/Z 4 )^ w sin ~ 


vhere a n = j J f(x') sin. 7 — x r dx'. 


This result may be obtained by the method of § 42. It is, of course, the 
classical form of the solution obtained from the Fourier’s Sine Series for 


f Cf. C.H . , § 20. 
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51. We consider now the temperature in a wire , along which a 
steady electrical current is flowing. The ends of the wire are kept 
at constant temperatures v l3 v 2 . Radiation takes place into a 
medium at a constant temperature v 0 . The initial temperature of 
the wire is taken as zero . f 

Let the wire be of length Z, and K, c, p, and H its thermal 
conductivity, specific heat, density, and emissivity. Let I be 
the strength of the current and a the electrical conductivity, 
i.e. the reciprocal of the resistance per unit cross-section, per 
unit length. 

Take the element of the wire contained between the sections 
distant x and x-\-dx from the end. 

The rate of gain of heat in this element from the flow of heat 
over the sections at x and x-\-dx is 

it- 1 

Ko-dz, 

co being the cross-section of the wire. 

The rate at which heat is lost at the surface of the element is 


H(v—v 0 )sdx , 

s being the perimeter of the cross-section and v 0 the temperature 
of the surrounding medium. 

The rate of gain of heat due to the current I is 

—das. 

to <7 


The total rate of gain of heat is therefore 

o)^+£jdx. 

This must be equal to cocp — dx , 

dt 


and therefore the equation of conduction is 

P 

dt Cp dx 2 Cpco 0 c pooler 

& Hs P 

where k — — , b — , and a = -\-bv 

cp cpco Cpco 2 <y 


d 2 v 
dx 2 


o* 


— bv+a, 


t Cf. C.H., § 38. 
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52. In the problem stated at the beginning of §51 we have to 
determine v from the equations 

Qv 8 2 v 

8t = K to?~~ bv+a ’ °< x < l >t> 0, (1) 


v = v l3 when x — 0, t q 
v — v 2 , when x — l 3 ^ 

v = 0, when t = 0, 0 < x < l. 
The subsidiary equation is 

v g -Q>+P)Q+* = o, o < X < l, 
ax 4 p 

ith v , when # = 0, 

P 

V 

id v = ~ , when x = l. 

P 


Writing 


2>(p+&)| 


Ell I ^ S: 
J P* 


from (4) and (5) we obtain 

_ __ a coshg(JZ— x)l v 2 $mhqx v x sinh^(Z— x) 


cosh \ql J _psinh#Z jpsinhgZ 


We apply the Inversion Theorem to each of the three expres- 
sions on the right hand of (7). 

From the first we have 


y+ioo 

/ 4- 


cosh \l — #)1 dX 
cosh JA(A+6 ) j 


where \x — ^/{(A +&)/*}• 

The integrand is single-valued inside the closed circuit of 
Fig, 10 in the A-plane, and it has poles at 
A = 0 

and A = ~~[ac(2^+1) 2 tt 2 /Z 2 +6] j n = 0, 1, 2,... , 

We choose the radius of the circle F as b-\-4:K(n 2 7r 2 /l 2 ) } so that 
it does not pass through any of these poles. 
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»[■ 


When ra->oo, the integral over T in Fig. 10 vanishes and 
we obtain for (8) 

cosh V(6//c)(^— ■ %) ] _ 
cosh *J(b/K)ll J 

4a v' e-M* n+1 M l ‘ +Ml sm{(2n+l)7r/l}x 

~V 2, (2w+l)[ K (2%+l) 2 W Z2 + fe ] ‘ 9 

Again from the Inversion Theorem we have for the second 
expression in (7) y+ioo 


f 

ITT J 


V, 

2iir 


^sinh [jlx dX 


( 10 ) 


y — %co 


sinh/xZ A * 

We take again Fig. 10, and the poles are at 

A = 0 

and A = — [K(n 2 7r 2 /Z 2 )~f-Z>]> n = I, 2, — 

In this case we take the radius of F, (n+i) 2 7r 2 /l 2 +b, and 
obtain for (10) 

(sinh J(bjK.)x 2ktt ^ e~ E/c ) 

2 \sinhV(^ Z 2 Z {*(n*7r*/P)+&} v 1 ' j 

( 11 ) 

Also, from the third expression in (7), we have 

y+ioo 

' _£l f e >i 3inh/x(Z x) dX . 

2 iir J sinh /xl A ’ 

y— too 

and this gives, as above, 

(sinh^/(6//c)(Z— x) 2 ktt ^ e 
Vl [ sinhV(6/«)Z I 5 ” Z, k(w 2 tt^ 2 )+6 

From (9), (11), and (13) we have finally 




^sin(^77/Z)n?J. (13) 


cosh *J(blK)(\l—x)\ 
cosh V(6 /k)JZ j 

4a ^ e -W2?i+ l )M/ 4 +&^ s in(2^4- l){Trjl)x 
-2, (2n+l)[K(2n+l) 2 7T 2 /l 2 +b] + 

^ sinh ^/(6//<r)(Z— #)+^2 si* 1 * 1 *J(bf/<)x 
H sinh ^]{bjK)l h 

2k.7t v e~ [ * (n27ra/ri)+b]/ (?; a cos n7r— ?; 1 )»i &m(n7r/l)x 


+ 


Z 2 


2 

n=l 


k(W 2 77 2 /Z 2 ) + & 
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Circular Symmetry 

53. We now take some problems dealing with conduction in 
circular cylinders, the temperature distribution being dependent 
only on the distance from the centre. 

A circular cylinder of radius a has its surface kept at a constant 
temperature v 0 . The initial temperature through the cylinder is 
zero. To find the temperature at time t. 

Here the equations for v are 


1 

dr 2 ‘ r dr 


0 ^ r < a } t > 0, 


v — 0, when t = 0, 0 ^ r < a, 
v v Q , when r = a, t > 0. 

The subsidiary equation is 


dr 2 ^ r dr 


0 < r < a, 


— . when r 


From (4) and (5),f v = 


v o IJ.9T) 


w WM pi o(fl*r 

where q = ^(p/x). 

The problem is thus reduced to finding v from 

— = f e~»‘vdt. 

p Uw) d 

Using the Inversion Theorem, 

y-Hao 


__ Vq_ 


tUpr) dx 


2in J A 9 

y—i<x> 

where y — 

NTow I 0 (fjLr)/I 0 (tJLa) is a single-valued function of A, so we use 
Fig. 10. The poles are at the origin, and A = — /caf, — /caf,..., 
where are roots (all real and simple) J of 

J Q (oca) == 0. We take the radius of the circle V as k(w+ |) 2 7r 2 /a 2 
since in that case we know§ that there is no pole on its circum- 
ference. 


f See Appendix II, § 5. 


$ § 15.25. 


Ibid., § 15.32. 



124 CONDUCTION OF HEAT 

The approximations for /oWW^W anc *- {VW*O a } s ^ ow that 
when w -> oo the integral over the circle BOA tends to zero. 

y+ioo 

Thus we can replace J in (8) by the limit of the integral 

y—ioo 

over the closed circuit of Fig. 10 when n -*• oo. 

It follows from the Theory of Residues that 


v — v fi4- "V e~ KOiU ^{ oc s a ) 

- *Y + z [A(dfdA)I o y(\/ K )a}]^ _ KOl , 

the pole at the origin giving the first term. 

But */;(*) = 2^+4^+. 

and = ^^(Aj k)ciI ^/(A/ k)o}. 

Thus v = vJl + - V e-*“» ), (: 

l «4 a s J 0 (a s a)) 

where ±a l9 ±a 2> ... are the roots of J^aa) == 0. 

54. The same as in §53, surface temperature v 0 cos co£. 

Here the equations for v are 


/d% 1 dv\ A A 


< r < 


‘ = v 0 J cos cot dt , when r = a, 


v — - when r ~ a. 

]) 2 +aj a 


From (1) and (2), 




%(^)i> 2 +^ 25 

and, by the Inversion Theorem, 


y i-ioo 

f — 

2for J / 0 


Ioifjur) A dA 


where p = ^/(A/k). 
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We use Fig. 10, as before, and obtain 

v_ _ i giod _i_ . 

«0 _ 5 I 0 Un K )e*”a} ^ 2 I o y(a>lK)e-»”a } + 

Jv e - Ka ;t M^) 

~ a “s J o(“s a ) k 2 °4+u> 2 ' 

Using the notation! 

berz+^beiz = I 0 (ze ii7T ), 


(5) 


berz— ibeiz — I 0 (ze~ ii7r ), 


( 6 ) 


this reduces to 

_ ber *J(a)/K)r ber ^(co/^a+bei *J(a>/f<)r bei *J(oj/f<)a 

008 °* ber 2 ^(<u>//c)a+bei 2 *J(o ojK)a 

hex <J(a>//<)r bei *J(a> I t<)a— bei (co / k)t her ^/(a>/K)a 

" l " Smc ° ber 2 V(W*)a+bei 2 7K *)» 

V .-*<»;< J o( a s r ) a f 
a Z, ^Ka) /c 2 aH-co 2 ’ 

where ±a l9 ±a 2 , ... are the roots of J 0 (oca) = 0. 


(7) 


55 . Instantaneous Cylindrical Surface Source of strength Q over 
r = r' at t ~ 0. The surface r = a kept at zero. 

We have seen in § 46 that the temperature due to an Instan- 
taneous Cylindrical Surface Source of strength Q over r = r f 
at t = 0 in the infinite solid is given by 

J8_ e ^+r'*)JiKtj(^\ 

4:7TKt \2 Kt) 


or 


277 


j e~ K<x,i ocJ 0 (ocr)J 0 (ocr f ) doc, 


by Weber's Second Integral.^ 

Thus, for the problem in this section, we have to solve the 
equations 


8v 

di 


fd 2 v 

K \W* 

v = 0 


H — — V 0^7* <C a, t 0, 
r dr] 

, when r — a, t > 0, 


v = u-\~w. 


( 1 ) 

( 2 ) 

(3) 


t W.B.F. , p. 81. 


$ Ibid., § 13.31. 


and 
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where u 


, dw (d 2 w 

and Tt =K W* + 


CO 

j e^ KOLit aJ^{ocr) J^oar') doc , 
o 

+ "ir\ 0<r<a,t>0, 
r dr J 


w = 0, when t = 0, 0 ^ r < a, (6) 

w == —u, when r = a, t > 0. (7) 

oo 

Writing as usual & = J e-v*u eft, etc., and # = we 


knowf that 


u = ^-I Q (qr')K 0 (qr) 9 when r > r', 

27T/C 

= ?r-Io(4 r ) K ote r ')> when r < r '- 


f One way of establishing this result is as follows: it is known (<?. and M., 
p. 74 (59) ; W.B.F., § 11.3 (8)) that 

K 0 (qR) = I a (qr')K a (qr)+2 I n (qr')K n (qr)cosn0, 

1 

where R = 2rr' coa 6) and r > r'. 

Also (Gf. and M., p. 51 (33); W.B.F., § 6.22 (15)) 

•£»(?*) = 


Therefore J K 0 {qR) dd = 27rI 0 (qr')K Q (qr), r > r\ 

o 


277,- 00 

/• 
0 L o 


dd = 2rrI Q (qr')K Q (qr). 


The integral converges uniformly and we can integrate under the integral 
sign, so that we have 


1 iv*t!d^ 


r- 2r 

a )/4*t J 

-ft 


e <rr'/ 2 K*)cos0 d0 dt = 27rI 0 (qr')K 0 (qr). 


. e -(r*+r'a)/4K« /r/\ 

e_3>t j A(j^) * = 2^I 0 ( q r')K a { q r), 


OO pOO -| 

i.e. 2 /ctt J e -3?< [ J e-« aa W 0 (ar)J 0 (ar') daj dt = 2irI 0 (qr')K 0 (qr). 

CO poo _ _ 

Hence J e” K “* t aJ' 0 (ar)J r 0 (ar / ) daj d£ = -I^qr^K^qr), 


when r > r'. 

Interchange r and r' for r < r\ 
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Thus the equations for w are 


(d 2 w , 1 cfa/A _ A 

0 < r < a. 

( 9 ) 

and w=—~ Q-I 0 (qr')K 0 (qa), 

when r = a. 

(10) 

From (9) and (10), 



__ Q I 0 (qr')K 0 (qa) 

2ttk I 0 (qa) ovy 

(11) 


And 


V = u~\~w 

= ~- K I j^ ) {I a {qa)K 0 (qr) -I a (qr)K 0 {qa)}, r > r\ (12) 

= I ^- ) {Uqa)K,{qr')-I 0 (qr’)K 0 (qa)}, r < r'. (13) 

Using the Inversion [Formula, and writing fx = 

y+ico 

V = J ^T^r) ^ K o(»r) —I 0 (jj.r)K Q (/j.a)] dX, 

y~ ica 0 (14) 

when r > r\ and we have to interchange r and r' when r < r\ 
The integrand in (14) is a single-valued function of A and 
we again use Fig. 10, taking the radius of the circle T as 
K (n-\-~%) 2 (7T 2 /a 2 ) so that it does not pass through a pole. When 
tv -> qo , the integral over F in the figure tends to zero, and we 

y-j-ico 

can replace J in (14) by the integral over the closed circuit. 

y — ico 

It follows that, when r > r\ 


_ _Q_ ■sr' e ~ Ka .n ^Ms r ')[~ r)K <y (iot s a)'] 

2—4 * [ww/^wi_ rf 5 


(15) 


the summation being over the positive roots cq, a 2 ,... of 
J Q (aa) — 0. 


^I o mi K )a} 


a 

2V(Ak) 




But 
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( 16 ) 


And I' 0 (z)K 0 (z)-I 0 {z)K' 0 {z) = 1/s. 

Hence we have 

_ Q_ V c -K a ',t J o(<x» r ) J o(<Xs r ') 
na*Z e [JoK«)] a ’ 

and, as this is symmetrical in r and r\ it holds both for r > r' 
and r < r'. 

Put Q — 2 7 rry(r')dr' and integrate from 0 to a in (16). 

In this way we obtain the solution for an initial temperature f(r ) in 
the cylinder, the surface being kept at zero, namely, 

« = I fV/(r')[T e — dr '. 

a 2 J ’yZ-! I J' 0 (a B a)y J 

0 1 

With suitable restrictions on f(r) we may invert the order of integra- 
tion and summation and obtain 

” = 1 2 ^ f r ' } dr '- 

1 0 

56. When radiation takes place at r = a into a medium at tem- 
perature zero , we replace (2) of § 55 by 

~-\-hv = 0, when r = a. 
dr 


Then, with the same notation as in § 55, we have 
w 


Q T (nr ’ N < lK o ( qa)+hK 0 ( q a ) 

■ 2t } qlfaa)+hI 0 ( qa ) lo(q) - 


X 


But v = u-\-w. 

Thus 

<2 Z 0 (qr)[qIi(qa)+hI 0 (qa)]~I 0 (qr)[qKg(qa)+hK 0 (qa)] 

2ttk qIo(qa)+hI 0 (qa) 

Xl 0 {qr’), r>r', 

= Q_ ^o(g^0[g^(g^)+^(g«)]-/o(g^)[g^;(g«)+^o(g«)3 , 
2-TT/c qIo(qa)+hI 0 (qa) 

X I»(qr), r < r' . 

Using the Inversion Formula, and proceeding as in § 66, we 
find a, 

Q V Jo( 0i S r )M 0t 3 r ') 


'X 


na 1 


2 


(A 2 +O£j)J§(0£ g a) ’ 


r J r 
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the summation being taken over the positive rootsf of 
ocJQ(ota)~{~hjQ(ota) = 0 . 

Putting Q = 2rrr'f{r') dr', we obtain the corresponding solu- 
tion for an initial temperature f(r) in the cylinder, in the form 


2 


'”3 


2 


,_ Ka ;c a l J o( a s r ) 
(A 2 +a|)Jg(a s a) 


J r'f(r')J 0 (* s r') dr’. 


If we put h ~ co, this gives the result of § 55. 

If we put li = 0, we have the case where no heat escapes at 
the surface. It will be noticed that in this case we have in the 
summation a term corresponding to a == 0 as well as the positive 
roots oc ± , a 2> ... of J' Q (<xa) = 0. 


Spherical Symmetry 

57. Sphere of radius a . Initial temperature constant, v 0 . Radia- 
tion at surface into medium at zero . 


The equations for v are 



8v (8 2 v 2 dv\ 

Tt = iw‘+rW)- »<>•<“.<>». 

(i) 


v = v 0 , when t = 0, 0 < r < a, 

(2) 


8v 

= 0 , when r = a, t > 0. 
dr 

(3) 

The subsidiary equation is 



(d 2 v , 2 eM _ A ^ . 

(4) 

with 

= 0 , when r = a. 
dr 

(5) 

These may be written 


and 

~Jvr)—q^r) = —^2, 0 < r < a, 

/c 

-^(£r)+ — — -(#?*) = 0 , when r = a. 
dr a 

(6) 


f All real and simple: W.B.F., §§ 15.23, 15.25. 
S 


4695 
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Solving (6), using (vr) = 0 when r = 0, we have 
v 0 ha 2 v 0 sinh gr 


( 7 ) 


p rp aq cosh qa+ (ah— qa* 
where q == *](%>! K )- 

We use the Inversion Theorem to find the part of v corre 
sponding to the second term on the right hand of (7). 

This gives 


ha 2 v n 
2 irrr 


y + ioo 


/ 


fiiXt 


dX 

(ah — 1 )sinh /xa + \xa cosh ya A 


sinh jar 


( 8 ) 


where, as usual, [jl — *J(X/k). 

We knowf that the roots ±fu ±| 2 j*** 

(&A— l)sinf+£cos£ == 0, (9) 

are all real, and their values can be obtained graphically by 
drawing the curves 

tanrr and y = 


x 


y 

on the same diagram. 
Thus the roots of 


ah — 1 


(ah— l)sinhjaa+ja^coshjaa = 0 (10) 

are given by / ixa = & ©to., 

and the poles of the integrand in (8), which is single-valued in 
A, are at 

A = 0 and A — — /c^L — /c^|, .... 

a 2 a 2 


We take again Fig. 10 and choose the radius of the circle Y 
as /c(n 2 7r 2 /a 2 ), so that it will not pass through a pole. 

It will be found that when n -> oo the integral over the part 

y+ioo 

of the circle Y in Fig. 10 tends to zero, so we can replace J 

y— iao 

by the limit of the integral over this closed circuit. Then, using 
the Theory of Residues, we obtain the value of (8) as an infinite 
series. 

t C.H., p. 137. 
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The pole at A = 0 gives, at once, 

The pole at A = — k(£ f/a 2 ) gives 

ha 2 v 2 e _ K(f ; /a * x sinh ifar/a) 

[(d/dX){X(ah — l)sinh fxa+Xjxa cosh * 

But 

-^-A [{ah — l)sinh / ia+fxa cosh jxa] 
dX 

dix £ 2 

= a\h cosh fjLa+fjb sinh /xa]X when A = — k ^ > 

= ^a 2 cosh/xa(A+^tanh/xa)^/(A//c) 

= ^co S g {p+ :yr i)} . 

Taking account of the position of | x , £ 2l ..., we find that the pole 
at i n gives 

, 2MX , A) „, V/ V(g|+ (g/^-1) 2 } sin(r£» 

1 ^ r &+«!*(«*- 1) f. ' 

Thus 

2Aa 2 «v y , n n-i V(^+( a& -l) g } an-teJ*) c-k/aim 
Z B+aMah- 1) f. 

«_x (n) 

58. The examples in these sections seem sufficient illustration 
of the use of this method in solving problems in Conduction of 
Heat. Questions involving a solid bounded by two concentric 
cylinders, or a solid bounded internally by a cylinder, and more 
complicated problems dealing with a sphere, can be treated in 
the same way.f 

It may be noticed that no attempt has been made above to 
verify that the expressions found in these sections do, in fact, 
satisfy the given differential equations and the initial and 
boundary conditions. 

In some, direct verification of the final result offers no diffi- 
culty. In others, the simplest verification is given by returning 

y-fioo 

to the solution obtained in the form of an integral of type J . 

y — iao 

f Carslaw and Jaeger, Phil. Mag. (7), 26 (1938), 473. 
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In many problems we can choose a new path If , lying as in 
Fig 15, which begins at infinity in the direction argA = —p, 
where n > p > passes to the right of the origin, keeping 



all singularities of the integrand to the left, and ends in the 
direction argA = P . Then, owing to the presence of the term 
e M , and the fact that no singularities of the integrand he between 
the paths L (y — ioo, y-\-ico) and I/, we are able to transform 
the path L into L', since the integral over the part of the circle 
intercepted between L and If tends to zero as the radius tends 
to infinity. 
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Now on the path L' the integral will be found to be uni- 
formly convergent in x (or r) in the given region, when t is 
a fixed positive number, and uniformly convergent in t for 
t ^ 0, when x (or r) is fixed. We can then differentiate under 
the sign of integration and we see that the given differential 
equation is satisfied. For the same reason the initial and 
boundary conditions will be found to be satisfied. 

As an example we verify that the solution given in §40(9), 


v - Me 

v-l—vq r 

J 


t cosh x*J(X/k) dX 
coshZV(A//c) X’ 


satisfies the differential equation, §40(1), 

S = 4r» 0<x<l,t>0, (2) 

and the boundary and initial conditions, §40 (2), (3), and (4). 

These, written in full, are:f 

for fixed t > 0, Bv/Bx -> 0, as x -> 0, (3) 

for fixed t > 0, v — »■ v l9 as x — > Z, (4) 

for fixed x in 0 < x < l 9 v — > v Q , as t 0. (5) 

I. First we need some results as to the order of magnitude of the 
expression in the integral of (1), and its first and second 

differential coefficients with respect to x. 

Since 

|cosh(a-H&)| = (cosh 2 a— sin 2 6) J = (sinh 2 a+cos 2 &)*, 
cosh a > |cosh(a-H&)J > sinha, when a > 0. 

Let A = KBe ie , tt > 9 0 > Q > 0 and 0 < x < 1. (6) 

Then Icosha^A/zc)! < cosh(#E* cos %9) 

and | cosh 1*J(X/k) | > sinh(LR J cos J0). 


Therefore 


coshaV(A/#c) (l - ai) ^ C o a i,/ i±£^! Ji * coaig \ 
cosh^(A//c) \x_e-2ZBicosi0r 

But 1 -{— q 2 xR^ cos Id < 2 

and 1 Q~ZlRi<203id I e — 2ZjR*cos£0 o 

> J, when B > R Q , say. 

t Boundary and initial conditions in such cases are always to be interpreted 
in this way. 
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Hen06 when R > H„. 

Similarly, and subject to the conditions in (6), 

wl,™ R > J,„. 

These results hold also for a: = 0 and x = l. 


( 7 ) 

(8) 


II. We shall now show that the path (y—ico, y-fioo) of the integral 
in (1) can be replaced by the path TJ of Fig. 15, when t > 0 and 
0 < x < l. 

To prove this we have to show that 


/' 


^ cosho^A/zc) dX 
cosh 1*J(X/k) X 

taken over the ares BB'B" and HM/A of tho circle of radius kR in 
Fig. 15 tends to zero as It -> oo. 

Let 7 i and *2 b© these integrals over BB' and B'B". Then from (7), 
replacing 6 0 of (6) by /? > T , we have 


and 

Also 


|Ii| < 4ev« si n-i (Jl), whon R > 

I x 0, when i? oo. 

? 

lh\ < 4 f <20 

■Jtt 

p i1r 

< 4 J e~ KRtBln9 d9 


< 4 


f e-teZMl* dB 
o 


< 


27T 

K.Bt' 


Thus J 2 -> 0, when i? — oo. 

A similar argument applies to the integrals over A A' and A' A". 
we can write our solution (1) as 


Thus 


v = Q oosIWcA/tt) dA 

J cosh V(A//c) A' 
x/ 


( 9 ) 


III. Using (7) and (8) it is easy to show that we have the uniform 
convergence which allows differentiation under the integral sign in (9) 
for dv/dt and d 2 v/dx 2 , when t > 0 and 0 < x < 1. 

* foll T S at ° nCe that v > as given by (9), and therefore also by (8), 
satisfies the differential equation (2), when t > 0 and 0 < a < l. 
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IV. We now show that it satisfies the boundary conditions (3) and (4). 
We know that 


8v v 1 ~v 0 f w Sinha?V(A//c) dX 

8x 2i7rk* J cosh IJ(X/k) VA 

1 / 


0 < x < l. 


( 10 ) 


From (8) we see that this integral converges uniformly for a fixed t > 0 
in 0 < x < l. 

It is thus a continuous function of x in this interval. 

But it is zero when x = 0. Therefore 


Again 


lim—- * 0 for fixed t > 0. 

/ ■ u cosh x^J(X/k) dX 
6 cosh A 


converges uniformly in 0 < x < l for a fixed t > 0. 

Thus lim v — v 0 -f- — — f e At ~ 

X-+1 2^7 t J A 


4_f 6 A^ : 

2Z7T J A 


1, when t > 0. 


V. Lastly we show that the initial condition (5) is satisfied. 

For fixed x in 0 < x < l the integral in (9) over L' is uniformly con- 
vergent in t > 0, and it is thus a continuous function of t in t > 0. 

' cosh x*J(X /k) dX 


Hence 


lim?; = 
o 


! ^ 0 +- 


r 

2i7r J cosh ^/(A//<) A ' 


But, at every point of the arc B"B'HAA" of Fig. 15, 


cosh x^J(X/k) 


coshZy^A/zc) 


4.Q—(l-X)Rl cos 1/9 # 


It follows that 

* cosh x«J(X/k) dX 
cos1i^(A/ac) A 
tends to zero when R — > oo. 

‘ cosh x*J(X/k) dX 


/: 


over B"BHAA" 


Hence 


i 


cosh 1^(X/k) A 


= 0, 


since there are no poles within the closed circuit of Fig. 15. 

Therefore limv = v 0 , when 0 < x < l. 

£->0 


This method of transforming L into L' and then verifying 
the result for \Z7 is suitable for problems in Conduction of Heat 
and some in other fields. But cases arise in the theory of 
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vibrations and in electrical theory in which the transform ®(A) 
has a sequence of poles extending to infinity either along the 
imaginary avia or along a line parallel to it. In such cases the 
path L cann ot be transformed into L' and the method is not 
available. The most satisfactory procedure then may be to 
perform the verification in much the same wayf on the integral 
over the path L\ this can usually be done if the initial and 
boundary conditions are sufficiently well-behaved functions of 
the space and time variables respectively. $ 

-j- The reader who is interested in these questions should consult a series 
of papers by Churchill in the Math. A.nnalen (see p. 91, above). 

j Cf. Jeffreys, Operational Methods in Mathematical Physics , C.U.P., § 8.7. 
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VIBRATIONS OF CONTINUOUS MECHANICAL 
SYSTEMS 

59. Longitudinal vibrations of a uniform bar . 

Let X be the stress at the point x of the bar, u the displace- 
ment at that point, p the density of the bar, F the body force 
per unit mass, and E Young's modulus, then 


X = JS- U . 
dx 

The equation of motion is 

(I) 


8X o 2 u _ 

f w- fF ’ 

(2) 

or, using (1), 

d 2 u 1 8 2 u F 

8x 2 ~c 2 ~dP = ' 

(3) 

where 

II 

CM 

o 

(4) 


60. A bar of length l is at rest in its equilibrium position with 
the end x = 0 fixed. A constant force 8 per unit area is applied 
at t = 0 at the free end . 

We have to solve 


dhc 
dx 2 


= 0 
c 2 8t 2 ’ 


0 < x < l, t > 0, 


with u == 0, — = 0, when t = 0, 0 < x < Z, 
ot 

u = 0, when x = 0, t > 0, 

du 8 , 7 , . n 

— = when x = L t > 0. 

E 

The subsidiary equation is 

d 2 u p 2 _ 

% = 0, when 2 = 0, 

^ = A 

efa Ep’ 


to be solved with 


and 


when x = l. 
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The solution is 


Sc sin hpxfc 
Ep 2 coshpl/c ' 


Therefore, by the Inversion Theorem, 


u = 


y+ico 

Sc f e M sinh A xjc 
2? t%E J A 2 coshAZ/c 

y—ico 


d\. 


(1) 


The integrand is a single-valued function of A with a simple pole 
at A = 0 and simple poles at A = n = 0,1, 2,... . 


We use the contour of Tig. 10, choosing B = mrc/l so that 
T does not pass through any pole of the integrand. It will be 
found that the integral over BCA tends to zero when n oo. 
Thus the integral in (1) equals 2 irr times the sum of the residues 
at the poles of its integrand. 

The residue at A = 0 is x/c, and that at A = (2n-\-l)i7Tc/2l is 


__ e (2n+l)Triclj2l s j n d "!) 77 x 

77 2 c(2n+l) 2 2 1 

Therefore the solution is 


u — 


Sx 

~¥ 


8 SI ^ 
7 T 2 E 2l, 

n— 0 


(—1)” ci n (2w+ l)7ra; {2n-\-l)irct 
(2w+l) a 2 1 . ' 2 1 


61, Vibrations of a bar under its own weight . 

The bar is hung vertically and clamped so that the displace- 
ment is zero at all points. At t = 0 it is released save at the 
upper point. 

By § 59 (3) we have to solve 


d 2 u 1 8 2 u g 

8x 2 c 2 dt 2 c 2 5 


t > 0, 0 < x < l. 


with 

and 


u = — = 0, when t = 0, 
dt 

u — 0, when x = 0, t > 0, 



when x = l, t > 0. 
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The subsidiary equation is 


d 2 u p 2 _ ___ 
dx 2 U 


to be solved with 


The solution is 


c 2 p‘ 


u = o, when x = 0, 
du 


dx 


— 0, when x = l. 


g g cosh p(l — x)fc 


p z p z cosh pljc 

Therefore, using the Inversion Theorem for the second term, 

y-hioo 


u = \gt 2 - 


2jri 


J 

y— ioo 


^ cosh A (l—x)/c dX 
6 cosh AZ/c A®' 


( 1 ) 


The integrand is a single- valued function of A having a triple 

t> 2 x(X‘~~~2 l) 

pole at A = 0 with residue — -| — — l s and simple poles at 

A = =t z(2n+l)7rci/2l , n = 0, 1, 2,..., with residues 

ggizjV e ±<»n+W MS COS ( 2n +lK(^~^) 

(2w+l) 3 7T s c 2 21 

Thus, using the contour of Tig. 10, we have in the usual way 

gx(2l — x) 


2c 2 

16gl 2 ^ (— l) ra 

n= 0 


~ eos (2n+l)7r(Z— a) cos (2w+ 1 )ttcZ 

tt 3 c 2 A (2ra-f-l) 3 2Z 2Z 


62. i?ar of length l and area a. The end x = 0 is fixed, a mass 
m is attached to the end x = The bar is initially stretched by 
a tension S per unit area, and at t = 0 the end x = l is released . f 

Let ^ be the displacement of the point x of the bar, and £ 
that of the mass m, so that £ = lim u. 

x-+l 

At t = 0 we have 

Sz t SI 
U = -E’ 


t Timoshenko, Vibration Problems in Engineering (1928), p. 211. 



140 


VIBRATIONS OF CONTINUOUS 


The equation of motion of the bar is 

d 2 u 1 d 2 u A A . 7 , . A 

53-35?-°. «<*<!.*><>, 

with w = 0, when a; = 0, t > 0, 

and m = — = 0, when < = 0, 0 < x < l. 

j Cj Ot 

The equation of motion of the mass m is 
d 2 i „ \8u\ 

with £ = ^ = °> when £ = 0. 

jC& 

The subsidiary equation derived from (1) is 


d 2r d p l 2 . 
dx 2 c 2 * ^ 


2 > Sx 
'd*~E 9 


to be solved with 


u = 0, when x = 0, 


and, from (2), 


l u — , when x = l. 

dx^ E 


The solution of (3) which vanishes at x = 0 is 

Sx . A . , ^ 
u = — =+A sum—, 

£>JS7 c 

and, substituting in (4), we find the arbitrary constant 

' A=== Sla 

mcp 2 * * * {(pljc)si-nh.{pljc) + Jc cosh(#>Z/c )} 9 

where h = lEajmc 2 = alpjm , the ratio of the mass of the bar 
to the mass attached to its end. Hence 

{l _ _ Sla&mh(px/c) 

pE mcp 2 [(jpZ/c)sinh(pZ/c)+-^ cosh(#>Z/c)]‘ 

So, by the Inversion Theorem, 


Sx Sla ' f e A *sinh(Aa;/c) dX 

E %rtimc J A 2 [(AZ/c)sinh(AZ/c)+A; cosh(AZ/c)] # 

y— £oo 
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The integrand is a single-valued function of A and we use the 
contourf of Fig. 10. The poles of the integrand are A = 0 (with 
residue xjhc) and A = ± icocjl , where <x 89 5 = 1, 2,..., are the 
roots (all real and simple) of 2 tan 2 = k. 

Now 

+ = — (&+^+af)C0Sai s . 

W\C C C )h=ic« a ll ^ 

Therefore the residue at the pole A = icocjl is 

L e icoc s tn _ sinxajl B 

Coc s (yfc-}-'^ : ^”f"0<:f)C0S oc 3 

Thus finally, from (5), 

2 Sl 2 a w cos oc s ct/l sin xajl 

U ~~ mc 2 “«(*+* a +a!)C0Scii‘ 


63. Bar of length l with a mass m attached to the end x = l. At 
t — 0, when the bar is moving with velocity U in the direction of 
its length , the end x == 0 is fixed . To find the tension in the bar 
at the origin. % 

Let u be the displacement of the point x of the bar, and £ 
that of the mass m, so that f = lim u. 

X-+1 

The equation of motion of the bar is 




dx 2 c 2 dt 2 


= 0, 0 < x < l, t > 0, 


with u = 0, ^ = U, when t = 0, 0 < x < l, ^ ^ 

dt 

and u = 0, when x — 0, t > 0. 

If a is the area of the bar, the equation of motion of the 

d 2 £ 


mass m is 


m 


with 


f = 0, 


dt 2 

de a 

dt 


-HSL- 

U , when t = 0. 


( 2 ) 


f For the solution of a problem of this type in terms of waves see § 63. 
t Perry, * Winding Ropes in Mines’, Phil. Mag. (6), 11 (1906), 107. 
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The subsidiary equation corresponding to (1) is 
d 2 u p 2 _ U 

t, qt —— 

dx 2 c 2 c 2 7 

with u = 0, when x = 0, 

and, from (2), 

mp 2 u = — Ea^~-\-mU , when x = l. 
dx 


(3) 

(4) 


The solution of (3) which vanishes at x = 0 is 
U 

u = —(I— coshg#)+^sinhga;, 

j P 

where q = p[c. 

Substituting in (4) we find 

. Z7 gZcoshgZ+ZbsinhgZ 


where h = Ealjmc 2 
Thus, from (5), 


#> 2 ql sink ql + & cosh ql 7 
alp/m. 


(5) 


W - ^ smil gtf sinh gZ-fi cosh ql * (6) 


The tension at any point of the bar is given by X 
so at x = 0 it is 

X n = E\ 


E(dujdx), 


and thus 


Sdu\ 

' dxj 7 



EU ql cosh ql-\-lc sinh q l 
cp gZsinhgZ+&coshgZ 


- ^[ 1+s fHF5‘-*+ s fel)‘‘^*+-]- < 7 > 

where b is written for cZb/Z, and we have expanded in a series of 
exponentials in order to obtain a solution in terms of multiply 
reflected waves as in § 44. 

We apply § 3, Theorem V, to the terms of (7) successively, 
using for shortness the notation 


H(t) = 0, when t < 0, j 
H{t) = 1, when t > 0. J 


( 8 ) 
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Thus we have 


^o = 


?E + ^E[ 2e-«MW— l]H(t-2l/c)+ 


-VEL 1 _ 46 ^_^j e _ 6 «_4i/ C ) i?(i_4Z/ c )_|_.... 


The second term is zero for 0 < t < 2 Z/c, i.e. until the wave 
reflected from cc = Z arrives; the third term is zero for 
0 < t < 4 Z/c, i.e. until the three-times-reflected wave arrives, 
and so on. 

The displacement at any point may be found in the same 
way; we calculate it for x = Z. Putting x = l in (6) we have 


U JcU 1 

^2 £,2 ^Zsinh^Z+^cosligZ 


U 2cJcU 


^e~^ c \ 


~p 2 Zp 2 (^>+6) 

where b — Jcc/l. Therefore 




_^Z|^3 (t— ^—Ze-W-W—Zb^- jj ■ 


64. Two equal rods~\ of length l, moving longitudinally in opposite 
directions with equal speeds , collide . 2Y> find the subsequent 

motion . 


Suppose the collision takes place at t = 0, at the origin. Then 
by sy mm etry it is sufficient to consider one of the rods : we 
choose the rod 0 < x < Z and suppose its initial velocity to 
be ~U. 

So long as the rods are in contact we have to solve 


8 2 u 

dx 2 


1 * 1 = 0 , 

c 2 dt 2 


0 < x < l, t > 0, 


f The problem of a bar struck at one end by a particle moving in the 
direction of the length of the bar is considered by Bromwich, Proc . Lond. 
Math . Soc. (2), 15 (1914), 427. 
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u = 0, at x = 0, t > 0, 
^ = 0, at a; = l, t > 0, 


^ = 0, 


— Z7, when £ = 0, 0 < x < Z. 


The subsidiary equation is 


d 2 u p 2 . U 
dx 2 

du 

with — = 0, x = l, and # == 0, a: = 0. 

dx 

The solution is 
- __U f coshff(?~a;)/c l 

p 2 \ cosh pljc f 

_ — e -P(2l+x)lo e -p(4/-:c)/c_^_ j.. 

Therefore 


17 *+ * 7 )H [t—± )+U t 




‘~h~ 


where H(t) is defined in § 63 (8). 

This solution is only valid while the rods are in contact, i.e. 
while the pressure between them is positive, or < 0. 

To find when contact ceases, we have from (1) 


= — ~tanh pljc 


- {1 — 2 e“ 2 ^ c + 2e ~^ c — . . .}. 


- [£L~? + W)-- 

Therefore < 0 for 0 < t < 2 Z/c, and at i = 21 Jc it 

becomes positive and the rods separate. Thus the solution (2) 
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holds only for 0 < t < 2 Z/c, and so only the first three terms 
are needed and we have 

when 0 < t < 2 Ijc. 


Similarly, 

Sw = - + +■ UH (t - , when 0 <t<~. 


St 


From these it follows that, when t -> 2l/c, 
u -+ 0, 0 < x < l, 

U, 0 < x < l, 


f* 


Sit 

1ft 


i.e. the rod is unstrained and moving with velocity TJ. These 
are the initial conditions for the subsequent motion. Clearly 
the rod rebounds without vibration and with velocity U. 


65. Transverse vibration of beams. 

The approximate differential equation for transverse vibra- 
tion of a uniform beam is 


d*u 1 b 2 u P 

dx^ + k 2 ~d¥ ~~ El’ 


where u is the displacement at the point x of the beam, P(x , t) 
the externally applied force (including gravity if this is not 
neglected), p and E the density and Young’s modulus of the 
material, 8 and I the area and moment of inertia of the cross- 
section of the beam, and Jc 2 = EIKpS). 

We consider throughout the case of a beam freely hinged at 
its ends, x = 0 and x = l, in which case the boundary condi- 


tions are 


u 


2? = o, 

dx 2 


when x = 0, 


( 2 ) 


and 


u — 


d 2 u 

dx 2 


0, 


when x — l. 


(3) 


4695 
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Then, if the initial displacement and velocity of the point x 
of the beam ar ef(x) and g(x) respectively, the subsidiary equa- 
tionis d*& 5 , 

I -*■ fi 


with 

and 

Writing*)* 

and 


dx i + k* U 


u 


U : 


d 2 u 
dx 2 

dM 

dx 2 


jS2 + jp[pf(*)+i 7 (*)], 

0, when x — 0, 

= 0, when x = Z. 

= -p 2 /& 2 , 


j0J 1 P 

we have to solved 


F + rjb/W+S'fc)] = <W*), 


d A u 
d: b 4 


-g 4 ?2 = ^(a;) 


(4) 

(5) 

(6) 

(7) 

( 8 ) 

0) 


with the boundary conditions (5) and (6). 

Now 

£*=? = = 4” 3 J e_P l sinh ^- sin ^] 

0 

thus, using § 3, Theorem VI, a Particular Integral of (9) is 

X 

2^3 J* <?H6[sinh q(x~i) - sin q(x—£)] d£. 

0 

Adding the complementary function, the general solution of 

(9) is 


u= A sinh qx-\- B cosh qx+ C sin qx+D cos <£c+ 

a; 

+ ^S J <£(£)[sinhg(«— |)— sing(a;— f)] d£. (10) 
0 

t The minus sign in (7) is introduced since the differential equation (9) is 
a little easier to handle than {D^+a^y — cf>(x). 

J As an alternative to this method, Variation of Parameters as employed in 
§ 42 may be used. 
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The conditions (5) require B = D = 0, and then by (6) we 


must have 

z 

A sinh ql+ C sin ql+ ~ 
*9. « 

[ tf(£)[fflnh 2 (Z-f)-sin 2 (J-f)] d£ = 0, 

and 


A sinh ql—C sin ql+ i 

J" ^(^)[sinh 2 (Z— £)+sin 2 (Z — £)] d£ = 0. 


o 


Solving for A and G and substituting in (10), we have finally 

i 

1 f fsing(Z— f)sing# sinhtf(Z— £)sinhtf£) , 

‘-2?J m \ an ,1 ainhgl <lf + 

0 

a; 

+ 2^ J 

~~ 2g 3 sin ql sinh gZ 

a 

X J ^(^)[sing(Z— ^)sing^sinhgZ~sinh^(Z— ^sinhgfsingZ] d£ + 

2q 3 sin ql sinh ql X 

i 

X J <^(f)[sing(Z— £)sing# sinh #Z~ sinh q{f~^)smh.qx sin ql\ d£. 

x ( 11 ) 

In the following examples we shall determine u from this for 
particular values of <f>(x ). The general case may be treated in 
the same way. 

Ex. 1. The beam under no external forces and initially straight . 
At t = 0 velocity v is given to a small length e at x r (e.g. by an 
impulse ).f 

Here, from (8), <f>(x) equals in the small length e at x ' 
and is zero outside this. So in (11), if 0 < x < x', the first 


f Timoshenko, loc. cit., p. 230. 
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integral vanishes and in the second the integrand may be given 
its value at £ = x' since e is small. Thus we obtain 

„ __ V€ sinj(Z— a;')sinja?sinh^Z— sinh^(Z— #')sinhg#singZ 
~~ 2k 2 q 3 sin ql smhql ' J 

0 < x < x\ 

where, by (7), q — *J(ip/Jc), and, if x' < x < l, we have to inter- 
change x and x'. 

Thus, using the Inversion Theorem, we have 


u = 


Ve 

4 rrik 2 


X 


X 


y-Koo 

J *" 

y—ico 


where 


sinju(l~~~x')sin/Lcx sinh^Z— sinh/ x( Z— af )sinh /ax sin \al 

fa 3 sin / d sinh /al J 



( 12 ) 

(13) 


It follows from the series for sin z and sinh z that the integrand 
of (12) is a single-valued function of A with no pole at A = 0. 
To find its poles we notice that the region tt > argA > — rr of 
the A-plane corresponds to £? t > arg/x > —\tt of the ^,-plane. 
Thus the required poles are at the zeros of sin fal sinh /at in this 
region, namely, 


U7T 



i.e. A == 


kn 2 n 2 

~~iP~’ 


n = 1, 2, 3,.,., 


(14) 


and 


: 


inrr 


i.e. A = 


kn 2 7T 2 


l 5 iP 

The residue at the pole A = kn 2 Tr 2 /(iP) is 
2 ikl . uttx . nirx' 


gSm- y- 
7b 2 Ti l 


sxn- 


l 


71 = 1,2,3,.... (15) 

(16) 


_ e -ikn*7rHlP 


and that at the pole A = — kn 2 TT 2 /[iP ) is 
2 ikl . UTTX . 


sm— -sin— 
tPtt 2 l l 


giJcnWi/l* 


(17) 


Therefore, using the contour of Tig. 10, we obtain in the usual 
way 


u 


2 lV€ ^ 1 717TX . TlTTX' . kn 2 7 T 2 t _ , 

Z — I sm— ; sm — , 0 < a < s', 

w=i 


Z 


l 


P 


( 18 ) 
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and this result, being symmetrical in x and x ', holds also for 
x* < x < l. 

Ex. 2. The beam initially straight and at rest . To find the 
vibration due to suddenly applying a load W at x' (gravity forces 
on the beam being neglected). 

Suppose the loading is W/e per unit length over a small length 
e about x r , and zero elsewhere. Then, by (8), <f>(x) = W/(eEIp) 
in this region and is zero outside it. Thus, from (II), 

- ^ sing(Z— af)singa;sinhg£— sinhg(Z— #')sinhg:r singZ 

2El pq 3 sin ql sinh ql 

0 < x < x\ (19) 

Therefore, by the Inversion Theorem, 

W 

u 477 (El x 


y+ioo 


X 


J ^sin y(l — af )sin yx sinh yl— sinh y(l— a/)sinh /x# sin yl ^ 
Xy 3 sin yl sinh yl /on ^ 

y—ico 

where y = ^(iXfic). 

The integrand of (20) has a pole at A = 0 in addition to those 
given by (14) and (15). 

The residue at the pole A = 0 is 

~x(l—x')(2lx' — x 2 — x' 2 ), 
ot 

and those at the poles A = ±.kn 2 7T 2 / (il 2 ) are obtained by multi- 
plying (16) and (17) by - \zil 2 /(kn 2 Tr 2 ) respectively. 

Thus, finally, if 0 < x < x r , 

W - 1 x(l—x’){‘i,lx'—x*—x' 2 )— 


u = 


6EII 


2WI 3 v 1 uttx . mrx kn 2 7T 2 t 
Elrr* Z-< n* l l l 2 9 

n~l 


( 21 ) 


and, if x' < x < l, we have to interchange x and x' in this 
result. The first term of (21) is, of course, the static deflexion. 

Ex. 3. The vibration due to a pulsating force P Q mxicot applied 
at t = 0 at x the beam being initially straight and at rest .f 
f Timoshenko, loc. cit., p. 239. 
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The solution for this case may be obtained from (19) by 
replacing TP/p by o>P 0 /(i> 2 +<o 2 ) so that we get in place of (20) 
_ «J»o 


u 


4miEI X 

y-Mco 

gA< sin ^(Z-s'jsin^rsinh ^-sinh ^(Z-a^sinh px sin pi 
/x 2 (A 2 + a> 2 )sin id sinh fd ~ 


y+xt 

I 


dX. 


y—iao 


( 22 ) 

±*co as well as those 


where 0 < x < x', and p = ^(iXjh). 

The integrand of (22) has poles at A 
given by (14) and (15). 

The residue at the pole A = ia> is 

sinh(Z— x')J(co/lc)sinh x*J(w/k) sin l^J(aj/k) — 

_ e icot — sin(l — x%J(w/k)sm xj(a>//c)smh l^(a>/k) 

2 io>(m/&)* sin Z v '(m/*)sinh l^f/kj * 

Also, the residues at the poles A = ±knhr*/(iP) are obtained 
by multiplying (16) and (17) byf 

1 l* 


So, finally, 
P 0 M 


oj 2 —]cH*Tr*ll* k 2 n*7r*—a> 2 i*' 


u 


sin cot 


; X 


2EIco* sin hj\ (oo/k)8mhQ(co /Jc) 

X {sin(Z— x'j^co/fysiin x^(co/Jc)smh l*J(aj/Jc)~~ 

— sinh(£ x')^(to/k)smh x*J(a>/Jc) sin l*J(a)/k)}- 


2 Jccol&P 0 

7r 2 EI Z- 4 ^ n 2 (k 2 n /L 7T^ — co z 


z 


. m tx' uttx . kn 2 7 r 2 t 

) sin ~-y- sm -j- sm — , 


o < x < x', (23) 

and for x' < x < l we interchange x and x' in (23). 

Ex. 4. The beam initially straight and at rest. At t = 0 a con - 
centrated load W starts from x = 0 and moves along the beam 
with uniform velocity v.% 

A ^ 18 ™ d that “* ^ for any integral n, i.e. that the applied 

force is not in resonance with any natural frequency of the beam. If this is 
not the case, the integrand of (22) has double poles at A = ±io, and a separate 
calculation must be made. F 

t Timoshenko, loc. cit., p. 242. 
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We regard the load If as a uniform loading W/e per unit 
length spread over a small length 6. 

Then 

P(x 3 t ) = Wje for ^-(x— < t < -(rr+Je), 

and is zero at all other times. 

ThllS (x-\-ie)lv 

- W C 
P(x) = I er& dt 

(x- ie)lv 

w 

~ lL e -PxIv^ 


neglecting the square of the small quantity e. 
So (11) becomes 


u = 


W 


2EIv 




■p£lv x 


sin q(l—x ) sin qg sinh ql — sinh q(l — #)sinh qg sin ql , «. 
X sin gZ sinh ql 

i 

W 


2EIv 


!■ 


~p£lv x 


w sing(Z— |)sin grr sinh ql — -sinh #(£— £)sinh qx sin ql 
X 2 s sin ql sinh ql 

Therefore, applying the Inversion Theorem and interchanging 
the orders of integration, we have 

y+io o 


U — 


w 

2EIv 


i&l 


e X (t-glv) x 


y—% oo 


sin ju.(£— a;)sin /t£ sinh sinh x)sinh sin yl 

X /i 8 sin /tZ sinh yl 


+ 


TF 




fit f 

J 27ri J 


e Mi-£l v) x 


y —% oo 


sinft(Z — £) sin /z# sinh jj ! — sinh^(Z — £)sinh jjlx sin fd /0 . 

X — T — = &A, 

/x 3 sm fd smh jui 

where fi = 
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Now since the integrand of the second line integral of (24) 
differs from that of (12) only by the factor e~ x & v 3 we have from 
(18) and § 3, Theorem V, 


y+ioo 

i_ f e Mt-£lv) x 
277 i J 


y — %co 


sin sin fxx sinh /xZ— - sinh /x( Z—g)sinh fix sin fd 

/x 3 sin fd sinh /xZ 

0, when t < g/v 9 


4M I . nrrx . mr% . kn 2 rr 2 l. A , . ^ ,, 

= ^ Z n* am -T sm — sm -¥- (*-;)» when * > 

n=l x 7 

and this resnlt holds also for the first line integral in (24) since 
(18) is symmetrical in x and x\ 

Thus (24) becomes 


2 klW 
7T 2 UIv 


2 klW 


o 711=1 

oo . f 

2 1 . m tx r . 
—-8 m~~- si 
n 2 Z J 

n~ 1 •' 


uttx . nrr£ . kn 2 rr 2 / 
sin — 7— sin — “ sm — ' 
l l Z 2 


H 


^77^ . kn 2 rr 2 / 


sm sm 
Z Z 2 


H 




2k 2 l 3 W ^ 1 _ 

■n 2 EI A “ m Z 

2W‘Jf ^ ! 


. . W77*T;Z 

sm — - sm 


Uttx 

n*. eT Z^w I ftV) sm T 8m 


z 1 

kn 2 rr 2 t 


l 2 


provided v ^ kn7rjl for any n. If v = kmrr fl for some integer 
the terms n = m of the series are to be omitted and a term 
Wl z j . mrrvt 
EMn i \ 3m ~~l 

added. 


Z 


Z 


mrrvt mrrvt] . m7r# 
-cos — 5 — jsm- 


Z 


66. Semi-infinite beam x I> 0 initially straight and at rest . -4Z 
£ = 0 the end x = 0 is given a small displacement a. 

We have to solve 


0% 1 0 2 U 

0a? + P 0Z 2 


£T > 0, Z > 0, 
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u — a, when x = 0, t > 0, 

) 2 / ji 

— = 0, when x = 0, t > 0. 


The subsidiary equation is 


dMl p 2 _ 

_ + _ M=0 , *> 0 , 


a 

u = 

P 


0, when a; = 0. 


The solution of (1) which remains finite as x oo is 
u = Ae~~ qx sm.qx-\-Be~ ao ° co&qx, 
where q — *J(p/2k). 

The conditions (2) require B — ajp and A = 0. Thus 

a 

u = -e~ qx cosqx. 

P 

Therefore, using the Inversion Theorem, 


y - ^oo 

j cos a; +J(\/2Jc) • 


The integrand of (3) has a branch-point at A == 0, so we use 
the contour of Fig. 11. There are no poles within this path, 
and it may be verified that the integrals over AC and BF 
vanish when R -» oo. So the integral in (3) is the sum of 
integrals along CD, the small circle, and EF. 

From CD and EF we obtain, putting A = 2ku 2 e~ i7T on CD, 
and A = 21cuH irr on EF, 
o 

- f e,~zkuH+ixu cosh xu — 4- f er 2kuH ~ ixu cosh xu — 

ITT J U ITT J U 

0 

= — — j e~ 2kuH sin xu cosh xu~ 


J {cos Jy 2 +sin Jy 2 } dy. 


The small circle gives a . 


x 



154 


VIBRATIONS OR CONTINUOUS 


Thus finally 


*( 2kt)~t 


U 


- -jr J {cos &/ 2 +sin iy 2 } dy. 


67. A doubly infinite string stretched along the x-axis has a 
particle of mass m attached to it at the origin', transverse motion 
of the particle is resisted by a force my? times the displacement. 
Att = 0, when the system is at rest in the equilibrium position, 
the particle is given a transverse velocity U; to find the subsequent 
motion, f 

Let y be the displacement of the point x of the string and 
£ that of the particle, so that i = lim y. We need consider only 

£E-+0 J 

x>0; the motion for x < 0 will be symmetrical. Let T be the 
tension of the string, P its density, and c 2 = T/p. Then the 
equation of motion of the string is 

8 2 y 1 d 2 y 

8x 2 c? 8t* ~ X > 0j 1 > °, 


with V = % = 0, when t = 0. 

ot 

The equation of motion of the particle is 


with 


d 2 £ 
l dt 2 

^o, d l 

dt 


*- J rr. mm f» 


u. 


when t = 0. 


The subsidiary equation is 


d 2 y p 2 _ 


~2 y == °j *>o, 


with 


™{$ 2 +lJ?)y-~2T 




dx 


mU, when x = 0. 


The solution of (1) which is finite as a; oo is 

y — Ae-v*! 0 . 

t Lamb, Proc. Lond. Math. Soc. (1), 32 (1900), p. 208. 


( 1 ) 

(2) 
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Substituting this in (2) we find 

A[p i +^+— p) = U. 

{ me j 

Thus writing b — mjp, so that T /me = c/6, we have 
_ _ Ue~^° 

y ~ Cp+c/&)*+fc**-c WY 

If pu 2 > c 2 /6 2 , the solution is, by § 3, Theorems IV and V, 

y = ^ 2 ^ 2 / 62 ) <z~ (cl ~ x)lb sin(«— z/c).^ 2 — c 2 /6 2 ), x < ct, 

= 0, a; > ct. 

If fi 2 < c 2 /6 2 , the solution is 

y = z F 2 - e^ ct - x Msinh(t—x/c)J(c*/b 2 —fJ), » < ct, 

Vv c /° f 1 ) 

= 0, x > ct. J 

And if fji 2 — c 2 /6 2 , 

y == U(t^x/c)e-i x ^ x l c \ x < ct, \ 

= 0 , x > ct. j 

68. .4 heavy chain is hung from one end. To find the motion 
from given initial conditions. 

Let the origin be the equilibrium position of the free end, 
x = l the fixed end, and y the horizontal displacement of the 
point x of the chain. Then the equation of motion isf 

dx\ dx) g dt 2 

Suppose that y =/(#), dyjdt = 0, when t = 0. Then the sub- 
sidiary equation is 



with 

y = 0, when x = Z, and y finite, when x = 0. (2) 

f Lamb, Higher Mechanics (2nd ed., 1929), p. 225. 
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To solve this we seek the Green’s functionf G(x } g) which is 
to satisfy the homogeneous equation corresponding to (1), 
namely, d , dQ , 


( X M\ 

dx\ dx] 


~^~G 

g 


o. 


(3) 


except at the point x = g, where we are to have 


and 



(4) 

( 5 ) 


Also, at x == 0 and x = l, G is to satisfy the same boundary 
conditions (2) as y 5 i.e. 

G(x , g) = 0, when x = l (6) 

and G(x } g) is to be finite, when x = 0. (7) 

To solve (3), put z = 2p(x/g )* and we have 


d*G IdG 
dz 2 + z dz " 


-0 = 0 , 


solutions of which are I 0 (z) and K 0 (z). 
Thus we assume 


0(xj) = AlJ^p J-\ 0 < * < (, 

which satisfies the condition (7). The other three conditions 
(6), (4), and (5) require 

- o, 

-*k ■ 

Solving for A, B, G, using the result 

I 0 (z)Kfc)-K 0 (z)Ifc) = -I, (9) 


t Alternatively ‘Variation of Parameters’ may be used,* for this see § 42. 
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and substituting in (8), we obtain 

<?M 


9 } 


£ < x < L 

( 10 ) 

Having found G(x,£), the solution of (1) and (2) is easily 
determined in terms of it. Multiply (1) by G{x, £) and (3) by y , 
subtract these equations and integrate with respect to x from 
0 to l , and we get 

-f / dx = / ( G s(*s)“*s(*3?)} dx 


xG— a:w— 1 

X( *Tx xy dx\ 


-[■ 

-«®[C 

= 9(0’ 


i—o 
0 






where, in the reduction, (2), (4), (5), (6) have been used. 

Thus, writing G(x,£;p) for G(xJ) to emphasize its depen- 
dence on p, the solution of (1) and (2) is 

i 

y(x,p) = — ^ j G(7] 9 x;p)f(7))dr). 

y j 
0 

Therefore, using the Inversion Theorem, 

y~{-ioo l 


V ~~2 J^g J J G ^ V ’ X ’ dv 

y—ico 0 

l y+ico 

= — —i— f f( 7 j) dr] f \e* i G(7),x; A) dX, 
2 nrg J J 


( 11 ) 


0 y— too 

assuming that the orders of integration can be inverted. 
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Now the poles of G(r},x;\), regarded as a function of A, are 
at the zeros of I 0 {2X^(l/g)} } i.e. A = ± %ioc s *J(g/l), where 
s == 1, 2, 3,..., are the zeros (all real and simple) of J 0 (z) = 0. 

If 0 < r) < x, using the first formula of (10), the residue of 
Xe^G(rj,x;X) at A = %ict s *J(g/l) is 

i<x,9 c u^(a M i(X s VM)Ko{^s \l(x/l)Wo( i(X s) 

21 I Q (ioc s ) 

_ 9 p UocMffll) ^0 i a s \/( r )/l)}Jo{ oc s V ( x fl)} 

21 Jl(a s ) 

using ( 9 ) and the facts that J' 0 (z) = — J x (z) and I 0 (iz) = J 0 (z). 
The same result holds for x ^ rj ^ Z. Thus, using the path of 
Fig. 10, the line integral in (11) may be replaced by 277^ times 
the sum of the residues at these poles, i.e. 

y — \ [ m dr) f cos{K t^g/l)} i MM i) 

1 j J i\ oc s) 

0 31 

00 1 

= j 2 J* fm ifc vm» dr,, 

s== 1 1 s 0 

provided /(#) is such that the orders of integration and summa- 
tion may be interchanged. 


69. A circular membrane of radius a is stretched by tension T 
and at rest in its equilibrium position . At t = 0 a uniform pres- 
sure P 0 sin t is applied to the surface . It is required to find the 
motion . 


Let T be the tension and p the surface density of the mem- 
brane, c 2 = Tip . Then, if u is the displacement of the membrane 
at radius r, the equation of motion is 


dhc 1 8u 1 d 2 u P 0 sin c ot 

l^~^rdr-~~c*~di? ~ ' T ’ 


0 ^ r < a, t > 0, 


with u = 0, r = a } t > 0, 

3u 

and u = — = 0, when t — 0, 0 ^ r < a. 
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The subsidiary equation is 
d 2 u 


dr 2 r dr 


jp. = 

+ * Tipz+o^y 

to be solved with u — 0, when r = a. 

The solution of (1) finite at the origin is 




P 0 toe 2 

Pp 2 (^p 2 +co 2 ) 


+AL/ 0 (pr/c), 


and the condition u = 0, when r = a, requires 


Thus 


A _ P 0 O)C 2 

1 

Tp 2 ($> 2J rco 

2 )I 0 (pa/c)' 

u — [l 

J a(pr/c)} 

Tp 2 (p 2 -r<o 2 ) [ 

4W«)J 


( 1 ) 


and therefore, using the Inversion Theorem for the second term, 


u = 


y-Moo 

f <^We)dX 

coT\ CO ) 2 iriT J A 2 (A 2 +cy 2 )/ 0 (Acc/c)‘ 


The integrand is a single-valued function of A with a double 
pole at A = 0 with residuef t/a > 2 . 

Also there are simple poles at A = ±ico with residues J 


e ±iwt J 0 (ajr/c) 
= P2^ 3 J 0 (coa/c)' 


Finally there are simple poles at ±icoc s , where ± 

are the roots (all real and simple) of J 0 (az) = 0. 

at these are , / t \ 

e ±woc * l J 0 [rot s ) 


oc s ,s= 2,..., 
The residues 


±.iaccx 2 (ai 2 — c 2 ot 2 )Jo(aa s ) 9 


provided none of the a s equals co/c (in which case there is 
resonance with one of the natural frequencies and there are 
double poles at ^ico). Collecting these terms, we have (from 
the usual argument, using Fig. 10) the solution 


_ P 0 c 2 • , JJ 0 {cor/c) _ \ 2P 0 coc ^ sin. ca s t J 0 (roi s ) 

co 2 T Bm \J 0 (coa/c) / aT Z 


/„(*) = l+p+.... 

I„(iz) = = —iJ' 0 (z). 
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70 . A circular membrane of radius a , stretched by tension T } is 
set in motion at t = 0 with velocity f(r). 


The equation of motion is 

d 2 u 1 du 1 8 2 u 
dr 2 r dr c 2 8i f 2 


0 < r < a, t > 0, 


with u = 0, when r = a, £ > 0, 

doi 

and u = 0, — = /(r), when £ = 0, 0 < r < a. 


Writing q ~ 

= #/c, the subsidiary equation becomes 




a) 

with 

u = 0, when r — a, 

(2) 

and 

u to be finite, when r = 0. 

(3) 


To solve (1) we proceed as in § 68 and seek the Green’s func- 
tionf G{r 3 £) for the homogeneous equation corresponding to 
(1) and the boundary conditions (2) and (3). 

Assume 

G(r,£) = AI 0 (qr), 0 < r < f , \ 

= BI 0 (qr)+CK 0 (qr), £ < r < a; / W 


this is finite when r = 0, and has in addition to be continuous 
at r = f , and to satisfy 


and 


= |+o 
G(r,g) = 0, 


m =1 

c?r J t A * 

L J r= £ — 0 

when r = a. 


i 

j 


These conditions require 

J3I 0 (qa) + CK 0 (qa) = 0, 

aim)-biM)-ckm) = o . 


f In Bromwich, Proc. Lond. Math. Soc. (2), 25 (1926), 103, the properties 
of the Green’s function of this problem are fully discussed. 
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Solving and substituting in (4) we find 

G(r,£) = - {Ul*)KM) ~K 0 (qa)I 0 (qi)}, 

= ~f^{^)K 0 (qr)-K 0 (qa)I 0 (qr)}, 



Then, proceeding as in § 68, the solution of (1) is found to be 


U = j r)G(r],r)f(r)) dr). (6) 

0 

As an example, suppose f(r)) has the value vfe 2, if 0 < rj < e, 
where e is small, and is zero outside this region. Then in the 
integral in (6) we may give G( 77, r) its value when 77 = 0 and 
obtain, using the first formula of (5) and the result / 0 (0) = 1, 
_ v I 0 (qa)K 0 (qr) — K 0 (qa)I 0 (qr) 

2c 2 i 0 (qa) 

Thus, using the Inversion Theorem, 

y-Hoo 

u = V€ f g 0 («A/c)J 0 (rA/c) dx 

4^‘ttc 2 J / 0 (&A/c) 

y—ico 

The integrand of (7) is a single-valued function of A with 
simple poles at A = ±ic<x 83 where <x 89 5 = 1, 2,..., are the roots 
of J 0 (acx) = 0. 

The residue at the pole A = icoc s is 


e i0l a , cK o( iaoi s)Io( irai s) _ | O gioloc, J o( ra -s) 

al' 0 (iaoc s ) ^ ia 2 a s J\(aoc 8 Y 

using § 68 (9). 

Thus, using Fig. 10, it follows in the usual way that the line 
integral in (7) equals 2in times the sum of the residues at the 
poles of its integrand, i.e. 


u 


CO 

_ ^ NT 
a 2 c QL 


^ sin c<x s t. 
Jl(aa s ) 


Similarly, we obtain from (6) for the general function /(r) 


u 


= 4- T sin coe 8 1 f r)f( v )J 0 ( VC x s ) dr), 

a c “» J i (<*“») J 


with suitable restrictions on f(r). 
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71 . A long straight tube of cross-section ol has at one point a close- 
fitting piston controlled by a spring , but otherwise free to move in 
the tube. The mass of the piston is m and its period of oscillation 
in vacuo would be 2Trjn. The tube is open to the atmosphere at 
both ends and initially the piston and the air are at rest . A velocity 
u is suddenly given to the piston at t = 0. Find the subsequent 
displacement of a layer of air at a distance x from the piston. 
The equilibrium density of the air is p Q} and c the velocity of 
sound, f 

Taking the equilibrium position of the piston as origin, let 

he the displacement of the layer of air at x for x > 0, and £ 2 
that for x < 0; also let the displacement of the piston be 
Then 


ii = £2 = & 
Also ^ and | 2 are to satisfy 

Hi 1 Hi 


for x = 0, t ^ 0. 


dx 2 
dx 2 




I a ! f„ 


= 0, t > 0, x < 0. 


For the motion of the piston we have 
d 2 £ 


m 


dt 2 


-fi] »• 


t > 0. 


( 1 ) 


( 2 ) 


(3) 


These are to be solved with initial conditions 

when t = 0, 


§ = u ’t = 0 ’ 


( _ Hi _ 0 
“ It ~ ° 5 


when t = 0, x > 0, 


£2 = 


d A 

dt 


2 


0, when t — 0, x < 0. 


t Math. Tripos, Part II, 1932. 
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The subsidiary equations corresponding to (2) are 

- »• * > ». M 

- °. * < »■ ( 5 ) 

The solutions of (4) and (5) which remain finite as x ±oo 
respectively are 

fi = Ae~ px f c , and f 2 = Be^ c . (6) 

From (1) we have 

^ = lim = hm 

X-+-0 X-+ — Q 

and thus from (6), A ~ B = (7) 

The subsidiary equation corresponding to (3) is 


m(p 2 +n 2 )£ = mu+p { 


0 dx dx J 

*- £C— 0 


and, on using (6) and (7), this becomes 


p 2 +n 2 ~\~ Pj€ = 


and so 


(^+&) 2 +tt 2 -~& 2 ’ 

* = ^r^¥j e ~ klBblt ^ nZ - k2) ’ 


where k is written for p Q occ/m , and we have assumed h <,n. 
Also, from (6), (7), and (8), 

A = g—pxjc 

(p+k) 2 +n 2 -Jc 2 

and therefore, by § 3, Theorem V, 
ft f=: 0, when t < xjc, 


J(n 2 ~k 2 ) 


e -m-xic) s in(^ — x/c)*J(n 2 — & 2 ), when £ > x]c. 


72. A sphere of radius a , surrounded by air at rest , commences 
to pupate radially at t — O.f 

f Jeffreys, loc. eit., § 6.3. For other problems of the same type see Brom- 
wich, JF Voc. Lond. Math. Soc. (2), 15 (1914), 431. 
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Let the displacement of the surface be 

£ = J3 sin co£, t > 0, B supposed small. 
We have to solve 

8 2 (r<f>) 1 d*(rcj>) 


dr 2 c 2 dt 2 


0, r > a, t > 0, 


( 1 ) 
( 2 ) 

(3) 

dr ' (4) 

The solution of (3), which is finite as r -> oo, is r<^ = Ae~ pr l c t 
and hence, by (4), we have 


with — ~ -> $ = co cos coif, as r -> a, for £ > 0. 
dr at 

The subsidiary equation derived from (1) is 

- 0, 

which by (2) has to be solved with 

d£ Bp 

-- -** as r->a. 


co Bp 

jp 2 +co 2 * 


^ 4^+11 = 

[«c a 2 J 

Thus, finally, 

nS = e -P(r-a)lc 

(p 2 +aj*)(ap+c) 

coBa 2 c \cp+co 2 a c 
tt 2 co 2 —J— c 2 [_ ^p 2 —{~co 2 p-\-cja 

Therefore, by § 3, Theorem V, 
r<f> = 0, when t < 


e -p{r~mk 


coBa 2 c 2 
a 2 co 2 +c 2 


’ 0 /. r—a\ coct . / r— a\ 

cos co f if — l-| — — ■ sm co\t I — 


r—a\ -!(*-»• e i“) 
6 


when £ > - — - . (5) 

c 

As another example of the same type, suppose that the mhere 
only emits a single pulse „ 

Then £ = I? sin cot, 0 < t ^ 7 r/co, ^ 

= 0, t ^ 7rJco m ) 
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Thus 


tt/co 

|=Bje 


e-^ 1 sin cot dt = - ^ C ° 
p 2 -\-co 


a (H -e- p7r/0) ), 


and proceeding as before we obtain 


rf> = 


coBa 2 c 


g jp (v — ci)lc _|_ . 


coBa 2 c ^(nr + S) 


(p 2 -\-co 2 )(ap-\-c) (^ 2 H-o> 2 )(ap+c) 


The first term has been evaluated in (5), and for the second we 
have merely to replace ( r—a)jc in (5) by (r— a)/c+7r/co, which gives 

coBa 2 c 2 
a 2 a> 2 +c 2 


X 


L r—a 7 t\ , coa . 1. r—a tt\ 

X cos col t H sin ct> [ t I- 

\ c co c \ c OJJ 


( _ Ct—r +a , rrc \- 
V a ^ aco) | 


a )Ba 2 c 2 
a 2 co 2 +c^ 


X . 


r i* 

r— a\ coa . / 

, / ct— r+a , ttc \ 

r—a\ \ a + aw)l 

— COSa>[ t 

sm co ( t 

j—e 

L \ 

c I c \ 

C / J 


when t > (r~a)/c+7i/a>, and 0 when £ < (r— a)/c-{-rr/co. 
Adding these results, we have finally 


0, when t < 


r—a 


coBa 2 c 2 
a 2 co 2 +c 2 


/ r — a\ 

H f — H 


, coa . /. 

-| smojlt 




-(rf—r-i-riMn. 


d 


r—a ^ ^ r—a tt 

when < £ < ) — , 

c c co 

L= — e-(c^-r+a)/ar J _|_ g^rc/wal when t > - + — . 

a 2 a> 2 4-c 2 c a> 

i 1 

73*1 ^4 sphere of radius b and mass M makes small linear oscilla- 
tions in air of density p under a restoring force Mn 2 times the 
displacement .f The motion is started from rest in the equilibrium 
position by giving the sphere a velocity U at t = 0. 

f Love, Proe. Lond. Math. Soc. (2), 2 (1904), 100; Bromwich, ibid. (2), 15 
(1914), 431; Lamb, Hydrodynamics (5th ed., 1924), § 301. 
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Let £ be the displacement of the centre of the sphere at time 
t. Then for small motions the surface of the sphere may be 
taken to be r = b+( cosd, ( 1 ) 

where 6 is measured from the line of motion as axis. 

Because of the form of (1) we seek a velocity potential in the 
air of type <f> = Boos 6, where B is independent of 6; then con- 
tinuity of normal velocity at the surface of the sphere requires 


d£ 

dt 


dR 

dr 

L- J fc 


The equation of motion of the sphere is 


d 2 i , _ _ P [dB 


dt 2 


+n 2 £ 


M 


m r 

L «Jr-J 


cos 2 8 2vb 2 sin6 d9 = -?[— 
6 |_ dt _ 


( 2 ) 


(3) 


where /? = 4:7rpb s /3M = p/a, and a is the density of the sphere. 


Also, since <f> satisfies V 2 o6 — i = 0, B must satisfy 

c 2 dt 2 


r 2 dr\ dr ) 
itions co 


2 B I d 2 B 


= 0. 




r 2 c 2 0£ 2 

The subsidiary equations corresponding to (4), (2), and (3) are 
I d 


r 2 dr 


2 _ ,P Z \ i? 

.2 ‘ 


2>f : 


r~ ' c*) 


B = 0, 


I 




(i> 2 +« 2 )f = tf-(fc>/6)[.ffU*. 

To solve (5) put B = Yr^. Then Y satisfies 
dr 2 ^r dr \4r 2 ^ c 2 / 

The solution of this, which remains finite as r -> co, is 
F = ABiipr/c). 

B = Ar^KYprjc) 


(5) 

(6) 
(7) 


Thus 




( 8 ) 


where we have used the result ^ } (a) = J(n/2z)e-*(l+l/z). 
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To find A we substitute (8) in (6) and (7) and obtain on 
reduction 

A = pWU . 

\7 tc) (p 2 +n 2 )(p 2 b 2 -\-2pbc J r 2c 2 ) J r pp 2 c(pb J r c) 

Therefore 
$ = Bcosd 

b s cU cos 6 pjpr+c) e -p(r-uic 

(p 2 -}-n 2 )(p 2 b 2 -\-2pbc+ 2c 2 ) + ficp 2 (pb + c) 

( 9 ) 

<j> may be found from (9) when the roots of the biquadratic 
in the denominator are known. An approximate solution is 
obtained by neglecting /?, the ratio of the mass of the sphere 
to that of the air it displaces, which in practice is small. Then, 
putting fi = 0 and oc = c/b in (9), and expressing the right-hand 
side in partial fractions, we have 

r 2(^4_l_4 a 4) 

bcU cos 6 ^ 

__ [2o:ra 2 r— c(w. 2 — 2a 2 )]j»+[2n 2 ac+r(^ 4 — 2a 2 n 2 )] e _^ r _ 6)/e ^ 

” ~ p 2 +n z 

[c(w 2 — 2a 2 ) — 2aitt 8 r]p+[f(4tt*- 2ot% 2 ) — 4 a 3 c] {r _ w/ 

(p + a) 2 +a 2 

Thus, using § 3, Theorems IV and V, we have 

4> [2oin 2 r—c(n 2 —2a 2 )]cosn(t ~-- — + 

bcU cos 8 \ c ] 

+[nr(7i 2 — 2a 2 ) + 2nac]sin n{t— + 

J r[c(n 2 — 2a 2 ) — 2a^ 2 y]e~ a[< ~ (r ” 6 ^ cos a [t — T ~ - j + 

( r—b 
t— 

when t > r ^ 


= 0 , 


when t < 


r — 6 



168 


HYDRODYNAMICS 


74. A right circular cylinder of radius a contains air . The whole 
is moving with velocity V perpendicular to its length when the 
cylinder is stopped at t = 0. To find the subsequent motion of 
the air. 


If is the velocity potential, we have to solve 



V ¥-^ = 0, t>0,r<a, 

(1) 

with 

<j> = — Vr cos 6, t = 0, r < a 3 

(2) 

and 

o 

A 

e 

II 

© 

1! 

£1* 

(3) 

The subsidiary equation is 



= P-Vr cosd, 
c 2 c 2 

(4) 


with = 0, when r = a. 

dr 


(5) 


We seek a solution of (4) of type $ = R(r) cos#. Then R has 
to satisfy 

d 2 R IdR ( 1 , p^v pV 

dr* + r dr (r 2+ c 2 j i? c 2 T ' 

A particular integral of this is — Vrjp, and a solution, finite 
at the origin, of the corresponding homogeneous equation is 
Al^pr/c). Thus the general solution of (4) is 

<f> = AlJ^^cosd— -?~cos#, 
and the condition (5) requires 


Ap 




Therefore 




Vr 

V 


■ cos 




P 2 


Thus, using the Inversion Theorem, 


<f> 


— Vr cos 9 


y+ica 

cV cos 6 r v IJXr/c) dX 

szr J e 7 faffizr 

y—i oo 


( 6 ) 
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Using the series I x (z) = iz(l+iz 2 +...), we see that the inte- 
grand in (6) is a single- valued function of A with simple poles 
at A = 0 and A = ±icoL s , where ±a 5 , 8 = 1, 2 ,..., are the 
rootsf of j^ a(x) = Q 

We use the contour of Fig. 10, choosing the radius of the 
circle as urrcja so that it will not pass through any zero of 
I[(Xa/c). From the asymptotic expansions of the Bessel func- 
tions it can be shown that when n -> oo the integral over the 
circle BCA tends to zero. Thus the integral in (6) may be 
replaced by the limit of the integral over the closed circuit of 
Fig. 10 as n oo. 

The residue of the integrand of (6) at the pole A = 0 is 
rjc, while that at A = icoc $ is 

aca 2 J'flaa. s ) 

Thus, finally, by Cauchy’s theorem, 




2V cos 6 
a 


oo 



Ji (r<x s ) 
°4 J>oc s ) 


cos a* ct. 


75. Viscous fluid between parallel planes y = ±h is set in motion 
by uniform body force X applied at t = 0.J 

If u is the velocity parallel to X, and v the kinematic viscosity, 
we have to solve 


du 

Yt 


= X-\-v 


d 2 u 

ty 2 ’ 


—h < y < h, t > 0, 


with u — 0 when y = t > 0. 

The subsidiary equation is 

d 2 u p _ X 
dy 2 v pv 

to be solved with u = 0 when y = 

The solution is 

== X f 1 coshyV(p/v) '| 
p 2 L cosh h*J(p/v ) J * 

•t IiO*) = ^lOO- 

J Bromwich, Journ . Lond. Math . iSoc . 5 (1930), 10. 
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Thus, by the Inversion Theorem, 

y-l-ioo 

f e A < r i _ oo3hyV(A/v) -| dX 
2in ) [ coshhj(\/v)} A 2 ' (1) 

y—ico 

The integrand of (I) is a single-valued function of A with simple 
poles at A = 0 and A = — (vit 2 /A 2 )(n+ J) 2 , n = 0, 1 , 2, — Using 
the contour of Tig. 10 we may justify in the usual way the 
replacing of the integral in (1) by 2in times the sum of the 
residues at poles within the closed circuit. 

The residue at A = 0 is 

h 2 —y 2 
2v * 

The residue at A = — (v7r 2 /h 2 )(n-{-%) 2 is 

Uh 2 e-<™WX"+*>* cos{(2n+ 1 )tt/2% 
vi r 3 (2n+l) 3 sin(^+-|)7r 

So, finally, 

_ X(A«-y») 16 MX V ±=W_ nnp i2^+L)2/.- ( , wW xn + m 

a? ^Z(2n+l)3 2A. 

n= 0 ' 


76- ^4 heavy vertical thin lamina falls under gravity , from rest at 
t = 0, through viscous liquid between parallel vertical walls f (6o% 
jfbrce the liquid neglected). 

Let o- be the mass per unit area of the plate, p the density 
of the liquid, v the kinematic viscosity, v, V the velocities of 
the liquid and plate respectively, and h the distance of the plate 
from the walls. 

Then for the motion of the liquid we have 


dv 

et 



—h < x < 0 and 0 < x < h } t > 0, 


with v = 0, x = i h, t > 0, 
v = V, x = 0, t > 0, 

^ = v = o, £ = 0; 


( 1 ) 


t Crossley, Proc. Camb. Phil. Soc. 24 (1928), 231. 
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while for the motion of the plate we have 


dV 

dt 


0 + 


2 pv ~dv~ 
o dx ' ■ 

L - 1 x = 0 


The subsidiary equation derived from (1) is 
dH 
dx 2 

with v — 0 when x = and v = V when a; 
The solution of these is 


w is JQ _ - 

1T70 — -V = 0, 


0. 


( 2 ) 


. = r sinh ( ^yy) 0<a;<A . 

sinh h^(pjv) 

The subsidiary equation corresponding to (2) is 
f _ 2 V-r*-i 

and introducing the value of v above we have 

v V(2V v ) coth V(: p/>')] 

Thus, using the Inversion Theorem, 

dX 


JL 

2rri 


y+i oo 


J 


(3) 


(4) 


( 5 ) 


A {X-\-(2pv/cr)^J(X/v)cothh^(X/v)y 

y — ice 

The integrand is a single-valued function of A with a simple 
pole at A = 0, which gives a term agh/2pv. 

To find the other poles put A = — {vfh 2 )oc 2 in the denominator 
which becomes 

V -~z a 3 cot afa tan a—k}. where h = 


So the poles of the integrand (other than A — 0) are at 
A == — (i s/7i 2 )oc% s = I, 2, 3,..., where the ot s are the real positive 
roots of a tan a — h = 0. 

Then, using the contour of Fig. 10 and proceeding in the 
usual way, we findf 

y = agh 4gph* ^ e-^ s 
2 pv ver 

t — V(A/v)cothV(A/v)A|] = — ai(a| + fc 2 + A;). 

\ u JJa »~(v/A 8 )a! 4/3/1 
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For the velocity of the liquid we have, from (3) and (4), 

- g smh(h—x)*] (plv) 

~~ p{p+(2pv/<j)\J(p/v)eoth h*j(p/v )} sinh h*J(p/v) ’ 

and evaluating as before (the poles of the integrand are the 
same as those in (5) ) 

__ghoh—x 4 pgh 3 e -vt<xyh* si n<x 8 (h — x)/h, 

V 2pv h vor af(c4H-& 2 +&) sina 3 5 

0 < x < A. 


77. Viscous fluid is contained between two infinite concentric 
cylinders radii a and b. At t = 0 the outer cylinder starts 
rotating with angular velocity Q. To find the subsequent motion 
of the liquid. 

We have to solve 


d*v 1 dv 
dr 2 r dr 


v 

r 2 


1 dv 
v dt ? 


a < r < b, t > 0, 


with v = Qb when r = b, and v — 0 when r = a. 

The subsidiary equation is 

(^+2 2 )* = °> where <? = pI v > 

the solution of which is 

v = AI x {qr)^BK x {qr). 

To determine A and B we know that v = 0 when r = a, 
and v = Clb/p when r = b. So 

AI 1 (qa)+BK 1 (qa) = 0, 

AI x {qb)+BK x {qb) = Ob/p. 

Solving, we have finally 

. _ €lb IJga)K^qr) —K^qVUqr) 

V U^W^—K^qa^iqb)' 

t G-oldstein, Proc.Lond. Math. Soc. (2), 34 (1931), 51. This important paper 
contains a large number of problems on viscous motion, conduction of heat, 
and diffusion of vorticity. The last of these subjects is not discussed in this 
chapter as the problems are similar to those of Conduction of Heat. 
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Therefore, by the Inversion Theorem, 

y-Mco 

Ob f /y)}— ^{aV(A/v)}^{rV(A/ y )} c?A 

a« J a • 

y tw (i) 

It is easily verified that the integrand is a single-valued func- 
tion of A, so we use the contour of Pig. 10. To find the zeros 
of the denominator put A = — m 2 , thenf it becomes 

l 1 {iaoc)K- l {iboL) — K x (iaoc) {iboc) = — ■|7r{J^(aa)I^(6cx) — I^(aa)J^(6od)}. 
Let <x ± , be the roots of the equation J 

J 1 (aa)Y 1 (bcx)--J 1 (ba)Y 1 (acx) = 0. (2) 

Then the poles of the integrand of (1) are A = 0 and A = — mf, 
— vol §,... . But 

~[J 1 (a<y.)Y 1 (b'x)--Y 1 (a C x)J 1 (ba)] = aJ^a^Y^b^+bJ^a^Y^bo.)- 

doL 

— aY[(aoL)J 1 (boL)—bY 1 (aoL)J[(boL). 

Also, if cq is a root of (2), 


Therefore 


Ji( aoi i) __ Y i( a( *i) __ X, 

^i(H) 


say. 


l-iJ^aocW^-Y^aaWbot)}] 

■J a==o 


= 6fc{Ji(6a 1 )y ; [(6a 1 )-j;(6a 1 )r i (6 ai )}- 


-|{J 1 (a ai )Fi(aa 1 )-Ji(o ai )F 1 (a ai )} 



_ 2 JliaoL-^—JKboLj) 

TTOLi J^aOL-^J-^boLj) 

So the residue at the pole A — — vol\ is 


[J 1 (ao: 1 )F 1 (ra: 1 ) —Y^a^J^ra-j)} 
[Jf(« ai )-J!( 6a*)] 


Ji(aa 1 )J 1 (&o£ 1 )e~ I '“' , . 


t ACiz) = K x (iz) W x {z)-iY x (z)-\. 

J It is known that these are all real and simple. Cf. Q. and M. } p. 82. 
II J x {z)Y{{z)-Y % {z)J' x {z) = 2Jirz. 
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Also, since I ± (z) — j£{l+i3 2 +---} and K^z) = l/s+Jzlog^z-f-..., 

^*2 Qyl 

the residue at A = 0 is - /T> — 
r b 2 — a 2 

Thus, finally 


Clb 2 r 2 — a 2 
r b 2 — a 2 


-nb£l y }J 

Z. J\{ba s )-Ji{aoc s ) " 1V 


a S )e- V *IK 


78. A cylinder of radius a and moment of inertia I, per unit 
length , immersed in infinite viscous liquid is set in motion by a 
couple N , per unit length , applied at t — 0. 

For the motion of the liquidf we have 


d 2 v 1 dv v 
dr 2 ' r dr r 2 


1 3v 
v dt ? 


t > 0, r > a. 


a) 


with v 0, as r -s- oo, and v — V when r = a, where V is the 
peripheral velocity of the cylinder. 

The frictional couple per unit length of the cylinder is 

b-(§H)L- 

Therefore the equation of motion of the cylinder is 

The subsidiary equation .corresponding to (1) is 

£ + ? % ~ +q2 )* = °* where qi = piv > 
with v — V when r = a. 

The solution of this which remains finite as r oo is 
v = 

K x {qa)' 

The subsidiary equation derived from (2) is 
N 


-pV 

a 


P 


+ 27 ra 2 pv 


r dv vl 

yrr—rl„: 


(s; 


t End effects are neglected ; i.e. the motion is taken as two-dimensional. 
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and substituting for v from (3) in this we have*f 

Y _ Na * wtere h . 2 

v/ aM[«2- s a(«2)+*-K 2 (ag')]’ 

Thus, using the Inversion Theorem, 

y-j-1,00 « 

J_ No? f ^K^a^X/v)} dX 

27n vl J Xd^(Xjv)\a^(Xlv)K 1 {a^(Xlv)}^kK^{a^(Xjv)}'y 

(4) 

The integrand of (4) has a branch-point at A =? 0, so the 
contour of Fig. 11 must be used. It is easily verified that there 
are no poles in or on this contour, and that the integral over 
the large circle vanishes as its radius tends to infinity. 

The integral round the small circle gives J 

Na* _ N ' 

2vJcI 4:7rapv 

Putting A — vu 2 e~ i7T on CD , A = vu 2 e iir on EF , and using the 
relations 

K x (iz) = ~\i r[/ x (z)— iFj/z)], K 2 (iz) = lTri[J 2 (z)—ir 2 (z)], 

we obtain after some reduction 


J^irapv 


2Na 2 k 


oo 

J o—vuH 

u 2 [auJ ± 


J 1 (au)Y 2 (au)—Y 1 (au)J 2 (au) 


[auJ ± (an)— kJ 2 (au)] 2 + [auY x ( au ) — kY 2 (auf\ 2 


79. A canal of rectangular section, containing water to a mean 
depth h, is terminated by two vertical walls whose distance apart 
is 21. The water is initially at rest with its surface inclined at 
a small angle (3 to the horizontal . It is required to find the subse- 
quent form of the surface. 

I. Neglect the vertical acceleration of particles of the liquid. 

Let 7j be the displacement at a; of the surface above its 

t zKiM-K^z) = -zK 2 (z). 
t &i(z) = ~ + izlogiz+..., K 2 (z) = 
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equilibrium level, the origin of a; being taken at the middle 
point of the length of the canal. 

Then, writing c 2 = J(gh), we have to solve 

8 2 r) 1 8 z r) 

8x* T 2 ~ < x < t > 0, 

with StjI'Sx = 0 when x = ±1. 

Since the initial value of rj is fix, and that of drj/dt is zero 
the subsidiary equation is ’ 


d 2 yj p- _ _ __fixp 
dx 2 c 2 71 c 2 ’ 

with drjjdx = 0 when x = ±1. 

The solution is 

- _ fix __ fic sinhfp^/c) 
p p 2 cosh(pTjc) ‘ 

Thus, using the Inversion Theorem, 


y+% oo 

= fix- iz. f H sinh(Ax/ c) 
Ziri J A 2 cosh (Xljc) 


y—ico 

The integrand is a single-valued function of A, so we use the 
contour of Tig. 10. 

In the usual way we find that the integral is 2 tt i times the 
sum of the residues at the poles of the integrand. These poles 
(all simple) are at A = 0 and A = (2n+l)ijrc/2U, n = 0, ±1,... . 

The pole at A = 0 has residue x/c, while that at (2w,4-lkVc/2Z 
has residue 


— i (i 2 ' e <in+1)7ricl ‘ 21 sin (g_ w + I ) 7ra: 

(2»+l) 2 7r 2 c 2 1 

Thus, finally, 

v = ^ 2 (SJ+i? cos ( n +i) 7 ^Y sia -(n+i) 

II. The canal is too deep for the assumption I to be valid. 

We take the x-a,xis in the equilibrium position of the free 
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surface, and the y - axis vertically upwards. Then, if <f> is the 
velocity potential, we have to solve ' 


dx^dy* ~~ ’ 



8(f> 

dx 


= o 3 


when —h < y < 0, — l < x < l, t > 0, 


when y — —h, ~l < x < l, t > 0, 
when x= ±1, -h <y <0>t > 0> 


8 2 <j> , 86 

w +ff ty = 0, ™ hen y = () >-i<x<i,t> 0, 
with the initial conditions 

<t> = 0, when —l<x<l, -A < y < o, 

o / 

and gj = ^ x > w ^en y = o, —l c x < l. 


The subsidiary equations are 



d*cj£> d 2 <E 

8x*~^dy2 = ~ * < y < °> 

(1) 

with 

gjj = °> when y=-h,-Kx<l, 

(2) 


d£ 

= 0, when * = ±Z, -h<y< 0, 

(3) 

and 

P 2 f+sr^ = gfa, when y = 0, —l<x<l. 

(4) 

A solution of (1) satisfying (2) and (3) is 



cosh sin (2»+ 1)«* > 


So we assume 



f A n cosh ?- (2w + 1 >&+*) sin (gg±lfrg 
2Z 2Z 


( 5 ) 


4695 


A a 
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Substituting in (4) we have 

77 ff( 2 ^+ 1 ) ^(2^+ 1) 1 g | n (2 n+l)^rx 

2? 21 J 2? 

= 9$e 

(-1)* „^(2»+l)** 
“V r Z(2«,+ l) 2 21 

n=0 v ' 


introducing in the last line the Fourier series for x. 
Thus 


-^n 


8 gffl (~l) ra 
it 2 (2w+l) 2 


>00 ^-%+ 9 . 

£b 


Trg{2n-\-l) . ,7rli(2n+l) 

_ Sml1 2l J 


and substituting this in (5) we have 



n — 0 


where 


( — 1 ) n cosh{7r ( 2n + 1 ) (y + h) /2Z}sin{( 2n + 1 )Trxj2l} 
(2 n+ l) 2 (p 2 +co|)cosh{'7r^(2^+ 1)/2Z} 


■n-g(2n+l) +arih nh(2n+l) 


21 


21 


(6) 

( 7 ) 


<f> may be determined from (6). We require the surface eleva- 
tion rj which is given by 


And thus 



«=*[«, 


_ ^ V (- 1 )" P • (2n+l)^ 

— n z Z o (2w+1) 2 (35 2 +£o 2 ) 21 

Therefore 



n=0 


(-1)" 

(271+1) 2 


cos Z sin 


( 271 + 1 ) 770 ? 

2Z 
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80. Deep water waves f in infinite liquid produced by an initial 
surface elevation. 

Let the #-axis be in the free surface of the liquid, with the 
y-axis vertically upwards; the surface elevation is taken to be 
a function of x only. 

We have to solve 


S + p = 0 ’ y<0 ’ -°° <*<»»<><>. 


with 

and 


8y 


as y —oo, 


= °> when y — 0, — co < x < co, t > 0. 

ot z oy 

The initial conditions are 


and 


$ = 0, when y < 0, — oo < x < oo, 

H = gf{x), when y= 0, — oo < x < oo, 


where /(x) is the (small) initial surface elevation. 
The subsidiary equations are 

3&+g& = 


8y 


9 '/(*)» y — o, —OO <x <co. 


with 


3 + 5 =0 ’ */<<>, -°o<z<oo, 

~ 0 as — oo. 

^ * 


We take as a general solution of (2) and (3) 

00 

$ = J l p{m)e^y +imx dm. 

— oo 

Substituting in (1) we obtain 

oo 

J (p 2j r \m\g)ijj{m)e irnx dm — gf(x), 


( 1 ) 

( 2 ) 

(3) 


(4) 


f Lamb, loc. cit., § 238. 
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and, inverting this by Fourier's Integral Theorem, f we have 

00 

1 


So 

Therefore 




27 t p 2 + \m\g 

g J e \m\y+imx d m 

p 2 +g\m\ 


J f(x')e~ imx ' dx'. (5) 

o 

00 

J f(x’)e- imx ' dx'. 


CO ou 

4> ~ f dm ( ftx')e~ imx ’ dx' 

V 2ttJ J(\m\g\ J 

— co —oo 

= - J ~^J^ I~ ^ e1CV ^ J f( x ') G osk(cc—%') dx'* 


81. Long water waves'!^ in an infinite two-dimensional sheet of 
water of depth h and density p. 


The motion is supposed to be initiated from rest at t = 0 by 
a variable pressure P{r, t) acting on the surface (for simplicity 
we consider only the case of symmetry about the origin). 


Then, writing F(r , t) 


_1 dP 
pc 2 dt 9 


and c = *J(gh), we have to solve 


V«-I2S: 

v c 2 Sf 2 


s 2 ^ i 
Sr 2 r Sr 


c 2 a< 2 


-W), 


with, at £ = 0, <f> and df/dt zero for all r. 
The subsidiary equation is 


d 2 f l d$ p 2 j 

(P H ^“^2 9 


—F(r, p). 


( 1 ) 


t Multiply both sides of (4) by e- im 'x and integrate with respect to x from 
—oo to oo. Then we obtain 

OO 00 CO 

j* e- im ' x dx J (pH I m\g)*li(m)e imx dm =* g J* e ~ im ' x f(x) dx. 

— 00 — 00 — 00 

By §30(2) the left-hand side equals 

and the result (5) follows on writing m for m' and x' for x. 
t Lamb, loc. cit., § 195 et seq. 
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To solve this we seek the Green’s function, f 
O(rJ)=AI 0 (E), 0<r<£, 

'>*■ 

wher. [Gf_l = A J,(fj _ 0 

- [C:= b h^^h-j 

Solving J A — — K^p^jc), B = — / 0 (^/c), and the solution of 

(1) becomes 

$(?>P) 

= *o(?) / Io^)^P)dn +I 0 (^j J ' xJ^ V F( V ,p) dr,. 

0 r (2) 
Now for simplicity suppose the applied surface pressure con- 
centrated in a vanishingly small circle about the origin and let 

. OO 

J rF(r, t) dr = g{t), 

0 

oo 

so that J rF(r,p) dr = g(p). 

Then, since / 0 (0) = 1 and F vanishes except near the origin, 

(2) may he replaced by 

$(r,p) = K 0 (^j J r,F( V ,p) dr, 

= g(p)K 0 (^j. ( 3 ) 

To determine <f> from this we require first the function whose 
transform is K 0 (pr/c). By the Inversion Theorem this is 

y+ioo 

J <*> 

y— too 

t See §68. The result (2) may also be obtained by variation of parameters, 
t Uz)K' q {z)-K 0 {z)I' q (z) = -1/*. 
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(i) If t < r/c we use the contour of Fig. 17. AB is distant y 
from the imaginary axis and parallel to it, the circle C is of 
radius B which will tend to infinity. 

The integrand of (4) has no pole or branch-point inside or on 
this contour. Using the asymptotic expansion for the Bessel 
function, it may be shown that when t < r/c the integral over 
C vanishes as R oo. Thus, from Cauchy’s theorem, 

■1=0, when t < -. 


(ii) If t > r/c, we use the path of Fig. 11, since iT 0 (Ar/c) has 
a branch-point at the origin. It is easily verified that the 
integrals over the large and small circles approach zero as their 
radii approach oo and 0 respectively. The integrand has no 
poles within the contour, so I reduces to a sum of integrals over 
CD and EF. Putting A = pe~™ and A = pe™ on these we obtain 

2 - S3 j * = J * 

wta * ' > j 

where, in the last line, we have used the resultf Appendix II (35). 
Thus, finally, f ; 


/ = o, #<:, 

c 


t > 

c 


- 

So from (3) and (5), using §3, Theorem VI, 

t 

t)—±, 

J (r 2 — r 

rle 

coBh^ctjr 

— J 9 ^ — ~ cosh 


( 5 ) 


dr 


du . 


f Putting n — 0, and remembering I 0 (iz) — J 0 (z). 

t This result may also be obtained from the integral (W.B.F., p. 181 (5)) 
K 0 (z) — J e“zcosh u^u. 
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82, Wave motion in air under gravity f and at constant tem- 
perature. 

Let tlie #-axis be taken vertically upwards and let £ be the 
vertical displacement of the particles initially at x. Suppose 
the motion initiated from rest at t = 0 by a small displacement 
£ 0 of the plane x = 0. 

We have to solve 


8*1 2 k 1 8 2 £ 
8x 2 c 8x c 2 St 2 


t > 0, x > 0, 


with £ = £ 0 , when x = 0, t > 0, where ic = yg/2c , y the ratio 
of specific heats. 

The subsidiary equation is 

d 2 ? 2fcdf i )2 g_ 0 

dx 2 c dx c 2 9 

with | = £ 0 fp, when # = 0. 

Choosing the solution which remains finite as x -> oo 5 we have 

jE __ ^0 ^Jcxlc-(x]c)^(p z +k 2 ) 

P 

Thus, using the Inversion Theorem, 

y-Hoo 


£ 0 e 7ca; / c f 

277 i J 


e Ai-(a/c)V(X a +ft*) 


y — ico 


Integrals of this type J will be discussed in detail in Chapter IX, 
§§90-2. 

Assuming the result § 90 (16) and replacing v by c, a by \ik, 
ft by —\ik, a — a — ft by ik, and p = oc+ft by 0, we have 

|=0, t < x/c, 

> Ira-IrL ** f JJkJ^-X 2 /^)] , \ _ . 

^ x}c 


t Lamb, loc. cit., § 309. 

f This problem has been given since the result can be derived from § 90. 
The integrals arising in problems of physical interest may be evaluated by 
the type of manipulation used in §§ 90-2. 
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83. Let JR, L, G, G be the resistance, inductance, capacity, and 
leakage conductance per unit length of the line.f Let V be the 
potential, and I the current, at the point x of the line at timp t, 
and let F <0) and J (0) be their values at t = 0. 

V and I have to satisfy the differential equations 


L Tt +RI 

3V 

C W +GV 


8V 
' 8x’ 
81 

8x' 


t > 0. 


(1) 


Multiplying these by e~»', p > 0, and integrating with respect 
to t from 0 to oo, we obtain the subsidiary equations 

(Lp+B)I = 

(Cp+(?)F = — + CF«». 


Eliminating I we have the ordinary differential equation for F, 

~^~(Lp+B)(Cp+G)V = L^~-0(Lp+R)W\ (3) 

and I is given by 


1 = - 1 dV , LI(0) 
Lp~\~R dx Lp+JR 

If we write g 2 = (Lp+R){Cp+G), 


W 

(5) 


the complementary function of (3) is Aefi x -\-Be-* x , where A and 
B are to be found from the terminal conditions. 

The general case in which none of B, L, G, C vanish is 
relatively difficult, but there are various special cases in which 

t These are taken to be constant. The case of a ‘non-uniform’ line, i.e. one 
in which they are functions of x, is considered briefly in § 94. 
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q takes a simple form and the problems are of the types treated 
in Chapters V, VI, and VII: 


(i) P = G = 0, 


(H) X = 

(iii) L = 

(iv) L = 


£ 

G’ 


G = 0, 

0, 


q=p^(LG); 

2 = V(^)(^+|); 

2 = J(RC)*Jp; 

2 = J(X0)J(p+GIC). 


Of these, (ii), Heaviside’s 'distortionless line’, and (iii), which 
approximates to slow signalling on a submarine cable, are of 
some importance. In (i) and (ii) the solutions are of wave type, 
while in (iii) and (iv) they are of diffusive type, as in the linear 
flow of heat. 


84. Problems in which L = G = 0 already solved as problems 
in the linear flow of heat. 

Ex. 1. Semi-infinite line x > 0. Initial current and potential 
zero. Att = 0 an alternating E.M.F. a cos cot connected at x = 0. 

We have to solve §83(1) with L = G = 0, and terminal 
conditions 

V = a cos cot, when x = 0, ^ q 

V finite, when x oo. 

Thus, by § 83 (3), the subsidiary equation is 
d 2 V 

-j-p—RCp = 0, x>0, 

to be solved with 

V = 2~l" 2 ’ wten * = °> 

p 2 + C0 2 

and V finite as x -> oo. 

This is exactly the problem of §47 with PC in place of 1/k, 
and so, making this change in §47 (9), we have the solution 

oo 

V=ae-*«iBC“>kos{a>t-xJ(iRCa>)}~ j e~P ( sin x^J(jRGp)^f^. 
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Ex. 2. Semi-infinite line x > 0. Initial current and potential 
zero . At t = 0 a constant E.M.F. V 0 applied at x = 0. 
Replacing *rby 1/72(7 in §39(8), we obtain 


F = 



Ex. 3. Line of length l with initial potential V 0 and zero initial 
current . 77&e end x = l kept at potential V x for t > 0. Opew 
circuit at x = 0 /or t > 0. 

Writing 1/72(7 for k in the result of § 40, we get 


V — V, 4- 4 ^S ^ V 1 e -(n-i)'7T'll(l'IiC) cos (2w — 1 )to 

77 ✓ 2W 1 2Z 

Ex. 4. Line of length l with zero initial current . The initial 
potential of the line an arbitrary function f(x). The ends x = 0 
and x = Z kept at zero potential , t > 0. 

Putting £ = £ = 0, = 0, F (0) = /(») in § 83 (3), the sub- 

sidiary equation is 

%¥-BOp = -BO 0 <x<l, 

to be solved with V = 0, when x = 0 and x = Z. 

The solution of the corresponding problem in conduction of 
heat has been given in § 50 (p. 119, small print). Thus, writing 
1/72(7 for k 3 we get 


-tZ 


n?ir'tiBCP gin —a; 

Z 


i 


85. Line of length l, L = G = 0, earthed at x = Z. Initial cur- 
rent and potential zero . .<47 Z = 0 aw alternating E.M.F. e iajt is 
applied at the end x = 0. 


We have to solve § 83 (1) with L = (7 = 0 and 
F = 0, when a; = Z, Z > 0, 

F = when a: = 0, Z > 0, 

F(°> = I®) = 0, 0 < x < Z. 

Erom § 83 (3) the subsidiary equation is 

g-JHfrF-0. 
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to be solved with 

_ i 

— when x — 0, 

p — ICO 

and V = 0, when x = l. 

The solution is 

sinh (l—x)*J(RCp) 
p — ico sinh l^J(RCp) 

Therefore, using the Inversion Theorem, 

y+ico 

y 1 f sinh(Z — x)^(RGX) ,, 

~ 2 S J sinh l^'(RCX) ‘ 

y—ico 

The integrand is a single-valuedf function of A with simple poles 
at icj, and — (n 2 7r 2 ll 2 RC), n = 1 , 2 ,... . 

We take the contour ABC A of Tig. 10 and choose its radius 

R = (n+i)*7T*/(l*RC), 

so that r does not pass through any pole of the integrand. 

y+ioo 

The integral over T tends to zero as n -> oo. Thus J may 

y—ico 

be replaced by the limit of the integral over ABC A as n -> oo, 
and by Cauchy's theorem this equals 2 7ri times the sum of the 
residues of the integrand at poles within the contour. 

The pole at ia> has residue 

e tof sinh ( ? — ; ^(BCwi) _ e ^ smh(Z— jc)(lH-t)V(j.gga>) 

sinh^(jRCco^) sinh 1(1 +z) Cat) 

and the pole at — n 2 7T 2 !l 2 RC has residue J 

2 (— l )n e -n^W'RO . niril—x) 

f Since, using the series for sinh x f 

smh(l-x)yl(RC\) l-x l + K^-») 2 -RCA+... 
smh.l*J(RC\) l l + %l*RC\+... 

involves only integral powers of A. 

$ T—sinh^ISOA)] 

ft m = ^oos^. 
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Therefore 


V 


taah.l(l+i)J(i&Ow) ^ 


+ ■ 


V (-l)»e-» v ««C) . nrr (i~ x) 

> -7— ■: S.XI1 . 

I 


7r ^_^n{l-j-i(iiOl 2 o)/n 2 7T 2 )y 

If the applied E.M.F. is gob cot, we have to take the real part 
of this, namely, 

(coBh(l—x)y(2ItCoo)— co&(l — x)^{2BCto)\y f 
[ cosh : Q(2RCco)~cosQ(2RCco) 


C0S{a>t+cj>—<t > ')-{- 


+ ' 


go 

2 


(-1)" 


^n{l+B 2 G 2 ojH^/n^y 


T e 


-nWlPRC cog Q g j n 


where 

ta ncf> = ta,n(l—x)<J(iRGw)coth.(l—x)*J(%RCco), 
tan^' = tBxil^(^RC(jQ)cot\il^{^BCco), 
ta nd n = BGl 2 (x>jn 2 TT 2 . 


86. Line of length l. At x = l the line is earthed through an 
impedance z 2 . At x = 0 a constant E.M.F. is applied at t = 0 
through an impedance z x . Initial charge and current zero. 




E 



Fig. 16. 

Let V 0 , I Q , T£, I t be the potentials and currents at x == 0 and 
x = l respectively. Then for the concentrated impedances the 
subsidiary equations are 


E 
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For the line itself, by § 83 (3), the subsidiary equation is 

dW - 

H- g 2 F=0, 0 <x<l, 

where q is given by § 83 (5). 

The solution of this is 

V = A sinh qx-\-B cosh qx, (2) 

and, by § 83 (4), 


I = — Lp+R \- A cosh sinh g*]. (3) 

A and B are to be found by substituting in the terminal con- 
ditions (1) which give 

q „ A ___ E „ 

T i — 

Lp-{~R p 

— F ^ [A cosh ql- f- B sinh qV\z 2 = A sinh ql-\~ B cosh ql. 

Jup-\-R 

Solving for A and B and substituting in (2) we obtain 

y_E qz 2 co&lLq{l~x)+(RA-Lp)&mhq(l—x) . . 

p q{z 1 +z 2 )QoAiql+\^R+Lp)+z 1 z 2 {G+Cp)^mh.qV 

As a simple example let L = G = 0, z 1 = 0, z 2 == l/C 2 p; then 
(4) becomes 

y E sinh(Z — x)*J(RCp)-\-*J(C/RC%p)cosh(l — x)*J(RCp) 

p smhl*J(RCp)-{-< s l(C/RC%p)cos>hl*J(RCp) 
Therefore, using the Inversion Theorem, 

F = — x 

27 n 
y+ioo 

f e^sioh(l—x)^(BOX)+^(C/RClX)coah(l-x)^(ltCX) dX 
X J A sinh llj(ROX)~\-lj{G j RCl A) cosh l^J(ROX) 


The integrand is a single-valued function of A with simple 
poles at A = 0, and A = —(o^/RCl 2 ) } 5 = 1, 2 ,..., where icq, 
±a 2J ... are the roots of 

, IG 

a tan a = — . 

C 2 

It is easily verified that these are all real and simple. 
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We use the contour of Fig. 10 with radius (n+^) 2 7T 2 /(E0l 2 ), 
Then T does not pass through any pole of the integrand. The 
integral over T tends to zero as n-^co. Thus, by Cauchy’s 
theorem, the line integral in (5) may be replaced by 2ni times 
the sum of the residues at its poles. 

The residue at A = 0 is 1. 

The residue at A = — (af jBCl 2 ) isf 

2 -j _ oityKRCl*) ^2 X)fl 1C COS (X 8 (l X)/l 

'(Z(7C 2 +Z 2 0 2 +C|^K sin*/ “• 

Therefore 

V — E4-21C E 'V s * n IQ CQS 

^ 2 , (lCC^l*C*+Clc&)oL 0 zmot a * 


87. Line of length l. Initial current and potential zero. Open 
circuit at x = l. A constant E.M.F. E applied at t = 0 at the 
end x = 0. 


We have to solve § 83 (1) with 

F = jE 7, when & = 0, t > 0, 
1=0, when x = Z, t > 0, 
F co) = J(0) = o, 0 < a < Z. 
The subsidiary equation § 83 (3) is 


dW 
dx 2 


-g 2 F = 


0 , 


where q 2 — (Lpd-iZ)(Op+$). 
This has to be solved with 


F = — , when a? = 0, 

and, by § 83 (4), 

^ = 0, when x = l. 
dx 




VRCl* 
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The solution of this is 


V — 


E coshg(Z — x) 


p cosh ql 
Therefore, by the Inversion Theorem, 

y-f -ioo 

V 


E 

2ni 


J e^ cosh /jl(1 — x) 

X cosh pi ’ 


( 1 ) 


( 2 ) 


y— ^ oo 

where /x = [(L\+R)(C\+G)J. 

The integrand of (2) is a single- valuedf function of A with 
poles at A = 0, and at the roots of cosh /ml = 0, i.e. at the 
roots of 

_(2^-fl) 2 7T 2 

U 2 


( LX+R)(GX+G ) 


n = 0 , 1 , 2 ,.. 


( 3 ) 


Using the notation 

JR G 
P 2L + 2C’ 
(3) becomes 

A 2 +2/>A+p 2 — a 2 H 


B 

° 2 L 

(2w+l)W 

4Z 2 


G_ 

'2 G’ 


(LG)- 


0, n = 0, 1, 2,..., 


the roots of which are — pzciv n , 

_ f (2w+l)W 2 U 


where 


r 


4Z 2 


)*■ 


( 4 ) 


( 5 ) 

( 6 ) 


We shall assume that is real for all n, i.e. — > 

L EG 

so that all the roots (5) are complex with real part — p; if this 
is not the case, the roots for small n will be real and negative 
and the form of the solution slightly different. 

Using the contour of Eig. 10, the usual argument shows that 
the line integral in (2) may be replaced by 2 iri times the sum 
of the residues of the integrand at its poles. 

The residue at A = 0 is 

cosh (l—x^RG) 
cosh l^j(RG) * 


cosh l+i(Z-£c) 2 (LA+B)(CA+<?) + ... 

cosh pi l + <?) + ... * 

and thus contains only integral powers of A. 


t Since 
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Also, since 
Ta^cosIi/xZ 


A«* — P‘\-iVn 




2P 


the residue at A = 


(2n+l)rrv 2 
- p+iv n * s 


-p+iv n 

(— 1 ) n+1 v n (v n +ip), (7) 


(_!)«+! e - P i+iv n i-iO n ooe(l_*)(2»+ 1)ttI(21), 

*™n\K+P )* 
where tan(9 n = p/v n . 

Therefore, finally, 

V = rjCosh {l—x)'](RG)_ 
cosh Q(BG) 


■7TV 2 E 

"~W 


2 <-»■;& 


(2?2/— j— 1) 
{Vn+P 2 )* 


e~P l co3(v n t—d n )cos 


( 8 ) 

(l — ir)(27i/-f“ l)^ 
_ . 


88. The solutions of the problems so far considered have all 
been obtained as trigonometrical series. In discussing mechani- 
cal vibration problems in Chapter V, § 44, an alternative 
method of solution was developed in which the hyperbolic 
functions in the transform were expanded in a series of exponen- 
tials; this procedure gave a solution with a convenient physical 
interpretation in terms of successively reflected waves. The 
same method can be applied to transmission-line problems. 

As a first example consider the problem of § 87 with 
B = G = o. 


Then q 2 = LOp 2 = p 2 fv 2 } in the notation of § 87 (4), and putting 
this value of q in § 87 (1) we have 
y __ E cosh p(l—x)/v 
p cosh pl/v 

E e~P x l v [ 1 -f 

~p 1 lf e ~2pljv 

E 

= -1 e-# x l v [ 1 + [1 — e - 2 p 1 I v -f- e — . . . ] 

!P 

E (e-x> x I v — e-vfr+tylv+e-vte+wiv -- ...+ ) 

p [ -±. e -p(2I~x~)lv — e -p(Al-x)lv e ~p(6l-x)lv — j* ' 
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It follows from Theorem V, §3, that the function whose 
transform is {E\$>)er a v is 

for t < a , 


0 , 

E, 


a, | 

for t > a, J 

which for shortness we shall write EH(t—a), where H(t) is 
H(t) — 0, t < 


defined by 


°, ) 

= 1, t > 0. / 

Applying this to the terms of (1) successively we find 


( 2 ) 


= 0 , 

if 

0 < t < x/v, 

= E, 

if 

x/v < t < (2 l—x)\v. 

= 2 E, 

if 

(2l—x)/v < t < (2l-{-x)/v, 

= E, 

if 

(2 l+x)/v < t < (4 l—x)(v, 

= 0 , 

if 

( 4 l—x)/v <t< ( il-\-x)[v , 


etc. 


Or in terms of the function H(t) 

(3) 

Thus, if we regard the potential as propagated with velocity 
v , the potential at x is zero till the direct wave reaches it, E 
from this time till the wave reflected from x = l reaches it, 
then 2 E till the twice reflected wave reaches it, and so on. 

If we form the Fourier series for the ‘step function 3 (3) we 
obtain the trigonometrical series § 87 (8) for the case R = G = 0. 

Treating in the same way the problem of § 87 with none of 
R , L, G, C zero we have from § 87 (I) 


E cosh q(l — x) 
P 


cosh ql 


where now 
<1 


Tfl 

II e-Q-W-x ) — l+x ) — # > ^ 

p 

(4) 


[(Lp+B)(Cp+G)f = ±[(p +p )*- 0 z]i 


in the notation of § 87 (4). 

4695 


C C 
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V can be obtained from this when the function whose trans- 
form is (1 lp)e~ ax is known; this will be found in §90, and the 
solution completed in § 93. 

In the case of the 'distortionless' line in which a = 0, 
q = (p-|- p)/v, (4) becomes 

jji 

y — _ [ Q-X('/H p)lv g-( 2 l~X)(p+p)lv £-(2l+x)(l)+p)lv 1 

p 

Thus 

L = j- 

_ e -p(2<4-*)/,:J_/^_ 2 l+i K j _____ 

The structure of this is the same as that of (3) except for the 
attenuation factors involving the distance which each wave has 
travelled. 

Finally, consider a distortionless line of length l , with open 
circuit at x = Z, and zero initial current arid potential. An B.M.F . 
f(t) is applied at x = 0, t > 0. 

00 

We have only to replace JEJ/p in (4) by / = J e~~ pf f{t) dt , and 

o 

we obtain 


F = / 


cosh q(l—x) 
cosh ql 


= f[e~a x - 1- e~ q( - 2l ~ x) — e-ocaj+a) — # # ^ ( 5 ) 


where g = (p+p)/v. 

To find F from (5) we require the function whose transform 
is e -0 ^/, where a is a constant. By §3, Theorem V, this is 
f(t—a)H(t—a). Using this result in (5), we find 

r_e--/H)flH) + 

+e - P (2i-x)ivf(t__ Ei{t — -■ ~ . 


89 . AL Zwe 0/ length l with initial potential F (0) = /(a?) and zero 
initial current. At t — 0 the end x = 0 is earthed , ZAe x = l 
being left insulated . 
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By § 83 (3) the subsidiary equation is 
dW — 

±l- q w = -C(Lp+R)f(x), (1) 

where q 2 = 

This has to be solved with 

V = 0, at x = 0, 

and = 0, at a? = Z. ^ 

By § 3, Theorem VI, a Particular Integral of (1) is 
G(Lp+R) J f(g) ainhq ( x _^ 


and thus the general solution of (1) is 

X 

V = A sinh qx+B cosh qx— f f(g)sinhq(x — £) dg, 

Q. J 

o 

where A and B are to be found by substituting in the terminal 
conditions (2). These give 

B = 0 
z 

and qA cosh ql — C(Lp-\-R) J /(£)cosh#(Z — £) dg = 0. 

o 

Thereforef 

r - ««**>"*£? !****« + 

0 

+ ° ( V J M. (S) 

X 

As an example , suppose 

f(x) = 0, 0 < a: < a, 'j 

= Q/C', a <x <b, J 
= 0, b < x <1. J 


t This could also have been obtained by using tbe G-reen’s function as in 
§ 68, or by using variation of parameters as in § 42. 
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We determine the potential for x C a. In this case (3) becomes 

v = ^g[sinli 3 (Z-a)-smh ? (Z-6)]. 

Therefore,, by the Inversion Theorem, 

y-f-'ioo 

T Q C e Xc sinh/xa:[sinh/x(Z — a) — sinh /x(Z — 6)] cZA 


2ni J GX+O 

y—ica 


cosh fil 


where /* = [(LX+B)(CX+G)f. 

The integrand is a single-valued function of A with poles at 
the roots of cosh^Z = 0. 

These have been found in § 87 (3) and (5) to be 

^ ==:: 2 ,,.., 

where, as in § 87, we assume v n real for all n. 

As before, using Tig. 10, the line integral in (4) may be 
replaced by 2ni times the sum of the residues at the poles of 
its integrand. 


By §87 (7), 


cosh id 
dX 


A— —p+iv n 


(2^+1 W’ 


and thus the residue at A — — p-\-iv n is, writing tan 9 n = o/v n 
(2n+l)W> pt+iVnt _ ien i ( 2 ^-+1-)^ 

Ci/~1 75* / 9. i CM 


2Cl*vJv*+a*)* 


(2 n-\- l)7ra (2 1 )tt6 


Therefore 

y _ Q™* t 

v ci* e 


V ( 2n + 1 ) ( Q ^ . {2n+l)rrx 

£^1+0*)* {n n ’ 2 1 

^ \ 2 l 21 


* 1 22: 2Z 


for a; < a. The other ranges of # may be discussed similarly. 
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90 . Uniform semi-infinite transmission line , x > 0, with zero 
initial current and potential. At t — 0 a constant E.M.F., E y 
applied at the end x = 0. 

From § 83 (3) the subsidiary equation is 


dW 277 
d*~* v 


o, 


( 1 ) 


where q 2 = (Lp+B)(Cp+G) = ^(p+2a.)(p+2p), (2) 


with the notation of § 87 (4), namely, 

v = (LC)-*, a = Ej(2L), £ = Gj(2C), 

p = a+/?, <r = a— /3. (3) 

The solution of (1), which is finite as as co and takes the 
value Ejp for x = 0, is 


v = jE ' e ~ gz 

V 

And, by § 83 (4), the transform of the current is 
f _ p UCp+GXe-a* 

Therefore, using the Inversion Theorem, 

y+ico 




d A 

A 5 


V = f~. f 
2m J 

y—io 


y+ioo 


d\ 


( 4 ) 

( 5 ) 

( 6 ) 

( 7 ) 


y — ico 

where /z = (l/^)[(A+2a)(A+2/?)]*. 

The integrals (6) and (7) can be evaluatedf in terms of the 
Bessel function of imaginary argument^ I n (z), by using the 


f For an entirely different treatment see Jeffreys, loc. cit., p. 104. A dis- 
cussion using the Inversion Theorem is given by McLachlan, Math . Gazette , 
22 (1938), 37. 

$ X has been used here for current in place of the engineer’s i to avoid 
confusion with The Bessel functions always have a suffix, so there 

will be no ambiguity. 
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integral representation-)’ of this function, namely, 

y-\~% oo 


;)" J “ (Z) “ 53 j e “ 


%u du n >- 1 . 

u n+l 


( 8 ) 


y— ^oo 


We discuss first (6) and, to reduce it to a form similar to 
(8), make the substitution: 

(A+2a)*+(A-f-2/3)* = 
so that (A+2a)*— (A+2/3)* = 2o-£-*, 


£+ 


4cr 2 

T" 


-4p 


V{X 


[(A+2c*)(A+2/3)]i = i{|- 


4o- 2 ' 

T 


( 9 ) 


and 


4! 

d£ dX dX 

£ [(A ;-2a:)(A--2/3)]i' V/j.' 

The path from y — ioo to y-\-ix> in the A-plane transforms 
into one of the same type J in the £-plane, which we shall denote 

y r -hi co 

by | . If we apply the transformation (9) directly to (6) no 


t W.B.F., §§ 6.2, 6.22, or G. and M., p. 53 (43). Formally the result may 
be derived as follows: since t m jml is the Laplace Transform of 59 _m ” 1 (when 
m > — 1 ), we have, by the Inversion Theorem, 


ml 


1 

2i ri 


y-\~icc 

J e 



^W+l * 


y — ioo 


m > — 1. 


Now 


*.(*) ■ 


UJ 

2 


J4*) n+ 2r 

r I ( n-\-r ) I ’ 


Introducing in this the result above, with t — 1, and n+r written for m, and 
assuming we may invert the orders of integration and summation, we have 

V+ico 


JnW 


2 (fc) n +* r r 

27 rirl J 

*0 y — ioo 


L dX 

^«+r+x 


y+ ioo 00 



Ml 

2 7T% 


y+ioo 


J 


^A4-js 2 / 4 A 


dX 

X n+ 1 * 


y — i 00 r = 0 y — ioo 

For a complete proof, see references above. 

J It is, of course, not a straight line but can be deformed into the line 
(y'—^oo, y'+^oo) by Cauchy’s theorem. 
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simplification will result, but the last result of (9) suggests that 
we evaluate first 

gAt~p.x 


= — - f 

2 ni J 


y-i 


VJUL 


d\, 


( 10 ) 


which becomes, on making the substitution (9), 

y'+i co 


X “1S I f“p{-^+K(‘-;)+f(‘+;))- < n » 


y' — ica 

If t > xjv, putting ii(t—x/v) 
n = 0: 


u in (11) we have from (8) with 


e~» l L 


VK')] 


t > ' 


( 12 ) 


For the case t < xjv consider the integral of the integrand 
of (11) taken round the contour of Fig. 17, consisting of portion 
of the contour (y'—ico, y'-\-ico) completed to the right by 
portion of a circle of radius E and centre the origin. The 
integrand is regular inside and on this contour and has no poles 
within it. Thus, by Cauchy’s theorem, the integral round the 
contour is zero. It is easy to show that in the limit E oo 
the integral round the circular arc vanishes. Thus we are left 
with 

X = 0, t < (13) 


Combining (12) and (13), 

y+ico 


X = 


2 m 


/ 


gXt—fxx 

VfJb 


dX — e~P l L 




Hlt-t , ( 11 ) 


y — too 

where H{t) is defined in § 88 (2). 

Integrating (14) with respect to t from 0 to t gives, assuming! 


f These operations and also those leading to (16) may most easily be 
justified by using the paths L and L / of §58. It is easy to show that the 
integrals round the portions BB" and A A" of the large circle in Fig. 16 va n ish 
in the limit as JR = oo, and thus the path L (y—io o, y-\-ico) can be trans- 
formed into the path U . Then all integrals concerned along L' can be shown 
to be uniformly convergent. Also, in this way, it may be verified that (6) and 
(7) satisfy the differential equation (for t ^ xjv). The proofs follow the lines 
of the example given in § 68. 



Fia. 17. 


that we can invert the orders of integration on the left-hand 
side,f 


y-f-ioo 

1 f 

27 ri J vXfz 

y—i r oo 


0 

= /— *■ t> * lv - ! ci«» 

xjv 

= 0, t < xjv. 


t Using Fig. 17 it can be shown that 

y + ioo 
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Differentiating (15) with respect to ^;^lssuming that the 
orders of differentiation and integration th^ left-hand side 
may be interchanged, gives 

y+ico 

1 r — e te-px i 

27ri J A 

y—ico 

= e-P*l v + — 

V 

xjv 

= 0, t < x/v, 

where we have used the results 


J J( t*-xVv*) ’ > X/V ’ 


(16) 


A 

dx 


I 0 (x) = ii(x), 


(17) 


and I 0 (0) = !• (18) 

The left-hand side of (16) is the integral required for V in (6). 
Therefore finally 


V = 



e -rr Ii[v(t 2 —x 2 /v z )1] 
(t 2 — x 2 /v 2 )* 



Thus the potential at the point x is zero until time t — xjv, 
when the disturbance reaches it; it then jumps to Ee~P x ^ v and 
varies according to (19), its final value as t oo beingf 


CO 

v/x 


x 2 /v 2 )* 

. E1a-(2xIvW(ocB) , 


ITT E*/3\ 


f From the Inversion Theorem and (14) we have 

w - J - J 5)*] *• 

0 x/v (20) 

Differentiating with respect to x gives, using (17) and (18), 

e-(a/f>)(p+A)^_£^ f e -t(p+A) ^ 

-y J (tZ — xZ/V 2 )* 

xjv 

since the last integral is uniformly convergent. Also both sides are continuous 
functions of A ; so letting A -»• 0, 

eras f ./ 1 [a(£ 2 --.aj 2 /'U 2 )4'] 
e -(2 £K/U)V(^)_ e -pX/tJ ; . e -p^_iy / L -J 

V J ( jfi 2 — X^/V 2 )* 

xjv 

Dd 
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To determine the current we have, by (7), 


Therefore 



+ 2 1 j (2D 

xlv ' 

using (14) and (15). 

Thus I — 0 for £ < xjv] at £ = x/v it jumps to JEJ*J(C / L)e~P x ^ } 
andf as t -*■ oo, I E^OjaL)e~^^ = E<J(G/£)e-^ R W. 

91. Uniform semi-infinite transmission line , rr > 0, with zero 
initial current and charge. E.M.F. f(t) applied at x = 0, for 
t > 0. 

00 

Let /(#>) = J e^f(t) dt, then, proceeding as in § 90, we obtain 
o 

in place of (6) and (7), 


y+ioo 


F = JL 

Am 

J e ^~^f(X)dX, 

(i) 

y- 

-ioo 


i = JL 

2m aJ 

•y+ioo 

(2) 


y~~% oo 


To evaluate (1) we notice that using §90(14) and §3, Theo- 
rem VI, 


t Tutting A = 0 in (20) gives 


f e“P*I 0 [ 


J °L 

ajv 

\ V 2 ] J 


lim e-P t I 0 [a{t 2 —x 2 /v 2 )k'] — 0, since p > <r. 


Also 
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y+% oo t 

y—ioo 0 

t 2 \ 

= J /(^— r ) e_pTi o[°'( 7 ' 2 -^j"j &r, f > xjv, I (3 , 


x/v 1 

= 0, t < xjv. 

Differentiating - )* (3) with respect to x brings the left-hand side 
to the form (1); thus, using § 90 (17) and (18), we have 

y+ico 

V = J~. f dX 

2m J 

y — ico 

x/v 

= 0, t < x/v . (4) 

To find the current: Differentiate (4) with respect to a, 
using p = a+/3, o- = a— /?, p, = (l/v)[(A+2a)(A+2/?)]*, and we 
obtain 

y-M°° v - 

1 x f (A+2/3)e^-^/(A) cZA 


1_* r 

2rri v J 




•m \ — ScW)*] , 


+ crf(t-T)e-PrI. 




dr , > x/v, 


0, £ c x/v. 


t Assuming that the integral can be differentiated under the integral sign, 
which implies conditions onf(t). 
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Thus, using (2) and the result £/-[(£)+/ 1 ( 2 ) = zl 0 (z ), we have, 
for t > xjv, 

t 

+ J f(t—r)e-P T 

xjv 

If a = 0, the integrals in (4) and (5) disappear, and the 
potential at x follows accurately that at x = 0 with a time lag 
xjv and a constant diminution in amplitude. Hence the term 
'distortionless 5 line. 

92. A doubly -infinite line , — oo < x < oo, with initial potential 
F< 0) = /(#), and initial current J(°> = ^(^). 

The subsidiary equation § 83 (3) is 


\ ( T 2 — x 2 /v 2 fi 0 


r / 2 ^ 2 \4i\ 
LT J) 


dr. (5) 


dx 2 = Z^(*)-(7(2^+2l)/(*), (1) 


where, in the notation of § 90 (3), q 2, = (l/^ 2 )G?+2a)G>+2/?). 

We solve (1) by finding the Green’s function f G{x,£) for the 
differential equation 


and boundary conditions, 

F finite as # -> zb°o. 

Let it be G(x, f) = Ae~^ x , x > £, 

= a; < f . 


(2) 

(3) 

W 


This will satisfy (2) and (3). It has also to satisfy the conditions 


and 


G(x } £) is to be continuous at x = 



t See § 68. Variation of parameters may also be used. 
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Substituting from (4) these give 

= 0 , \ 

—Ae-ti—Be^ = l/q. J 

Thus A = — L e af, B = — 

2 q 2 q 

Cf(x,i) = — L e -«<*-£, * > i, ) 
and 1 (5) 

= — 2^ ea(a_f) > * < £. J 

Thus, as in § 68, the solution of the non-homogeneous equation 
(1) and boundary conditions (3) is 

V(x)= f G(g,x)lLg'(£)-C(Lp+B)m]dg 

— oo 

X 

= ~ J [C(i2>+i2)/(a-i^'(l)]e^W + 

”°° ~ 
co 

+ L J [ C(Lp + B)f(i) - d£. 

X 

Putting £ = x — vr] in the first, and f = x-\~vr) in the second of 
these, we get 

00 

V(x) = Y q J {0(Lp+B)[f(x-v v )+f(x+v v )]- 
0 

^L[g'(x-—V7])-\-g r (x-{-V7])']}e-^ v ' r J dr) 

00 

= ^ J [i2(?/(a;— ^)+.RC//(a:+^)— 

0 

— Lg'(x~vrj)— Lg'(x-t-vr))]e~2 V7 ) drj + 

CO 

+ LCpv j ^ x _ v ^ + ^ x+vr] ^ e . m dr] 

= ?!(*)+?>(*), say. (6) 

We consider the two parts separately. Taking first V x {x), 
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applying the Inversion Theorem, and assumingf that the orders 
of the A and rj integrations may be interchanged, we have 

00 

V x {x,t) = ~j [ZCf(x-v v )+BCf(x+v v )- 
o 

y-fioo 

J pAl—txvv 

dX, (7) 

A 6 

y—ioo 

where y — (l/^)[(A+2^)(A-|-2 y 8)] i . 

The contour integral in (7) has been evaluated in §90(14), 
so, inserting this value in (7), we find 

00 

V x {x,t) = K“J [BCf(x~vr,)+BCf(x+v v )- 
0 

— Lg^x^VT])^ Lg' (x^V7])]e-P i I 0 [cr(t 2 -~~7]^]H(t---7]) di) 

t 

= %v 2 e~p£ J [RCf(x~V7])— Lg r (x—V7))]I 0 [a(t 2 —7] 2 )^] drj + 
o 

t 

J [RCf(x+V7])— Lg'(x+vr))]I 0 [cx(t 2 ~r] 2 )*] di ?. 


Putting cc — V7j = £ in the first of these, and x+vrj = £ in the 
second, we have finally 


x+vt 


V t (x,t) = J [JJCJf(f)-2^(f)K,[or(*»-^-i^*] if. 


x—vt 


(8) 


To evaluate !£(#, £), we have from (6) and the Inversion 
Theorem 

y+ioo 00 

= J j [f( x —v v )+f(x+vr))]e^w dr). 


y — ICO 


t To justify this, conditions must b© imposed on f(x) and g{x). The same 
remark applies to the operations involved in evaluating V%(x, t). 



ELECTRIC TRANSMISSION LINES 


207 


Integrating this equation with respect to t from 0 to t gives 

t y+ioo co 

j* V 2 (x, r) dr = J J [/(*—' vr))+f(x+V7])]e-W* dr) 


y — too 


y+ioo 


& 


M—'rjfxv 




dX. 


= J [f(x—l>r))+f(x+vv))] dr, j 

0 y—ioo (9) 

The contour integral in (9) has been evaluated in §90(14), so, 
inserting this value, 

t 

J V 2 (x,r) dr 
0 00 

= ^LCv z e-P l j [f(x—V7,)+f(x+Vr,)]I 0 [o(t z —r, 2 )i]H(t—7]) dr, 

0 

t 

= I e~P l j [f(x—Vr 1 )+f(x+V'r))]I 0l [(?(t 2 —r, 2 )l] dr, 

x—vt 

Differentiating this with respect to t , and using the results 
/ 0 (0) = 1, Iq(x) = I^x), we have 
V 2 (x,t) = ie-r^lfix+v^+fix—vt)]— 

x+vt 


2v 


x—vt 

x+vt 


+ 


at c -ol f f ( e ) W*-(*—€)‘/iP] i } d e no) 

x—vt 


Adding (8) and (10), 

V{x,t) = le-ptifix+vty+fix—vt)]-^ 

x+vt 

++* J [<*< 0 -+<+{+-^]*} « + 

x—vt 

x+vt 


jL.—e-P 1 f — ^P 2 /^ 2 ]*} fit qi) 

+ 2v J /(f) [t 2 -(x-£) 2 /v 2 f ( ) 


x—vt 
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In the 'distortionless 5 case, a = 0, this becomes 

x+xt 

V(x,t) = U-Plf(x+vl)- r f(x—vt)]~^ c e-P l J g\g)dg. 

x-vt (J2) 


93. The finite line with none of R, L, G , G zero. 

In § 88 a method was developed for expressing solutions in 
terms of successively reflected waves, and this was applied to 
the pure wave cases R = G = 0 and RjL — G/C. It may now 
be applied to the general case. 

For the problem of § 88 we have, by § 88 (4), 


Tjl 

V == — e -q(2l+x) — e ~<z(4?~x)_J_ > £2) 

!P 

where q = ( l/v)[(p+2oc)(p+2/3 )]*. 

The function whose transform is (1 lp)e~~ ax has been found in 
§ 90 (16); using this result in the terms of (1), we have 


f - j — - * *H)+ 

' X lv J 

V (21-X)lv J 


Thus, in addition to the terms of the first column which repre- 
sent the arrival of successively reflected waves, there are the 
terms of the second column representing 'tails 5 of these waves. 

The case in which the E.M.F. applied at x = 0 is an arbitrary 
function of the time can be dealt with in the same way using 
§ 91 (4) in the place of § 90 (16). 


94. Non-uniform lines . 

If the parameters R, L, G, O of the line are functions of x , 
equations (1) and (2) of § 83 still hold, but in place of (3) we 
shall have for V a linear second-order differential equation 
whose coefficients are functions of x. 
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As an example consider Heaviside’s ’Bessel cable’ in ■which 
L = L'/x, R == R’ lx, G = C'x, G = G'x, 

where L’, R', C' , G' are constants. Then, if I ro >(x) = V m (x) = 0, 
equations (2) of § 83 become 


Hence 


(L’p+R’)l= 

x dx 

(C'j>+o>f_ —S.. 


dx s x dx 


0 , 


( 1 ) 


dV 


where q ' 2 = (L'p+R')(C'p +G'). Also I 

_ L’p-\-R’ dx " 

The general solution of (1) is F = AI 0 (q'x)+BK 0 (q'x), where 
and 5 are to toe found from the terminal conditions. If 
L’ — G’ — 0, the problem is of the same type as those on radial 
flow of heat in circular cylinders discussed in Chapter VI. 


E e 


4695 



CHAPTER X 


ELE CTRIC WAVE AND DIFFUSION PROBLEMS 

95. The Maxwell equations for a uniform isotropic mediumf of 
dielectric constant k, permeability /a, and conductivity a, are 


i XT 4770* ^ , K 0E 

curlH = E+--— , 

o c dt 

(i) 


(2) 

divE = il£, 

(3) 

divH = 0, 

W 

where E and H are the electric and magnetic field strengths, 
and p is the volume density of free electricity. E, k } p, and a 
are measured in electrostatic units, and H and p, in electro- 
magnetic units. 

, Multiply these equations by e~ pt 3 p > 0, and integrate with 
respect to t from 0 to oo. Then, if E (0 > and H (0) are the values 
of E and H when t = 0, and we write E and H for the vectors 
whose components are the Laplace Transforms of the com- 
ponents of E and H, we have from (1) to (4) subsidiary 
equations 

curlH = ^E+^E-gEW 

(5) 

curlE = — ^H+^H<°>, 
c c 

(6) 

divE = — p, 

K 

(7) 

divH = 0. ‘ 

(8) 


f The medium is supposed not to contain discontinuities of electric or 
magnetic force. For a discussion of cases in which it does, see Bromwich, 
Proc. Lond. Math. JSoc. (2), 28 (1927), 438. 
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From these we obtain, on eliminating E and H respectively, 
V 2 H— tf 2 H = H<°>+ - curl E<®, (9) 

p C J 

V 2 E— g 2 E = graddivEM-^jpE®— ^onrlHW, (10) 

where cf = (H) 

The general solution of (9) and (10) may be obtained by the 
methods of Potential Theory, and E and H then follow on 
applying the Inversion Theorem. For an application of this 
method of procedure in a similar problem see § 105, also Brom- 
wich, loc. cit. In particular cases, however, it is usually easier 
to write down equations (l)-(4) in the appropriate curvilinear 
coordinates and to solve directly the resulting subsidiary equa- 
tions. 

In the following sections we shall confine ourselves to two 
simpler cases i 

(i) a non-conducting dielectric 

<t=0 5 ? = (12) 


(ii) a good (metallic) conductor in which the displacement 

current may be neglected in comparison with the conduction 

current. Here A 

2 _ 477-071 _ 


-P- 


(13) 


96. A flat conducting plate , —a < x < a, —00 < y < 00 , 
— 00 < z < 00 , is initially free from electric and magnetic fields . 
At t = 0 a magnetic field H 0 cos art, parallel to the z-axis , is estab- 
lished at both faces x = 

Here, since all quantities are independent of y and z, the 
subsidiary equation is, byf § 95 (9), 

=0, -a <x<a, (1) 

where a 2 = pile and k = , (2) 

47TCr/£ 

t This may, of course, easily be obtained from first principles without using 
the general equation of § 95. 
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This is to be solved with boundary conditions 


EL 


pBo 


when x = ±a. 


The solution is 


,p 2 _-|_ co 2 ? 

^ _ PH 0 coshqx 


therefore 


J5L 


£> 2 ~f-co 2 coshga’ 

y-Moo 
/ •“< 


y-Moo 

J5T 0 f cosh vx A cZA 
2iir 


(3) 

(4) 


cosh va A 2 +o> 2 ’ 

1 y~'ioo 

wheref v = 

The integrand is a single-valued function of A. Proceeding in 
the usual way, using Kg. 10, we find that the integral in (4) 
may he replaced by 2in times the sum of the residues at its 
poles. These poles are A — ±io» and A = -Tc(n- f-£) 2 7 r 2 /a 2 , 
n — 0, 1,... . 

The residue at A = —k(n+^) 2 7r 2 /a 2 is 
4P7r 3 (2n+l) 3 (— l)»+i 


j-Kn+JMs’ COS(W-f|) 


7 TX 


F(2n+l)V^+16o> 2 a 4 
The residue at A = ico is 

. l e to '— — i^ooa hcu^ l-fi) 
cosh a(icu]k ■)* cosh o/a(l+fcj ? 

'where cu' = (co/2 &)*. 

This reduces to 


(5) 


where 

and 


%p e i(o>i-y) 9 

R =z / c ^h 2co'#+cos 2 o>V\|- 
\cosh2co'a+cos2co'a/ ? 


(6) 


tany = sinh co r (^~— #)sin o/(a+?) +si nh o> / (a+^)sin o/(a— x) 
cosh co'(a~-x)cos co'(a-j~x)-j- cosh co'(a+#)cos co'(a—x) * 


Thus, finally, 
jEL = 


(7) 


(2tt+l)*( — l)*+i 


4Jc 2 tt z h, V ir^ r , ix ^ k(n+i) wi a * , 

°Zfc 3 (2«+l)M+16a. 3 ^ C ° S(n+i) T e + 

+j8jy o cos(co£— y), 

t Throughout this chapter v will be used in place of the usual /x for *J(X/k) 
to avoid confusion with the permeability. 
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where /? and y are given by (6) and (7). The last term is the 
usual expression for the steady state magnetic field. f 

97. The expressions for the Maxwell equations in cylindrical and 
spherical polar coordinates ;|; are collected here for reference. 

I. Cylindrical coordinates. (1) and (2) of §95 become 


sh* 

r 86 

I 

£1* 

1 

/ 477(7 K 

\ c 'c dt, 

)k> 

(1) 

8H r 

8z 

__a% = 

8r 

k d ) 
\ c * c dtj 

\Eg, 

(2) 

8(rH e ) 

rdr 

8H r 

rdd 

( 4 7rcr i K ^ ^ 
\ c ^ c dtj 

K 

(3) 

8_E e _ 

1 

1 

1 

fx dH r 


(4) 

r86 

8z 

~~c "dt 9 


8E r 

_8E S = 

y, dH d 


(5) 

8z 

dr 

c dt 9 


8(rE g ) 

8E r 



(6) 

rdr 

rdd ~ 

c dt 



We shall require only the case in which all quantities are 
independent of z so that the terms in the equations above 
involving derivatives with respect to z disappear. Equations 
(l)-(6) then fall into two groups of three, namely, (1), (2), (6) 
containing H z , E r , and E e , and (3), (4), (5) containing H r , H e , 
and E z . 

The subsidiary equations for the first set are 



8H Z . 
r 86 1 

'fr+^E-^EP, ' 

{ c c 1 c 

(7) 


II 

1 


(8) 

8(rE e ) 

rdr 

1 8E r 

r 89 ~ 

-£p%+£Hp>. 

C (s 

(9) 

f Russell, Alternating Currents, 1 (2nd ed., 1914), 495. 

t For the change of variables see Weatherbum, Advanced Vector Analysis 


(1924), §11. 
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Substituting from (7) and (8) in (9) gives 

1 8 \jH a -\ , 1 8*1 % rAVf _k 8(rEf) 
~r 2 86 2 ' 


r 8 hj 

■ r-~ ■ 

■ L _ 


KdEP 
o r 86 


where, as before, 


4^ ,^ 

c* 2 


When H z has been found from (10), E r and Eq are obtained 
by (7) and (8). 

For the second set the subsidiary equations are 


8(rHg) 
r 8r 

8H r _ 
rdO 


(12) 


8E a _ 
r 89 

-t p E r +^-HW, 

C C 

(13) 

- 

1! 

3r=> 

i 

-ZpBe+^BP- 

(14) 


Hence 


1 8 T 8EJ f 1 0 2 i % 2j7i 


/x 8H^ /x 8(rll^) K fjL 
c r 86 c rdr c 2 




II. In spherical polar coordinates (1) and (2) of §95 become 
1 . nrrv 8Hf)l ( 4 : 7 Ta , K d\rrf 




L 0<£ 0r j 

1 \ 8{rH e ) 8H,1 

r I 8r 89 


1 p(rjfy) gg.1 
r L 8r 86 J 


f 4xrar K 8' 
t c + c 8t 

4:7TCr K 8^ 

~c 0* ; 

lx 8H r 
~c ~~8b ’ 

&Hq 
c 8t ’ 

c 8t 


If the system is independent of <j>, these split up into two 
sets, namely, (16), (17), (21), containing E r , E e , and (18), 
(19), (20), containing H r , H e , E^. 
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The subsidiary equations for the first of these sets are 


_i 8{rH * ] = i 

r 3r ' 
1 3{rE 0 ) 1 dB r _ 

r dr r 3d 

whence, eliminating E r and Eg, 


(4,-na Kp\ p 

IT+#' 

4ttct «y\n 

T + Tr 


= -^+7 H P’ 


C 


l 1 [A |-(sin0£L)] — 

r Sr a ^ r* ddlaind 89 y 0 'J a 0 


.?!#«»,* 8(r ^ 0)) 
n ^ rc dr 


/c ajfco) 
rc d0 


98. circular conducting cylinder 0 < r < a is initially free 
from electric and magnetic fields. At t = 0 a magnetic field 
H 0 cos oji is established outside the cylinder parallel to its axis. f 
The system is independent of both 0 and 2 ; so by § 97 (10) 
the subsidiary equation is 






0, 0 < r < a, 


where q = *J(p/Ic) and h = . (2) 

4:7r/xcr 

The boundary condition is 

™ w hen r = a. (3) 

p 2 ~\-co 2 

This system of equations is exactly that discussed in § 54 with 
H z in place of v, and k in place of k. Thus, writing co' = ^(co/k), 
we have, using § 54 (7), 

r r rr ,bera/r berco'a4-beia)Vbeia/& , 

Jtl z = /f n cos oj£ — - — - — L - — — — , h 

ber 2 o> a+bei 2 <jo a 


+H q sin cot 


ber co'r bei a'a— bei oo'r ber co'a 
ber 2 6t/a+bei 2 oj'a 




c -kotU Jo( OL s r ) gf 

J f Q(<x s a) Z; 2 af+io 2 ’ 


f Cf. Russell, loc. cit., pp. 503 et seq. 
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where 

5 = 1, 2 ,..., arc the roots of J 0 (oca) = 0. (5) 

Similarly , if the external magnetic field is constant H 0 , the 
result follows from § 53 (10): 


JUa,a B Y 


where the are the roots of (5). 


99. An infinite hollow conducting cylinder a < r < 6 is free from 
electric and magnetic fields. At t = 0 a uniform magnetic field 
is established outside the cylinder and parallel to its axis. 

Since all quantities are independent of both 6 and z s the 
subsidiary equation is, by § 97 (10), 

a<r<i ■ m 

where qf = pjk and k = c 2 / {Amoy). (2) 

Also, by §97 (8), (3) 


The boundary condition at the outer surface is 

H z = H 0 /p, when r = b. (4) 

That at the inner surface may be found :[; most easily as follows: 
Neglecting displacement currents, the magnetic field in the hol- 
low interior is independent of r, and thus has the value at the 
inner surface r = a. Also H z and Eq are continuous at r = a. 
Now § 95 (6) gives 

curlE = — r < a, 
c 

t The problem of the decay of magnetic field in a cylinder when the external 
field, is removed may be treated in the same way. It is discussed in detail 
by Bromwich, Proc. Lond. Math. Soc. (2), 31 (1929), 209. 

t It may also be obtained by a limiting process, e.g. regarding the interior 
0 r < a as having conductivity a x and taking the limiting form of the 
boundary condition at r a a as a t 0. 
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and. thus, taking the line integral of E round the circle r = a f 

we find __ __ 

27 tclEq = H z , when r = a, 

o 

or Ea = — ~ IE, when r — a, (5) 

2c 

and this is the required boundary condition. 

The general solution of (1) is 

H z = AI 0 (qr)+BK 0 (qr), 

and substituting in (4) and (5) we have for A and B 

AI 0 (qb)+BK 0 (qb) = H 0 / P) } 
A[M' 0 (qa)-qI 0 {qa)]+B[KK' 0 {qa)-qK 0 {qa)] = 0, / 

where h — 2^/a. 

Solving, we find 

fi o - z o(9' r )[^o(9'«)— 9'-^'o(2 a )]— -S 0 (9' ? ')[^^ote a )— 

* 3» io(26p^o(g«)-^ 0 (2«)] - W)[A^(ga)-fIo(?«)3 " 

( 6 ) 

Thus, using the Inversion Theorem, 

■% = 

y + 100 

f ^Uvr)[KK'*(va)~vK { tt M)]-I 0 (#/;W-vJ 0 H] 

2&V J ^o(^)[^^To(^) — ^i^o(^)] — A ’ 

y ” io ° # (7) 

where v = *J(A/Jc). 

The integrand of (7) is a single -valued function of A with a 
pole at A = 0. To find its other poles put A = — hoc 2 in the 
other factor of the denominator, which becomesf 
D(a) 

= I Q {ibcI)\JiKQ(i(ioi) — ^cd5T 0 (ie&a)] — K 0 (iboc)[hlQ(i(icx) — ioLl 0 {iaoL^\ 

= -iirr{ J 0 (ba)[hY x (aoL) -aY 0 (aoc)] -Y 0 (boc)[h J x {aa) —a J 0 (aa)]}. 

(8) 

It can be shown that the zeros of (8) are all real and simple. 
So if these are ± a u ±a 2J ..*, the P°l es °t the integrand of (7) are 
A = 0 and A == — k<x% s — 1 , 2 ,... . 

t Uiz) = J 0 (z), K Q (iz) = ~l7ri{J 0 (z)-iY 0 (z)}, 

Y' 0 (z) = -Y x (z). 

4695 F £ 


J' Q (Z) = 
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Then using the contour of Fig. 10 it follows in the usual way 
that the lino integral of (7) equals 2in times the sum of the 
residues at the polos of its integrand. 

The rosiduct at A 0 is 1 . 

Using (8), wo see that the residue at A — ~k<x~ is 
— irre~ ka ' 1 X 


v (««*) - lo(«rt„) ]• - T 0 (r«,)f A./1 (ffln*,) —oc s J 0 (ac: 8 )]} 

aldDM/da], " • 

Now from (8) ^ 

2 i dD(at) 

7 T da 

— — 6J 1 (6a)[A.y i (ao;)— tvf; ) (aM)] + tK 1 (6™)[7(.,/ 1 (ffl«)— ad' 0 (aa)]+ 

+ ^ -/ 0 (6a){a(aA— 1 )Y 0 (aa) — (h—acx^Y^aa )} — 

— » Y 0 (ba){oc(ah— 1 )J 0 (a<x) — (A— am 2 ) (an)}, (10) 


where we have used tho recurrence formulae 


Z J n{ z ) =— 'a>/„ (z), 1 

YY n (z) — YY. n _.y(z) nY u (z). ) 
When a = a s , a zero of (8), we have 

,../o(K) = Y a (ba s ) 

hJ^aoi^—ocg J 0 (aoc 8 ) AF 1 (aa 8 ) — a 3 Y 0 (atx s ) 

Introducing this in (10) and using the result 


(U) 


say. (12) 


^ r o( z W 1 (z)—Y 0 (z)J 1 (z) = - 2 , 

7TZ 

we get 


2 i pD(q) 1 
7T [ dot J 


a=a. 



(13) 


= 2 ((ft a +“f ~ 2A/a)^ (6 0tj )-rA J. (to.) -3 «P) (14) 

7ra 8 J 0 (6oi a )[A«/ 1 (oaJ— a s J 0 («“ s )] ’ ^ 

t 7 0 (z) = l + iz a -|-.", K a (z) = — logiz+ — 
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Thus, finally, we obtain 

B z = H 0 + 

r T V k0i ul hJ i( a *s)~ a s J o( a <Xs)] 2 {M r *s)Yo(bu s )~Ya(roc s )J 0 {boi s )} 

hi " (^+^-2A/a)Jg(6<x s )-[AJ 1 (^)-a s J 0 (aa s )]^ * 


100. An infinite conducting circular cylinder of radius a is free 
from electric and magnetic fields. At t = 0 a magnetic field which 
is uniform at a large distance from the cylinder is established per- 
pendicular to the axis of the cylinder. The disturbance in the 
region outside the cylinder is supposed to be propagated infinitely 
rapidly. 


The z-axis is chosen along the axis of the cylinder, and the 
ic-axis in the direction of the applied field H 0 . 

The field outside the cylinder is given by 


JBL 


dcf> 
dr ’ 


B e =~ 


dcf> 

rde 9 


where V 2 <£ = 0. (1) 

Also H r and Hq are to be chosen so that 

H r ~>H 0 cos 9, H e -h—H 0 $in.6, asr->oo. (2) 

A solutionf of (1) satisfying (2), and with cf> proportional to 
cos#, is 


£ = .jy o r-fyjcos(9, 
H r = (*+£)0O.* f 
H e = (-H 0 +^sm6, 


( 3 ) 


where A, a function of t, is to be determined from the boundary 
conditions at r — a. 

Within the cylinder we have to satisfy §97 (13), (14), (15), 


t Throughout this chapter, as in the corresponding static problems, we 
merely seek a solution satisfying the prescribed conditions. The question of 
uniqueness will not be discussed. 
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-with H ! r (,) = Ii^ ] = — 0 and cf — 4t rapp/c 2 . Then § 97 (15) 

becomes 


„ 0 

r dr\ dr / V 2 80 2 H 3 
Here let E z = X(r)sin$. Then X must satisfy 
d*X 1 dX ( 2 . l\ , r A 

*T+ ; *-(2*+^ 0. 

Therefore, choosing the solution which is finite at r ■■ 
X = BI x (qr), and E e — BI. x (qr)sm.O . 
Hence, using §97 (13) and (14), 


0, 


H = 

r wrdO 

ff„ = - C : 
fip dr 


qc 

M? 


Bl^qrjcosO, 

fAjpr 

BI[(qr)8mQ. 


r < a. 


Also, from (3), 


IB 


(Ho , -4\ 

W + v»J 


COS0, 




r > a. 


(4) 


(5) 


( 6 ) 


The boundary conditions at r = a are continuity of tangential 
magnetic force and normal magnetic induction. These require 


— BI[(qa) = -^ + 4, ] 
V-p p 'a 2 1 


c 

a !P 


BIi{qa) = 


H 0 . A 

p ' a 2 ‘ 


Solving, we have 


jg ___ 2fiaH 0 

ciaql^+fil^qa)]’ 

A = — M-?i(g «) 

P 2ali(qa)+pli(qay 

Substituting these values in (5) and (6) gives the transforms 
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of H r and Hq inside and outside the cylinder. We consider only 
the interior of the cylinder, then, from (7) and (5), 


H r = 

B e = 


2 aFI n 


k (V) 


cos 0, 


pr [aql x (qa)+nl x (qa)] 

_2qaIIo . *i(gr) sin0 

P [aqK(qa)+ f J.I 1 (qa)] 


Prom (8), by the Inversion Theorem, 


< a, 


r < a. 


( 8 ) 

( 9 ) 


aH 0 coed '"Te** dX 

■nir J A‘a7(A/F)i'{aV(A/^)}+/x/ 1 {aV(A/^)} ’ 

y — too 

( 10 ) 

where h = c 2 /477<t/x. 

The integrand of (10) is a single-valued function of A. Its 
poles are A = 0, and A = — (7^/a 2 )a :}, 5 = 1, 2,..., where the 
are the roots (all real and simple) off 


* Jo («)+(/x—l )/!(«) = 0. 

Since 

■ r^[*J r 0 (*)+o*-i)^(*)]i = 

*- -h= a s ^ 

the residue of the integrand of (10) at A = —koil/a* is 


2(/*—l) M roi .J a ) p—koLltla % 

^(“H-^ 2 — *) ^o(“a) 

Also, since I x (z) = 2 -J-Jz 3 the residue at A = 0 is 


So, finally. 


r 

«(H-i )‘ 


Similarly, 


2-Hp cos 9 ^ 4«(^— l)ff 0 cos 9 JjjroJa) e _ M</a . 

F+l ^ ^“ s (“!+^ 2 — !) ^oK) 


2ff 0 sinfl ^ l)g 0 sinfl J x (rix s ja) 

/*+! (“s+Z^ 2- O ^o(«s) 


f It is supposed that ^ > 1. If ^ == 1, the denominator of (10) reduces 
by the recurrence formula zl' x {z)~{-l x (z) — zl 0 (z) to 

aV(A/&)I 0 W(Wh 

A problem with fx — 1 is discussed in § 101. 
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The problem of a conducting upbore placed in a uniform 
magnetic field may be treated in a similar way. 

101* The problem of §100 with an oscillating field If sin cot in 
place of the constant field If. 

Here If/p is to be replaced by colf/ip-f a/ 1 ) in §100(10), 
giving 

Tj = awU Q cob 0 C ft" I^vr) , /A m 

r irrr J A 2 + CO 2 Uv l [ ( 1 >( 1 ) \ fi f ( va ) ’ ^ ' 


y 


where v = f{X/k). 

Here we consider only the case p r- l (nee footnote on p. 221) 
in which (1) becomes 

^ff.co.9 f »» (2) 

Trtr J A^+or avf{va) } 

The poles of the integrand of (2) are 

A = ±io> and A — &«J/a a , 

where ±o^, s = 1, 2, 3,..., are the roots (all real and simple) of 

Jito - 0. 

The residue of the integrand of (2) at A == ica is,f writing 
a/ = f(to/fc), 

e ia>i Ifrco'i*) __ e i0)t ber x rco'~{~i hoi l rto' 

2ico aa>'i*f(ra>'i*) ~~ 2coa/ai* ber aa >' + i bei aco' ’ 

The residue at A = ~~/ra|/a 2 is 

/l(<X s ) 

Therefore, 




2H 0 cos # [berf co r+beifca r j r . t , 

. — 2—— r4-T— -7- 2 COS[cotf — — S 0 ]+ 

rco L^ er2a; a +^ ei2< ^ 


4a 3 &coH 0 co sfl ^ 
r .ZL, 




where tan § x = 

ber x ra> 


^6 & 2 af+co 2 a 4 J x (o:*) 
bei ato' 


tanS n 


0 ber act)' * 

t ber n ar-l-'i bei^a; = e* niri l n (aJe i7rlC )* 
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102, Charge is bound with surface density D cos 6 on the surface 
of cc perfectly conducting sphere of radius a. At t = 0 the charge 
is released . To find the disturbance in the medium (a: = /x = 1, 
cr — 0) outside the sphere . f 

The initial conditions arc the electrostatic field of the charge 
distribution DcosQ, namely, 


M 0) 


2 A cos 6 


M 0) 


A sin 9 


mo) = 0) 


where A = 2ttDo? . 

The problem is independent of <f>; so we use the subsidiary 
equations (22), (23), (25) of §97. These become 

. '[sin 

rsin#a# L c r 


1 d(rE+) 
■- dr 


P 


Eg- 


er* 
A sin# 


cr* 


( 1 ) 

( 2 ) 


1 &{rH$ , 1 # [ 1 3 

r dr~ + r 2 3# [sin# 80 


P ff 


0. 


(3) 


These have to bo solved with boundary condition E d = 0, when 
r = a, for every 0. Because of the occurrence of sin# in the 
right-hand side of (2) we seek a solution of (3) of the form 
= jR(r)sin0. Then (3) gives for B 

1 d*(rB) 
r 


.(*+£) 

\r^c 2 ) 


B = 0. 


To solve (4) put B 


dr 2 

■.r-*Y. Then Y satisfies 


(4) 


d*Y , 1 dY I 9 , p 


... _ --L- 

dr 2 r dr 


\4r 2 


+ 


$ 


The solution of this, which remains finite as r->co, is 
T = BK^prjc). Thus 

— Br-tRi (pr/c)ain 6 . (5) 

The boundary condition Eg — 0 at r — a now becomes, 
using (2), 


; [£M5))L- 

f Love, Proc. Lond. Math. Soc. (2), 2 (1904), 102. 


B 

a 


car 



224 ELECTRIC WAVE AND DIFFUSION PROBLEMS 


Hence, using the result 


W-(£)*e-*(l+i). 


we find i? = 

/2jpU 

\7tc) jra-^pac+c 2 ' 


Therefore, = -J. c-P<r-a)ic 

9 r 2 (^ 2 a 2 +^ac-[-C“) 

(6) 

and from (1) and (2) 



p ___ 2J. cos# 

2aA(pr+c)oon9 ^ n(r _ a)lc 

(?) 

pr* 

pr z (phi l -\~pac-\~cr) ' 

^ J.sin# 

9 pr 3 

. A(p^+pro+c^) Rin Q e _ 3 , (r _ a)/(! . 
(p a a a -j-jpac "1 - c 2 ) 

(8) 


From (6) we have 
A 




g-sm 

a 2 r 


q ( p+c/2a)+(clr-c/2a ) (r _ a)lc 

{p+c/2a)*+$c*/4a* ' 


and thus, by Theorems IV and V of § 3, 


Hjl 


J.sm0( cV3[ 

{COS— i 

a 2 r \ 2a L 

(2 a~—r) . cV3 
x 'sm 


+ 


rV 3 


:;V3[\ r — all 

si*-— -J 


-(r/2a JW-Cr-aJW when t > 


r—a 


= 0, when £ < r a 


(9) 


Putting d = (c/2a)[£— (r— a)/c] and tanS = (r— 2a)/rV3, 
(9) becomes 

^ ^(l-^+^h-^cos^VS+S), * > 0, 

= 0 , d < 0 . 

In the same way E r and may be obtained from (7) and 
(8). The charge distribution on the sphere is obtained from 

~ CQS ^ u4(jpa+c)cos0 
4tt r r=a 27 rpct? 27rpa z (p 2 a z -\-pac~\~c 2 ) 

Ap cos 6 

2tt a B {(p + c /2a) 2 + 3c 2 / 4a 2 } * 
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Thus 

h {E ^ = ■ 2 ^3 C " d/(2 “ ) [ OOS £ V3 - •V3 8in S V3 ] COS0 - 

The case of a sphere of finite conductivity may Tbe treated 
along the same lines. Equation (5) will still hold for the space 
outside the sphere, and proceeding in the same way we should 
find inside the sphere 

= B'r^I^qr) sin#, 

where q = ^(47 Tcr/xp/c 2 ). The constants B and B' are then found 
from the boundary conditions, continuity of and B e , at 
r = a. 


103. The problem of § 102 with the initial surface density a zonal 
harmonic of order 2, P 2 ( cos#). 

Here the initial conditions are the electrostatic field of this 
distribution, namely, 


^ 0) = 1^(3 003^-1), 

jgm 3A sin 0 cos 0 ff(0) 

0 7*4 J 9 

= 0 , 

where = j7r<z 4 . 



Equations (22), (23), (25) of §97 then become 


r sin 6 d6 


(1) 

1 d(r. 
dr 

= ^^_^sin0cos0, 
c cr 4 

(2) 

i^) i a 

r dr* ‘ r a S0 


(3) 


We seek a solution of (3) of type = 2?(r)sin0cos0. Then B 
has to satisfy 1 d z {rR) / 6 «*\ 

r dr 2 ‘ \r* + *r °* 


Putting JR r~*Y in this, Y has to satisfy 

&Y , l£T_ ( 25 ,^ 2 \ r==0 

dr 2 'r dr \ 4 r 2 ^ c 2 ) 

The solution of this, finite as r oo, is K§(pr/c), and so 
= Br~*jKi(pr/c)Bm6 cos 6. 
a g 


4695 


W 
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As in § 102 the boundary condition is Eg = 0, when r = a, for 
every 9. 

Using (2), this requires 


a[dr\ \ g / J J r==( j ca 


Thus, using the result 




(sM 


we have 


and 


I^P^i e pa[c 


i+ ? + S)’ 


ZAp 2 


p*a 3 + 3 cp 2 af+ Qc 2 pa+ 6c 3 ’ 


3 A jrfr 2 + 3cpr + 3c a e -p(r-a.)lc H jn 9 fiOH 9. (5) 


^<t> r 3 p 3 a 3J r 3cp 2 a 2 + 6c 2 pa+ 6c 3 

E r and Eg may now be determined from (1) and (2). 


The equation 


, 3c „ . 6c 2 . 6c 3 

P +a P+ H? P+ ~^ 


has one negative real root and two complex roots with negative 
real parts.t Denoting these by A 2 , and A 3 respectively, we 
have from (5) 

rr 3A A 2 r 2 + 3cXi r+ 3c 2 „A,[Mr-«)Mfi in 9 COS d — 

* a?r 3 (Aj — A 2 )(A 1 — A 3 ) 

_ 3A^ A|r 2 +3cA 2 r+3c 2 e A a [Mr-a)W s jn 9 cos 9— 
a 3 r 3 (A 2 — A 1 )(A 2 — A 3 ) 

2A Ag r 2 4- 3cA 3 r + 3c 2 / ,A a B-(r-n)M n in 9 coad, 

ct?r z (A 3 A^)(A 3 A 2 ) 

■when t > (r — a)[c and = 0, when t < (r—a)/c. 

The first term is of exponential type, and the other two 
represent damped harmonic vibrations. 

The case in which the initial charge distribution is a zonal 
harmonic of order % may be treated in the same way. In this 
case the equation of type (4) for will involve K n+ ±(prjc). 


f The rootB are approximately —1*60 c/a, (— 0*70±1'81 i)c/a. 
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104. The field due to an oscillating electric dipole along the z-axis 
at the origin. 

Suppose that at * = 0, when the field is that of a dipole of 
moment M 0 , the moment starts to oscillate like M 0 cos cot. To 
find the disturbance in the external medium in which k = ^= 1, 

° Tim dipole is taken to consist of charges ±0 whose distances 
from the origin are % = ±.lQOSa>t , for l ^ 0 , so that M 0 = 2Q . 
The magnetic field of the system at points so near the 

origin that the time of transit of disturbances to them may be 
neglected, isf 

rj, = sin cot sin 6 = -^.sinwtsind. 

<p QpZ CT 

Thus the solution for r > 0 must satisfy 
o>M 0 


if __ !”S sin cot sin 0, as r -> 0, 

9 CT 1 


i.e. 


B+-* 


o>m, o 


(i) 


..J®_sin0, as r -> C 

cr a (jp 2 +a>®) 

The initial conditions are the electrostatic field of a dipole of 
moment M 0 , namely. 


M 0) 


2M n cosd 


Ef = ~ 0 ^— 


tf<°> = 0. 


Thus the subsidiary equations § 97 (22), (23), (26) become 

^ c cr» 

1 o(rFh) Pp 

r ~ c 9 cr 3 

1 0*(rJty + I «.[ 1 ® (sin^)l = °- 

JT ar 2 ^r 2 00 [sin# ^ J c 

As in § 102, a solution of (4) with B^cc sin# is 

3+ - Br-iKiiprlc^ine = 7(g) i ( 1 +^) e " r3,,Csin0 ’ 

t Of. Jeans, Electricity and Magnetism (5th ed., 1925), § 572. 


( 2 ) 

(3) 

(4) 

(5) 
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where B is to be determined from the boundary condition (1). 


This gives M 0 o>*p (Ml 

Using this value wo have, from (6), (2), and (4), 

H ’ — _ ° }i ( r P+ C ) f -Jirji: H [ n 0 t 

4> r 2 c- i (p~-\-oj~) 

a _ __2ilf 0 _cosd 2iW;,w s (r/)-|-e.) e _j, rJi . coa0) 

r 'pr 3 jpcr*(2/ 2 -|-*> 3 ) 

a -Mps infl Jf 0 o) 2 (p 2 r 2 -h ? jm | f. 2 ) , r ..„ r; ,. H ; n g 
j;c a r :! (^ a -| -o> 2 ) 

Hence, using § 3, Theorem V, we obtain 


( 0 ) 

(7) 

(8) 


Ha. 


E. 


M 0 < 


T COS O) 


r*c 

0, when 2 < r/c, 


( < -^)+£' siuw ( i -e). 


sini9, 
when £ > r/c, 


2M 0 a>[ . /, r\ c /, 

— -L. rsmw — ] — -cobo) £— 
cr 3 [ \ c a> \ 


OOS <9, 


= 5 when / < r/c, 

/v»3 


when i > r/c, 


jE7/i ; 


r 

-MpO^ 

c 2 r 3 


( ra - S) cos w (*' ■ h) +S ein s)] sin ^ 

when £ > r/c, 


: when f < r/c. 


105 . The retarded potential formulae . 

It is required to solve the equation 

in the region 

£ > 0, —oo < # < oo, —oo <y < oo, —oo < z < oo. 
p{x,y i z,t) is a known function; <f> and £<£/0£ are to take the 
values f(x , y , 2) and <7(0;, y , z) respectively, when £ — 0. 
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The Hubmdinry equal ion for (1 ) with thm> initial conditions is 


(2) 


r<I> /»(•*'. ,v. ~ . p) - J //(.<\ >/, ~) I g(x, >/, s) j, 

( 

where (f ■ - 'jrjc*. 

By Green’s theorem f the solution of (2) in 
infix', y\ z*) 

y. ~ • V) - y, z)-\-g{x, y, «) ]j dxdydz, 

(3) 

where the integral*! are taken over the surface and volume of 
a closed surface *S T which is to be made indefinitely large, d/dn 
represents a differentiation along the outward normal of this 
surface, and 

-k* ** 

We assume that f is such that the surface integrals in (3) 
vanish as the least diameter of S approaches infinity. Then 

CO to 00 

4ir$(x’,y',z') =--• — J J J e '^P~ l ct {pf+g)^ dxdydz. 

— 0© — 00 — e© 

Here we may take x' s* y' = z f 0 without loss of generality 
and obtain 

<%> eo CO 

4tt^ = 4tt^(0, 0, 0) = — J J J i-^/5— dxdydz. 

r ° (4) 

:e 

( 5 ) 


- 00 — 0© — 00 


We transform this to spherical polar coordinates and write 
F(r) = r Jjf(r,d,<p) dw, 

G(r) ~rjf g(f,6, <A) dw, J 

ir 2tt 

where JJ dee is written throughout for J J sin 0 dQdf. 

f Bateman, Partial Differential Equations of Mathematical Physics (1982), 
p. 189. 
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Then (4) becomes 
00 

4 tt$ = — JJ dto J re~ prlc p(r, 9 , >];, p) dr 
o 

oo oo 

_|_g J e-*>'l'-F(r) dr + ^ J e~^Q{r) dr. (0) 
0 0 

To determine (j> from (G) we consider the three terms separately. 

By §3, Theorem V, the function whoso transform is 
e-P r l c p(r,6 3 ifs,p) is 

~ \ 




0, 


when t > 


when t < ' . 


Thus (assuming that the orders of integration can be inter- 
changed) the first term of (6) makes a contribution to 4 rt$ of 

ct 

/ *.\ 

(7) 


j j dco j r dr pi^r, 6, xft, t *— 


Applying the Inversion Theorem to the last term of (6) gives 

y +i Q0 °0 y|i<50 


2^2 J e Ai dX | e-^G(r) dr 


y—i oo 


JL_ 

2nic 


\0{ct), 


I e~ >iU G(cu) du 

(8) 


y~ico 


by Fourier’s theorem, equation (12) below. 

Applying the Inversion Theorem to the second term of (6) 
gives 

y-f-ico 


h- f 

2i ric® J 


dr 


Xe Xt dX J e~^ c F(r) < 

y-jri, oo oo 

= J ^ J e~ Xu F(cu) du 



( 11 ) 
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by equation (13) below; the condition F( 0) = 0 will by (5) be 
satisfied if li — 0. 

|**"*4'0 

Therefore, from (6), (7), (8), (9), we have finally 

H 

Anj> = ~G(ct)+F'(ct)- |J da* | P (r,6,4,,t-?jrdr, (10) 

0 

which is the usual result. f 

Fourier’s Integral Theorem* states that (subject to certain conditions 
on </)) oo oo 

<f>(x) = i J 6- iaX doi J e ui <j>(t) dt. 

— 00 -00 

Here let #i) «/«*-*, < > °> ) 

« 0, t < 0. J 

Then, inserting these values, (11) becomes 
00 00 

i_ f c(v-*«0»d« J =/(*). » > °> 

-» o 

= 0, X < 0. 

Putting y—ia A, this becomes 

y4-i00 00 

~L. f e u dX f a~ u J(t) dl = /(#), *>0, I (12) 
J J 1 

y— {co 0 

= 0, * < o. 

Also, if/(<) - f (<), * > 0, and # 0) - 0, 

00 oo 

J e- A( /(<) d< — A J dt, 


y.f{0O 

00 

r 

) 

— f Ae A * d\ 
2 ? n J 

y— {00 ' 

dt = i/j'(x), 

a; > 0, 1 


= 0, 

a; < 0. J 


( 13 ) 


t Abraham, Theorie der EkUrizitdt (Leipzig, 1805), 2, § 7 (39). 
t Cf. §42. 



MISCELLANEOUS EXAMPLES INVOLVING PARTIAL 
DIFFERENTIAL EQUATIONS 


1. Obtain the Boluiion v(x,t) of 

dv ()*V ,v * >i 

x>iU 

such that ^(0,£) =0, £ > 0 % 

and v(a:,0) « t* 0 . * > 0. 

[> ?V'r f{x/ 2 y/(Kt)}' 

2. Obtain the solution of 

dv 

dt : 

with v ~~ a sin cot, when x 0, t : * 0, 

and -u *= 0, whon x * 0, t. 0. 

Of) 

[• - I ;f -'" 7 /y «p). 


"S' 


^ 2 t; 

: *$£»’ * 1 


3. Obtain the solution of 
dv 
dt 

with v = whim a; *?* 0, £ > 0, 

and v = 0, whon a? > 0, £ »* 0. 

t 


[ < y > r y»~a5*/4K(^*“T) 

« - 2 v|k)J £ U «° § 3 - Th «“ VI *] 


4. Obtain the solution of 
dv __ 

ai~~ "dx 2 


dv 8 2 v 

K — , X > 0, t > 0, 


with 

and 


dv 

dx 


+hv = ah cob cot, x =» 0, t > 0, 




v = 0 , a; > 0 , ^ 0 . 

aTwr^W**) 

- W+Ww+wi 2 k] 00 ^-*V(W2«)-«} - 


2ahtc 2 


f (&ein w+w cos mO , 

J ” ~ (&®+w a ) 


where 


a = tan -1 . VW??L. 

h+](co/2K) 
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5. Obtain tho solution of 


if ft B 3 n 

K—** j? > 0 1 1 > 0, 


i't 

Bv 

c ] X 


Bx** 


hv h x 0, t > 0, 


Buoh that 

C <Jli 

and v --.a 0, a: > 0, £ as 0. 

. Of) 

2/ix f J f mttU thnini4T+ne,atiux . | . 

* S= rr j C *«+«. “ **) 

[Use § 3, Theorem VI,] 

6. Obtain the solution of 

clw .. _ 

0 <*<*•*><>* 

with o(0,jf) t> 0 and f a» v lf when j£ > 0, 

and 0) i« 0, 0 < x < L 


f ft- x , wtt ) 

["-"orr-^2 n " # T‘| 


+ 


7T-Z-/ W 
' X 


’)■ 


7. Obtain tho solution of 


Bv BH> .. , ^ 

M " K i)X*’ 

with v ^(j 5), * a 0, i > 0 ; v ^ Q, x ^ l, t > 0, 

and t; » 0, 0 < x < l, t 0. 

t 


f« = ™2 nsin T a!6 "'“ n, ’ ,,/Z ' , ‘ / & T)e-«(«’*V* , )r efr . 
L 1 A 


8. Two somi -infinite solids of different materials are in contact along 
the plane a; » 0« The initial tomporaturo in x < 0 is a constant V x and 
that in x > 0 is sscro, Taking K lf k x in x < 0 and K Zi k 2 in x > 0, show 
that the tomporaturo at the time t > 0 is given by 


v x 

v z 


JI 

1 **f*<T l 

JL 

I "bo* l 


y— ya„)]. * <o ) 

x > 0 J 


, where c r * 


Hh 


ir a v*i 

AW*/ 


4666 
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MISCELLANEOUS EXAMPLES INVOLVING 


9. In tho .solid of Ex. 8, if tho initial tomporaturo in x - I 0 is zero 
and in x > 0 is a constant V 2 > show that tho tomporaturo at t is given by 


.h_orf( )l, 

1+ctL 1 \-2J(K t t,)!y 


: 0, 


*[ 1+ r r 4AJl’ r 


[.+ 

E 2 <7 

^2 •” i +a 
whore a is as in Ex. 8. 

10. Find the tomporaturo duo to a unit instantaneous piano source 
at x' ( > 0) at t =» 0 in tho solid of Ex. 8. 

[Tho tomporaturo v 2 in x > 0 is tho same as if tho whole solid 
had boon of tho A r a material and another source of strength 

A 2 Viq— keen placod at —as'. 

& 2 'Jk x -\-K 1 'Jk 2 

Tho tomporaturo v t in x < 0 is tho same as if tho whole solid had 

2K 2 s/k l Ikx 

, N Ka 


boon of tho K x material and a sourco of strength 
had been placod at as'Vfai/*®)* 

11. Obtain tho solution of tho equation 

0 < a: < Z, t : * 0, 
=•- 0 and x • - Z, l > 
0. 


A a Vkj, l ~ K l Vk 2 N Kg 



dv 

b 2 v 


di 


with 

V ssa 0, 

when & 

and 

= a?, 

0 < 


- a;, |Z < 


0, 


ih 


M 


[Show that tho subsidiary equation is 

d 2 v 0 _ x 

d^- qv = -~ K ’ 

l—x 

~~ “ 

with v = 0, when r» = 0 and a; : 

Verify that this is satisfied by 





~ K<? 2 

Hence show that 


If 1 sinh^l 
:< 7 2 l g cosh JgL f 

[(!_»)_ 1. sinhg(I— a) 


0 < a? < |Z, 

J, ll < x < L 


v = M V A - e -«{(»«+ 1 )%•*}/!• Sint.— -til"*. 

77- a ZL (2n+l) a Z 
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12. Fin* I tho temperature r at time t duo to a unit instantaneous lino 
source generated at. /• 0 along tho axis of the cylinder r • • - a, the tem- 

perature of the cylinder then being zero anti its surface thereafter kept 
at zero. 



,/ 0 (ur) 

•**(««)’ 


IK 


the summation being taken over the positive roots of J^ota) 0. 
[ Use the integral 


Ut 

Ao(</r) i J e lH r *l 4Kt where (f “ p/k. 


13. If in Ex. 12 Mich surface condition is that no heat escapes across 
r a, show t hat 

1 


j r H .y^ Jo( " r) l 

Trot 51 L ^ «/ji(n*tf)J 


where the summation is taken over the positive roots of J x (aa) 0. 


14. A solid is bounded internally by the cylinder r r~r a and extends 
to iniinity, Tho initial temperature is zero and the surface is kept at 
a constant temperature n 0 . The temperature in the solid at t > 0 is 
denoted by v. Show that 

Vo KJ&) „%„.P 

p KoiqttY 1 k 

and, using the Inversion Formula, obtain v. 

[ 00 

y, - 14.2 f pr «vH Jo(ur)Y 0 (ua)~-J 0 (ua)Y 0 (ur) du 

v 0 7 rj Jl{ua)-\ Yl(ua) u ' 

o 

15. Find the temperature in the sphere r = a at time t > 0, if the 
solid is initially at zero and the surface is kept at v 0 . 

\l « i + ?S ' y 

|_t; 0 7 rr n a 


10. Find the temperature du© to a unit instantaneous spherical sur- 
face source at t w 0 over r ■ r f in the sphere r = a, the solid being 
then at zero and the surface thereafter kept at zero. 



_1 

2rrarr 


^ 6 ~k(w%»/o«) t s j n VUL r gin — r\ 
jl ~4 a a 

l 
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MISCELLANEOUS EXAMPLES INVOLVING 


17. Eind the temperature due to a unit instantaneous spherical sur- 
face source at Z — 0 over r =-- r' in the sphere r a, when radiation 
takes place at the surface into a medium at Kero. 


V ’ 2irarr' 2 * 


-KiX*t . 


•f (ah-}) 2 
a a a 2 q. ak(ah — 1 ) 


Sill OF Hill (XT', 


the summation being taken over the positive roots of 
oca cos oca + (ah — 1 )sin oca ■ - 0. 


18. A solid is bounded internally by the sphere r -t a and extends 
to infinity. The surface r = a is kept at a constant temperature t? 0 and 
the initial temperature is zero. Eind the temperature v at the time Z. 


[» 


««’o / 
r \ 


1 — erf 


(r— a)'| 

2j(Ktjl 


19. Eind the temperature duo to a unit instantaneous spherical sur- 
face source generated at t = 0 over r “ r f in the solid bounded internally 
by the sphere r = a and extending to infinity, the surface r = a being 
kept at zero for t > 0. 




'67n'r'*J(7TKt) 


{ e ~(r~r')*J4 K t _ e -(r+r'-»apl4«t} m 


20. Eind the temperature in the solid of Ex. 19 due to a unit instan- 
taneous spherical surface source at t «= 0 over r r', when radiation 
takes place at the surface r = a into a medium at &ero. 


[* = 


%Trrr' *J(7TKt) 

! 00 

e -(r+r'~2a)*/4/ct _ g ^ J e~( 1 /a+'A)f“(H-r / -aa-ff)*/4K< . 


21. A heavy uniform string of length Z and line density p is stretched 
between two fixed points, x ~ 0 and x == Z, to tension pc 2 . It is plucked 
a small distance & at a point distant a from the origin and released at 
t = 0. Show that its subsequent displacement is 


26Z* 

7r a a(Z — a) 


co 



1 


. mra , nrrx nrrct 
sm — — sm ~y- cos . 


22. A uniform string of density p and length Z is stretched to tension 
pc 2 between fixed points, x = 0 and a — Z. The string is plucked a small 
distance b at the point x = JZ and released at Z = 0. Show that the 
subsequent form of the string is given for 0 < t < Z/3c by 
3&#/Z when x < -J-Z— -cZ, 

-j- -y (JZ— cZ) when JZ — cZ < a; < JZ+cZ, 
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and 


2 !<*-*> 


when l > x ■> 


Determine also tho form of the Hiring in the intervals < ct < §Z and 
|Z < 4 * L 


23. A heavy uniform string of length l and lino density p is stretched 
between two fixed points, x 0 and x - l, to tension pc 2 . At t ™ 0, 
when tho string is straight and at rust, a blow is struck at % — a so 
that momentum a is communicated to a small region about x — a. 
Show that the subsequent form of the string is 



7rpo /L< 
n* > i 


l . 

* Hill 

n 


nrra . nrrx . mrct 
■ •■■■ Hill *■ . - sm — y — . 

Ill 


24. An indefinitely long string x > 0 of lino density p is stretched to 
tension pc 2 and is at rest in its equilibrium position. For t > 0 the end 
x 0 is given a small oscillation asinwL Show that the displacement 
at tho point x is given by 

aHinco(t—x/c) if t > x/c, 

0 if t < x/c . 


20. A string of density p and length l is stretched to tension pc 2 . The 
end x sn 0 is fixed and tho end x l is attached to a massless ring free 
to slide on a smooth rod. At t w 0, when the system is at rest with 
tho ring displaced a small distance a from tho equilibrium position, the 
ring is released. Show that the subsequent displacement of tho string is 


8a ^ 

r >*®0 


(-1)r «\ n ( ‘ 2r + l ' i ' rrX <-oJ 2r+l ' >nCt 
( 2 r-fi)* 22 -—cos- ^ 


26. A string of density p and length l is stretched to tension pc 2 . The 
end x = l is fixed and at t = 0, when the string is at rest in its equili- 
brium position, the end x = 0 is given a small oscillation a&mwt. Show 
that tho subsequent displacement of tho point x is 


a sin cot sin a>(l~-x)/c 
sin c ol/c 


2 2 Icaco tttx 

^=^w sm ~r 


sin 


met 

~T‘ 


27. A uniform string* of length 21 and density p has a particle of mass 
m attached to its middle point and is stretched to tension pc 2 between 
the fixed points as = db l. At t = 0, when the string is straight and at 
rest, the particle is set in motion by a transverse impulse I. Show that 
its subsequent displacement is 


211 <sr 1 * 

me /L-< ct n ( l-j-/c cosec 2 a n ) l 9 

n**l 

where k «= 2 pl/m and a n , n = 1, 2,..., are the positive roots of k cot a = a. 
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MISCELLANEOUS EXAMPLES INVOLVING l 


28. A heavy uniform string of length *U and line density p is fixed 
at the ends and a particle of muss m is attached at a distance l from 
one end. The tension is pe*. A transverse velocity v is given to the 
particle at t = 0. Show that the subsequent displacement x of the 
particle is given by 

m?usinh(pZ/c)sinh(2p//e) 

X w/j a sinh(p//c)sinh(2p//c) | p<7>sinh(3p//r)* 
and evaluate x up to the time 4 l/c. 


29. A pipe, open at one end and cloned at the other, is suddenly 
brought to rest at time t 0 after having been for some time in motion 
with uniform velocity v parallel to the length of the pipe. Show that 
the subsequent displacement of the air at the point distant x from the 
closed end is 


Svl XT 1 • (2n-{ l) 7 r.r - (2a | l)<rrH 

crr u /--< (2nd- i)* 5 21 21 

n«™ 0 

30. In tlie problem of Ex. 29 show that the displacement is also 
given by ^ 0 < et < a-. 


vxjc T x < ct < 21— x, 
v(2l~ct)/c, 21— x < cl < 21 | ;r, 
—vx/c, 2l-\-x < cl < 41 -x, 
etc. 


31. A closed pipe of length 21 contains air whoso density is greater 
than that outside in the ratio I+c : 1 , where c is small. At l 0, when 
the air is at rest, the ends x =» :; J: l of the pipe arts opened. 8 how that 
the velocity potential at tho point x at time t is 


Seel XP ( — 1 ) r (2r-f I )i rx . (2r d - 1 )rrct 

it 4 A (2r+ 1) S ° 0B 21 H ‘" 21 

r«*0 

32. Fluid is contained in a long straight tube closed at one end x *=» 0. 
When t = 0 the fluid is everywhere at rest while the condensation a is 
s 0 (constant) for values of x betwoen 0 and a and suoro elsewhere. Deter- 
mine s for all x, l; draw (a, t) graphs for the values \a and fa of x and 
explain the differences between them. 


33. A uniform bar of length 21 is compressed by forces applied at its 
ends so that its length is 2Z(1 — <•). At t « 0 the forces are released. 
Show that the subsequent displacement of the point x is 

8eZ V (~l) n+1 (2nd-l)7re (2n^l)7rct 

i7 a A(2w+I) 4 21' 008 ' " 21 ’ 

n =»0 

where the origin is at the middle point of the bar and c is th© velocity 
of longitudinal waves in the bar. 
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34. A uniform bar,* 0 «*: x < l of unit area, mass m, and length l is 
at rest on a smooth horizontal piano, when at t ~~~ 0 constant force P 
is applied at the end x . - l in tho direction of tho length of the bar. 
Show that tho subsequent displacement of tho point of tho bar originally 
at x is on 


P/ a 
2 m 


21 * 1 * NT (- 
7r*G*m PLt i 


l) u nrrx( 
0 cos - 1 


1 — cos 


m ref 


)■ 


where a is tho velocity of longitudinal waves in tho bar. 


35. A uniform bar of length l is at rest and unstrained when at t = 0 
the end x 0 is given a forced oscillation a sin cot. Show that tho motion 
of tho end x i ■ l is given by q ^ ct < l 

2aHtnco(t — l/c), l < ct < 3 1, 

2ff.rHino>(<— Z/o)“-Hinc*)(i— 3 1 < ct < 51. 


36. A uniform bar of unit area, mass m, and length l , initially at rest 

in the position 0 < x - : l and unstrained, is given a longitudinal blow 
P at the end x t •: 0 at time t 0. Show that tho displacement of tho 
other end is ()> 0 < ct < 

2cP/M t l < a < :u, 

4 cP/M, 3 1 < ct < 51, 
and find the displacement at any point. 

37. A uniform bar is hanging vertically from a flxod point, and 
stretched under its own weight, when a concentrated load is suddenly 
attached at the lower end of tho bar; obtain equations to determine 
the stress at the fixed end at any subsequent time. 

In particular, if tho weight of the load is equal to tho weight of the 
bar, prove that the instant of maximum stress is given by 

et/l - 3+4(1 + l/fl*), 

where l is tho length of the bar and c is the velocity of ©xtensional 
waves in tho bar. 


38. A bar of length l with tho end x = 0 fixed is struck at the other 
end by a particle of l/n times its mass moving with velocity V in the 
direction of tho length of the bar. Show that the pressure on the struck 
end of tho bar is (j 27 F/c )«-**, 0 < ct < 21, 

(EV/c)e-' et +2(E:V/c){l-k(t-2l/c)}e-W- ! ‘ l l e \ 21 < ct < 41, 
(EV/c)e~ kt + 2(EV/o){l - k(t - 2l/c)}e-W~‘ l l‘>+ 

+ 2(EV/c){l-3Jc(t-4l/c)+k’ s (t-4l/c)*}e-W- i1 l l », 41 < ct < 61, 


where o is the velooity of longitudinal waves in the bar, and. k — nc/l. 
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39. A circular mombrano of radius a and density p in stretched to 
tension T. At t = 0 a uniform normal pressure P per unit area is applied 
to the surface. Show that its subsequent displacement is 




J 0 (wr/a) 
co»J tM 


cos 



where c 2 = T/p, and the summation extends to all roots of J 0 (co) *= 0. 


40. A semi-infinite transmission lino x > 0 has resistance R and 
capacity C per unit length and zero initial current and charge. At t = 0 
constant E.M.F. E 0 is applied at x «* 0 through resistance R 0 . Show 
that the potential at x is 

E 0 { 1 — erf bxJ(RC/t)}—E 0 e «V(* - orf [ J x^RO/t) +<J(kt)T}, 

where Jc = JR/(CJBJ). 

41. In the problem of Ex. 40 show that the current at x w* 0 is 

~-e kt {l — oxf 


42. A semi-infinito transmission lino x > 0 has resistance R and 
capacity C per unit length and zero initial current and charge. At t «* 0 
unit E.M.F. is applied at x = 0 through capacity C 0 , Show that the 
current at x is 

C 0 J(Kl7rt)e-*'MW~-C 0 M**)]}, 
where k = C/RO$. 

43. A semi-infinite transmission line has resistance JR, capacity <7, 
and leakage conductance G per tanit length. At t 0 unit E.M.F. is 
applied at x = 0 from zero initial conditions. Show that the potential 
at x is 

ir *™ (l -erf - VW] ) + 1 - erf + V<2 fit )] ) , 

where y = x<J(RG) and /3 = GJ2C, 

44. A cable of resistance R and capacity C per unit length is earthed 
at x = l. At t *= 0, when there is no current and charge in the cable, 
constant E.M.F. E is applied through resistance R x at x — 0. Show 
that the potential of the point x is given by 


ER(l—x) 

M-\-R x 


+2E& ^ 


e - a'tWO S * n ) 

oc n {R(R x + Rl) 4- lltl ajjeos l<x n * 


where oc n , n — 1 , 2 ,..., are the positive roots of 
R t&nla-j-aRx = 0. 
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45. A cable of resistance R and capacity G por unit length is earthed 
at x bts l. At t ” 0, when there is no current and charge in the cable, 
constant EJMLF. E is applied through capacity G x at % = 0. Show that 
the potential of the point x is given by 


MiHTi 


'*2 


ol>, 


sin oc n (l—x) 

( C\ RHolI 4- R 2 C (\ -f R 2 CH ) cos lu. n 9 


where <%, n I, 2,..., are the positive roots of a tan al = C/C x . 

46. A distortionless lino (R/L «= O/O) of length l is earthed at x =1 
and has zero initial current and charge. At t = 0 E.M.F. sinojZ is applied 
at x rj 0. Show that the potential at rr is 

cr^l 1 ' sin <o(t — x/v), 0 < t < tyw, 

e m P‘ x ! v Hixx to{t— x/v) {2l~~x)/v}, x/v < t < (2 l—x)/v, 
etc,, 

whore p ™ R/L and w (L(7)~*. 


47. A distortionless lino (R/L ~~ (7/(7) of length l is initially charged 
to unit potential. The end is insulated and at l = 0 the end x = 0 
is earthed. Show that the potential at # is 


whore /> 


1 

R/L, v 


0 

^ (LCty K 


. (2n-fT)7rs» 
sin' — 2i ~ oos 


(2n -|- l)rrv£ 

—2f— ■ 


48. A finite transmission lino 0 < a; < l has none of R f L, G , C zero. 
The initial current and potential are zero. Tho end x =* l is insulated. 
At if kb 0 constant E.MVF. E is applied at x = 0. Show that the current 
at x is 

re H-\ **&W—*)4( R Q) 

4 \RJ 0OHh IJ(RG) 

t t*v 2 E p+ Xp (2n+ iyco8(v n t-~6 n -- cf) n )coB(2n~{-l)7Txl2l 
+ 2i»~ e ~ A vjy\ + P *h(B~Lp)* + £v;j* • 

n«*0 

where the notation is that of § 87 and 

tan# w sas p/j/ n , tan^ n « LvJ(R~Lp). 


49. A transmission line of length Z has zero initial charge and current. 
The ends x = 0 and sc = Z are kept at unit and zero potential respectively 
for t > 0. Show that the potential at the point x is 

sinh (l~~x),sJ(RO) ^ 2rrv 2 „ pi V n cos(t/ ft Z— fl^sin nrrxjl 
&mhlJ(RG) Z a 6 i^w+p 2 )* 

re«»l 

where ■» {nW/^ 2 “'°’ 2 }*> tan <9 n — p/v n , and the other quantities have 
their usual meanings. 
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MISCELLANEOUS EXAMPLES 


60. Provo that the solution of 

, ()v Sv „ 

!<• _ sss k, — " 4“ * c > u, 

B3C T tt r 

with v = 0 when as - 0, « — F when as = a, v ~ 0 when i =s 0, is 

e te/K_l 

' ~ -p 


e jfca/« — x 
+ 


? 2 + (^K)]}. 


w-l 



APPENDIX I 

Lerch’s Theorem 

The Laplace Transform f(p) of a given function F(t) is defined by 
the equation co 

f(p) = / er*F(t) dt, ( 1 ) 

0 

where p is a positive number (or a number whoso real part is positive) 
and the Integral on the right hand converges. 

It is knownf that if 0(t) is another function which satisfies (1), 
F(t)~~G(t) «= N(t ), 

where N(t) is a null -function, i.o. a function such that 

t 

J N(t) dt = 0 

for every > 0. 0 

A particular case of a null -function is a function which is zero except 
at a finite number of points. 

It is clear that a continuous function cannot be a null-function unless 
it vanishes for t j* 0. It would thus follow that if, for a given f(p), we 
can find a continuous function F(t) satisfying (1), this is the only con- 
tinuous function which satisfies it. 

And again, if for a given /(p) we can find a function F(t) with only 
ordinary discontinuities satisfying (1), any function which satisfies (1) 
and has ordinary discontinuities at the same points as F(t) can differ 
from F(t) only at thoHO points. 

We shall prove this uniqueness theorem for the case of the continuous 
function by elementary methods. The proof requires the following 
lemma. $ 

Lemma. Let ip(x) be continuous in 0 < x < 1 and let 

t 

J x nmml \f/(x) dx sa 0, for n = I, 2,... . 

Then i/j(x) wsz 0 in 0 < x < 1. 

If \p(x) is not identically zero in the closed interval, there must be an 
interval (e.g. a < x < b, where 0 < a < b < 1) in which i//(x) is always 
positive (or always negative). Take the first alternative. 

From the parabola y (b—x)(x—a) we see that, if c is the larger of 
the two numbers ab, (1— a)(l— 6), then 

1-f- i(6- -xv)(a? — a) > 1, when a < x < b 
c 

! Doetsch, loo. cit,, chap, iii, §7. The proof is rather difficult. See also 
Leroh, Acta Mathematical 27 (1903), 339-52. 

J Cf. Bremekamp, Kon. Akad. v. Wet. Amsterdam , Proceedings of the 
Section of Sciences, 40 (1937), 689. 
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and 

0 < i+ 1(5— x)(x—a) < 1, when 0 •*: x a and b - , x J. 

Thus [l*f(l/c)(6— aj)(UJ— «)J r can ho made an largo an wo please in 
a < x < b by making the positive integer r greater anti greater, and 
in 0 < x < a, b < x < 1 it can in, the Kamo way ho made an small as 
we please. 

But [1-f (l/c)(6— a;?)(x’~~* a)'] r in a polynomial in j\ anti hy our hypo- 

i 

thesis J x n ~ l ip(x) dx 0 for n ;• 1, 2,... . 
o 

Therefore wo should have 

l r 

J[l +’.(&-*){*-«)] </,(*) dx 0 

for every positive integer r. Whereas from the above, by choosing r 
large enough, x ^ 

J[l+l(&-a:)(a;-a)] <p(x) dx ;• 0. 

0 

Thus with the first alternative wo are brought to a contradiction; and 
a similar argument applies to tho other. 

It follows that i/j(x) sa 0 in 0 < x < 1 , 

00 

Theorem. Iff(p) ■= J e~ vt F(t) dt , p > p 0f u satisfied by a continuous 
o 

function F(t), there is no other continuous function which satisfies the 
equation . 

For, if possible, let there be another continuous function Q(t) satis- 
fying the equation. Let g(t) « F(t) — Q(t ). Then 
00 

J e-»*fir(«) * = 0 , 25 > p 0 , ( 2 ) 

and g(t) is continuous. 

Let p — Po+n, where n is any positive integer. 

Then since, by integration by parts, 

00 t 00 

n J e~ nt dt J e^ v ^g{t) dt * J iMg(t) dt, 
oo o 

it follows from (2) that 

J er nt <f>{t) dt = 0, 

0 

t 

<f>(t) = J erv* tg(t) dt. 


where 
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Put in (3) x "= er 4 , i//(x) 0[ log(I/,r)]. Then i/j(x) is continuous in the 

closed interval 0 < x <. 1 , since wo take 

0(0) «= Jim 4(t) and 0(1 ) « 0(0) » 0. 

f >«) 

t 

Also J x n ' dx — 0, n ~~ I, 2,.... 

o 

It follows from the lemma that ijj(x) 0 in 0 < x < 3 , and therefore 

t 

<f>(t) n= f tg(t) dt - 0, when £ > 0. (4) 

Now erv <>*</((,) is contimious in t > 0, so it follows from (4) that 
e -VQtg(t) -"ns 0, when £ > 0, i.o. f/(£) = 0, when > 0, and the theorem 
is proved. 
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It is easily soon that it is satisfied l>y J„(«) and Y n (tz), but. it. is more 
convenient to take as standard solutions the following functions which 
can bo obtained from tho above by multiplication by constants. 

For tho solution of tho first kind, wo take 


^ (Jz) ,lW , 

In{z) ~ 

r»-0 


( 11 ) 


available for all values of n. , J . „ 

As In Bossel’s equation, I n (z) and J„ n (z) are independent solutions of 
(10), when n is not an integer, but I n (z) /-»(»)* when n is an in^ger. 

It is usual to take as the standard solution of the second Kind, avail- 
able for all values of n, 

rr / \ 1 ^ h (^) ( 12 ) 

K n (z)~l?r H . mrm , M 

the limit being taken, as in § 2, when n is an integer. 

With this definition of K n (z), wo have 

K 0 (z) = — / 0 (8){log(4z)+y}+(i*) 1 -l-(l-l-4)||||i d-(l l i+ D'thii + 


J <31) a 


and, -when n is any positive integer, 
K n (z) = (-l)"+ 1 4 (a){log(l 2 )+y} + 


(13) 


hi( ) ^, r i( n -f. r )ll m ' 


[ w-l r ' 

2 2. w ' 




i 


7l“~l 


+ *2 (-mi*)-’* 4 "' 


(n ~ r * * 1 ) ! 
rl ’ 


(14) 


r««o 


where for r 


■ ri r ™- i + 1 w- 1 ). 

\m *» 1 


■ 0, we write 2 m” 1 in place of 

m«*»i — - . 

Since K x (z) = —K' a (z), it is easy to write down Xi(z) from tho expres- 

sion in (14) for K^{z), 

These solutions have the important properties'!" 


when — Jtt < argz < Irr, 
e ~f8~(n+l)wi / 

. - - — y -j 

when — Jir < argz < 4’ r - 

X»(z) = 7(^)e- 2 {H-oQ)}, when |argz| < |t7, (17) 


(2 m? 


{i+°(i; 


(16) 


( 16 ) 


so that when R(z) -> oo, VzK„(z) tends exponentially to zero. 

f W.B.F., §7.23. 
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6. Some important properties of the Bessel functions which have been used 
in the text are collected here for reference. 

Recurrence relations: 


zl' n (z)+nl n (z) = z/^_ 1 (z), 

(18) 

zl' n (z)—nl n (z) = zJ„ +1 (z), 

(19) 

zK;(z)+niT„(z) = -zK^fz), 

(20) 

zK' n (z)-nK n (z) = -ziT„ +1 (z), 

(21) 


(22) 

zJ' n (z)-nJ n (z) = — z/ n+1 (z). 
r n (z) satisfies tho same relations as J^(z). 

(23) 

Wrons&iara relations-. 


J n (z)Y' n (z)-Y n (z)J' n (z) - - 2 -> 

TTZ 

(24) 

I n (z)K’ n {z)-K n (z)I' n (z) = 

(2fi) 

Functions of argument ze mi,i : 


Jfze™”*) = e mn ^J n (z), 

(26) 

Y n (ze m ’ i ) == e~ mn,ri Y n (z)-]-2i sxammr cot mrJ n (z), 

(27) 

K n (z) = lme inni H™(iz), 

(28) 

I n (z) = e~ in ’ Ti J n (ze M ), —rr < argz < •£»■, 1 

_ c hu,ij^ ze -lvij t < ar g Z ^ 77, J 

(29) 

/ 0 (ze±‘*-) = Ji(z), 

(30) 

K 0 (ze^) = TfrrilSoMTiroMh 

(31) 

Ifze± Hw ) = ±iJi(z), 

(32) 


(33) 


7. Finally we derive formally two results required in the text. For a 
complete proof along these lines justifying the steps made here see 
§ 6.2, 6.22, or G. and M. t p. 53 (43). 


Since 


pm+l m \ 


oo 

t J e-J dt, m > 0, 


it follows from the Inversion Theorem that 

y-l~icQ 


t m 

ml ~ 2rri 


1 C u d\ 

— . e A< r— -r , m > 0. 

7TO J A W+1 


Now 


V—ioo 

T M V i^ )n+2r 

nl ' Z,r!(n+r)f 

r-0 

K k 
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lining 

summatiQn,-'#tfwivo 


ffliwSljiasftratag.Jba* w0 may iuwr1, ° r<ll ' W mt, ’ Knit,on IUI(1 


n uV® 
J«( s ) - £ 27 rirl 


v*| i#» 

( |s)”l' lr f <' A & 

A" i' rl 1 


# >"* 


In this result put 


so 


that , A 


r^O 

1 

2rri 

(l?); 

27ri 

2A 

a 

a 

2A 


y-icn 


H r^ f /Av(^) sr 

(W n A*‘I>Za r r! 

r-0 


v 

y.| $00 


i# f , , t/fi A 

r J "'"’“a* 

y-1® 


tfA 

A’ 1 * 1 " 


( 34 ) 


.u-lV^-D 


The contour bocomos ono which may 


ho di'formtl into (y-ico, 


y+ioo) and we obtain 




y4* iOO 


4(*) 


r w -V(« 2 --i)r^ 


1 f 

* /tSU i „ 

27ri J VK” 1 ) 


y-iOO 


It follows that 


1 


rM» 


„*A 1 . 


[A-V(A»-«‘)rdA 


o*^(A a u a ) 


J #( ffls! ) “ 2iri 

y*i«o 

and hence by the Inversion Thooremf 

« r«-J(?) J -a , )l n 


( 36 ) 


t Cf. W.B.F., §13.2(8). 



APPENDIX III 

Impulsive Functions 

The so-called impulsive functions havo not boon xisod in the body of 
this book, since a careful treatment of thorn presents considerable diffi- 
culties. It is desirable that the student should havo some knowledge of 
them, both because they provide a convenient idealization of certain 
typos of problem of practical importance, and because they give a 
physical interpretation to the solution in cases in which the previous 
methods are not applicable. Wo take those applications in order. 

The Dirac $ function is dofinodf to bo zero if x /- 0 and to be infinite 
at x : - 0 in such a way that 

J 8(a?) dx ^ X. (1) 

It is hero regarded as a concise way of expressing the idea of a func- 
tion which is very largo in a very small region, zero outside this region, 
and has unit area, Bovoral continuous functions have been used which 
possess this property in the limit as a parameter tends to zero, but we 
shall hero take the simple function 

S(x) x < 0, 

* ; I/*, 0 < x < e, (2) 

— 0, x > €, 

where e may be made as small as wo please. This function clearly 
possesses the property (1). The only other result we require is the 
following; 

If f(x) is a continuous function, 

J f(x)B(x—a) dx *as /(a). (3) 

This follows since, from (2), 

a 4*« 

J f(x)8(x—a) dx = i J f(x) dx 

= jf(n+$e), 0 < 6 < 1, 

and, since /(a?) is continuous, the right-hand side ->/(a) as e -* 0. 

f Dirac, Quantum Mechanics, 1st ed., p. 64. 8(r») is there taken to be an 
even function, but a definition of type (2) is more convenient for the present 
applications. 
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A particular case of (3) is 

00 

J er*> x 8(x) dx -= I, (4) 

o 

i.e. the Laplace Transform of tho 8 function, in unity. 

Mechanical applications . 

Unit instantaneous impulse at t 0 in tho mechanical sense may 
now be regarded as duo to force 8(1) and treated in tho usual way, as 
in tho following examples. 

Ex. 1. Instantaneous impulse P is applied at t 0 to a particle of 
mass m at rest at the origin . 

The equation of motion is 

mWx rta P 8(t). 

Thus the subsidiary equation is 

mp*x Tn P. 

Therefore x = Ptf/m. 

Ex. 2. A uniform, rod of mass m and length 2a is at rest on a smooth 
horizontal plane when at t = 0 instantaneous impulse P is given at one 
end in a direction perpendicular to the rod. 

Let 9 be the angular displacement of tho rod and x the linear dis- 
placement of its middle point. The equations of motion are 

mD*X « p$(t), 
i maW*0 « Pa8{t). 

The subsidiary equations are mp*% ~= P and J map*$ P. 

Therefore as ,= P£/m, 0 = 3 Ptjma. 

Ex. 3. A particle of mass m oscillates in a straight lint under restoring 
force mn 2 times the displacement. The particle is at rest in its equilibrium 

position at 0. Impulses P are given at t =* rT f r *s 0, I, 2 Find 

the motion of the particle . 

The equation of motion is 

oo 

mD 2 x+mn 2 x = PJ 8(t— -rT)* 

fwO 

Thus, using Chapter I, § 3, Theorem V, the subsidiary equation is 
m(p*+n*)x = P f «~ n>T = t— 

fmmO 1 0 


Hence 


X asa 


m(p 2 + n 2 )( 1 — . er *' * 
Therefore, using the Inversion Theorem, 

y-Hoo 

' I 


e Ki dX 


2t rim J (A a -f n a )[l-6*- A ^]* 


Y—i » 
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The integrand has simple polos when A ~~ dzin, and when A “ dz^rrijT , 
r = 0, 1, 2,..., provided T in not an integral multiple of 27 r/n. Evaluating 
the residues at those polos we obtain, in the usual way, 

J»cohw(* hi? 1 ) P 2PT\^ X 2 mi 

2wi/i Minin'/' " " »««*'/' m Z, (n>'/’*-4rV) C0S ‘ 

r *1 

Electrical appl ieati on#* 

In oloctne-eireuit theory an impulsive E.M.F. E^8(t)j typifying a very 
large voltage applied for a very short time, ho that the time -integral 
of the E.M.F. in A* 0 , is of interest. 

Ex. 4. Each <tn E. M. P. applied to the circuit of §13 with zero initial 
condition s gives the subsidiary equation 

(^o/e-i ~P}r~Xr 


Thus 


/ * * V* V 

M ( p + H )*+ n * J’ 


in the notation of § 14(1). Thoroforo, in the case n a > 0, 

E 

I -r- ^ j* (rt tl (n cos nt—p sin nt). 


Ex. 5. Tf the problem is that of the circuit of §13 with zero initial 
conditions excited by impulsive E.M* F.s E 0 applied at t =» rT, r = 0, 1, 
2,,,*, the subsidiary equation is 

(**+ R+ ii)' - \?r" - 1 -*> 

and I is obtained on proceeding as in Ex. 3 above. 

Application to a space variable . 

The 8 function may also be used with space variables when con- 
centrated loads or disturbances have to be considered. For example, 
the forces P(x, t) considered in the examples of § 65 are all of this type, 
being W 8(x~~x r ), P 0 mncutS(x—x'), W8(x~vt) in Examples 2, 3, 4 of 
that section respectively. Parts of this and other sections could have 
been written more shortly by using the present notation and (3) above. 

When a formula has been obtained involving an initial distribution 
f(x) of some quantity, the result for a concentrated distribution at x f is 
obtained by putting 8{x~x') for f(x) and using (3). For example, from 
§ 92 (12) it follows that the potential at any point of a doubly infinite 
distortionless transmission line due to initial potential 8(x— x') and zero 
initial current is 

[x — x ' + vt ) -f 8 (x — x f — vt)] . 
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The function whose Laplace Transform is a constant. 

All the applications above may bo regarded us justifiable along the 
linos by which (3) was deduced. There is another type of application 
which wo do not attempt to justify, but which may nevertheless bo 
useful as providing an indication of the solution m eases to which tho 
ordinary methods are not applicable. Tho most important ease of this 
typo is that in which tho Laplaeo Transform of the solution of tho 
problem turns out to be a constant. Wo have soon above that tho 
Laplaeo Transform of 5(/) is 1, tho inverse statement is that the func- 
tion whose transform is unity is a constant. f Consider tho following 
examples. 

"Ex. 6. Constant JtS.M.F . E 0 applied to a pare capacity (h 

The subsidiary equation, §13(5), is 


If „ _ 

op 

Thus / sa CE 0 and. I = (7J27 0 8(£)> that is, the charging current is instan- 
taneously infinite. 

Ex. 7. The filter circuit of §19 with z' 1 /Op, z H t z" 0, V • E 
{constant). 

Here §19(10) gives 

t _ JS r cosh(m— r)9 
r lip sinh 6 siuh m& 9 

where cosh# = 1 + 1 !(2XlGp)* On evaluating tho numerator and de- 
nominator of l r> as in §19, Ex. 1, it will bo found that they are of the 
same degree in p, and in fact 


/ r = 


CE mE cosh (m —r)6— CEJRp sinh 0 sinh mO 
m mlip sinh 6 sinh mO 


Then, proceeding as in § 19, we obtain 




— 8(t) + e-Pm t + — 

m { 4mE ^ mE 


m—k 

2 


cos rsrrjm 
l — cos srr/m * 


where f3 m — 1/[2E<7(1~- coss+m)]. 


Ex. 8. In the problem of § 16, Ex. 4, it is required to find the potential 
difference , V , over CD. 


t It W ^1 be remembered that we have only found the function whose 
Laplace Transform is p n , where n < 0. The case n « Ois now recognized as 
8{t) and in a fuller treatment n — 1, 2, 3,.,. would appear as the successive 
derivatives of 8(t). These, however, rarely appear in practice. 
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This is given by 
V = (L'p + B')I 


E(L'p + R')(ZP+R) 

Bp((£+IfipMR+R')] 

ELL' BB' 

JUL+L'y (B+B')P 

E(RL'-LR')* 

+ B(L+ L')(R+Ii')\lL+L')p +R+R'] 


Therefore 

V = ■ 


ELL' 

R{L-\-L') 


ER' , E{RL'—LR'f _ ( n+2iot|<M-i/>. 

8 W+ jj+g> + jr(L+W(S+ *'> 
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Two-point Boundary Value Problems for Ordinary Linear 
Differential Equations 

Throughout this book wo have boon concomod with tho solution of 
the differential equation <f>(D)y --- F(x), x > 0, wit h ?/, /h/ t ... given when 
x r= 0. Thin is tho typical problem of dynamics: given the forces acting 
on a system and tho initial conditions, to find the subsequent motion. 
In other fields of applied mathematics other types of problem arise: 
(i) the range of tho independent variable may be finite, 0 < x < a, with 
y , Dy,... all given at x 0; (ii) tho range of the independent, variable 
may bo finite, 0 < x < a> with some of ?/, /></„., given at x — 0 and 
some at x = a; (iii) tho range of tho independent variable may be finite 
and not tho actual values of ?/, Ify,..., but linear connexions of them 
may be specified, some at x 0 and some at x a» 

In the classical method of solving differential equations the distinction 
between these typos is not so apparent. The general solution is obtained 
as a sum of tho particular integral and tho complementary function, 
the latter containing n arbitrary constants. Tho boundary conditions, 
whether at x = 0 or x » a, furnish sufficient equations to determine 
the arbitrary constants. 

The question naturally arises whether tho methods of Chapter I can 
be applied to problems of tho above typos and whether it is worth while 
doing so. 

Firstly it must bo remarked that tho Laplace Transformation method 
gives a solution in tho same form as tho classical method, i.o* as a sum 
of a particular integral, t the function whose transform is F(p)/<f>(p) t and 
a number of terms involving the initial conditions. 

Now suppose we have to solve the differential equation (j>(D)y *» F(x) 
in 0 < x < a with some of y , Dy,... given at x s« 0 and some at x «* a. 
We consider the differential equation <f>(D)y ^ F(x) inf x > 0 with 
initial values y l9 .., of y, Dy>...; some of these are given and the rest 
are to be regarded as arbitrary constants. Tho conditions at x a will 
be sufficient to determine these. 

Whether this procedure is preferablo to tho classical method depends 
largely on the problem; it has tho advantage that the theorems of 
Chapter I may be used; this is valuable in problems in which F(x) is 
a step or broken function. In many problems a convenient compromise 
is to write down the complementary function in the usual way but to 
find a particular integral by the methods of the Laplace Transformation, 

t The particular integrals derived by the two methods may differ by terms 
of the complementary function. 

t It must be assumed that the Laplace Transform of F(x) exists. This 
restriction is, of course, not necessary in the classical solution. 
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which arc often simpler-t An example of this procedure is given m 

Kx. 3 below. ' 

w , 1 1 >, art of a uniform, heavy chain of weight w per unit length rests 

' . , r surface, of a rough vertical circle of radius a, and part hangs 

length that can, hang freely. 

When the chain is in limiting equilibrium tho tension T at a point 
distant uO from the highest point is given by 

(i 'j' -pT unices 0~ sin 0), 0 < d < in, 

whore ,l is the ccx«fficH'nt oi fi-Kitmm tho subsidiary 

This has to bo Holvotl with I v> wnon u 

(Halation is 


: wa 


(pp — 1 ) _ 

2»*+l 


Thoroforo 


Honee 


T 


T 

wa 


wa 
■ ^2 


(p-g)T . 

^p— 1 . 

: (p-p)(p 2 +i) 


: Jjfi-j- 1 \ p — fJL 


*>*+] 


3L {(jtx 2 — 1 )e^ 0 — (/x 2 — 1 ) cos 0 + %4 sin 0}. 


TIM, greatest length which can hang freely is tho tension when 0 - fcr 
divided by w, i-o. _ 1)e i^ + 2p}. 

Kx 2 A uni/orm torn of l«*fc * ha * lo f w *. *T Z* 

« !; *' y, and U-*) ™ i l<X< \ T „ he - baam “ 
and freely hinged at x 1- To find the deflexion 

Wo have to solve «/(*). with /(*)== AN +/><*)> ^ 

wa; 


/i(*> “ ‘ ini’ 


x > 0, 


and 


/,(*) =o, o < * < V» 


* > ¥■ 
MjJL 


Then, by § 3, Thoorom V, 

00 

J e-»“/N dx 


2 w 


pr-W. 


= jsipi EIp 2 

Tho boundary conditions are 0 whett * = 1. 

-/ *3 Dv « o when a; == 0, ana 2 / ^ n2 nft 

So we solve the differential equation in * > 0 with y, Dy, D y, D y 
t Cf. Jeffreys, loc. cit., § 1.8. 

L 1 


4695 
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equal to 0, 0* y t , ;/ 3 , when .r 0, where y 2 and y A mr subsequently to 
be determined tt> make y satisfy y l > % y 0 when r l. 

The subsidiary equation is 


H 


ih . y% , «' 

/A 1 p* S K/p* 


2?/* 


w. 


Therefore, using § 3, Theorem W 

v wik i i £ 


k<\ •'• -jr. 


The conditions ?/ /% 0 when .r f now requin 


mh \ V*!/* 


15 U'l'> 

1(1 5! A7 


kh \ V% I 


3 

4 3! A7 


0, 


0. 


21 . 5 tr/ 1 

Thvw ?/a ~ 128 Kl ,UM ^ 128 A7' 

Therefore, finally, 

Bly =» | 0 •: .r •' JA, 

« ~ ¥ I s m 3 r j 4'alSflW' 4 ^^ } kl * . »r l 


Ex. 3. To solve 

2gi-<*V -/(*). o - *-■. i. (i) 

1/ SB 0 IflJWl CC saa 0 and 05 L 

Problems of this typo have frequently arisen in Chapters VI X as 
subsidiary equations of partial differential (equations. They may bn 
solved either by variation of parameters or by the use of the Green's 
function, or by the method sketched above. 

A particular integral of (1) is the function whose Laplace Transform is 

■ p >l- a j{p), 

he., by Theorem VI, 

05 

^ f(x r )mnha(x—x') dx\ 
o 

Adding the complementary function, A sinh ax *f- B cosh ax, we obtain 
for the complete solution of (1) 

% * 

y = AsinhaaiH-JBcosha^-f ~ J f(x / )®inha(x-~-x') dx'. 
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The conditions y ~~ 0 when x = 0 and x = l give 

£= 0 , \ 

i 

AsinhaZ+“ /(se')sinh a{l—x')dx f ™ 0. 

6 > 
Introducing these values wo obtain 

» = - ( • l h n/ {«»!» a(l—x) J / (.r'Jsinh ax' dx'+ 

* ' o 

l 

+sinh ax j f(x')skiha(l—x') dx' 
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Table of Laplace Transforms 



a*(y>) m J <r* , *;r(*) tit. 


m 

AD 

1. 

1 

t n 

V(H \ If " ‘ * 

2. 

P 

p iJ r a* 

COHCrf 

3. 

a 

sin at 

4. 

P 

eonhat 

5. 

\ 

a 

p z —a 3 

emh at 

6. 

P 

(p*+a*)* 

t * , 

—■ sin 

2a 

7. 

a* 

(jo 2 +a*)* 

i (win coh «/) 

8. 

1 

p^+a* 

-L{e~a^j, e i(a( C0H jV3a2— V3 hiii J V3t^)} 

9. 

P 

^{-e~ ot -|-e‘“ ( (coH jV3«i f V3«in 

10. 

P 2 

;) s +a 8 

I(c~ nt ~ 2e ,8< cos J V3a^) 

11. 

1 

p iJ r 4a 4 

(win cosh a* — cos tunh at) 

12. 

P 

p iJ r 4a 4 

~®sinaisinh at 

2a* 

13. 

P 2 

jp 4 +4a 4 

~(sin at cosh at + cos at smh at) 

14. 

^) 4 +4a 4 

cos at cosh at 

15. 

1 

3? 4 — a 4 

^(sinhatf— siriatf) 

16. 

P 

j p 4 — a 4 

(cosh at — cos at) 
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$(P) 

x(t) 

17. 

p 2 

p A — a* 

~~ (sinli + sin a£ ) 

18. 

p' x 

p 4, __ a * 

■J (cosh -f- cos atf ) 

XO-t 

c -aV2> 

a 

sW(irt*) 

20. t 

6 -aV2P 

'sip 

.. 1 f j»a a /4t 

«J{7Tt) 

21. t 

e -aVp 

?•> 

GO 

A ( c - ” 1 <iw — 1 orf 
a/2V£ 

22.f 

e~aVz> 


23. t 

IC a (a-Jp) 

~ er a% l u 

2 1 

24. t 

K 0 (ap) 

1 0, 0 < £ < a 

l (^ — a 2 )"**, > a 

25. f 

it e~ av J 0 (ap) 

f 0, t > 2a 

l {i(2a~£)}~*, 0 < t < 2a 

20.f 

<I Q (aWp)K Q (a«Jp), a > a' 
l J Q (a^p )K 0 (aWp ) , a < a ' 



\ 

00 

= J e"- a,, a.7|)(oM)«7o(a“') 

0 

27. 

1 

V(pH-1) 

JMO 

28. 

(VCp'-H )_?’}” 

‘ V(P*+J) " 


29. 

l 

V(P 2 -1) 

m 

30. 

{p-V(P'"— !)}" 
7^-i) ■' 

U*) 

314 

e ~aV(2? a +& # ) 

| 0, when 0 < t < a 

V(p 2 +6 2 ) 

l J 0 {b^J(t‘— a 2 )}, when t > a 
r 0, when 0 < t < a 


32.f 

g-M> _ 6 -aV(3>‘+6«) 

1 - 7(fa) ’ when i > a 


f In those a is to be taken positive. 
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x(p) 

m 

33»f 

e wW(r*-6») 

( 0, when 0 < t < a 

1 Ub4{t*-a*)U when t > a 



( 0, when 0 < t < a 

34.f 


w!u*n t * a 


This table is not meant to bo complete. But all the transforms used 
in this work are contained in it and a few additional ones, which arise 
in similar problems. 

t In these a is to be taken positive. 
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The numbers refer to sections. Those 

Air column, longitudinal vibrations 
of, 71. 

Alternating current bridges, 18. 

Artificial transmission lino, 20. 

Bar, longitudinal vibrations of, 59, 
60, 61, 62, 62; transverse vibra- 
tions of finite bar, 65, of semi- 
in finite bar, 66: 

Bessel functions, note on and collec- 
tion of results, App. IL 

Bromwich, I 5, 27. 

Carson’s Integral Equation, I 5. 

Chain hanging under gravity, vibra- 
tions of, 68. 

Charged particle moving in electric 
and magnetic fields, 24, 

Circular membrane, vibrations of, 69, 
70. 

Collision of equal rods, 04. 

Conduction of Beat, equation of, 45 ; 
in a semi-infinite solid, 39, 47, 48, 
49 ; in a slab, 40, 50; in a wire 
carrying electric current, 51, 52; 
in an infinite circular cylinder, 53, 
54, 55, 56; in a sphere, 57. 

.Deflexion of beams, App, IV. 

Differential equations (ordinary linear 
with constant coefficients), appli- 
cation of Laplace transformation 
method to, 1, 2, 4; worked exam- 
ples, 0, 7, 8 ; assumptions involved 
in this method, 5; justification of 
solutions, 5, 34 ; solution using the 
Inversion Theorem, 32; connexion 
with Heaviside’s method, 12. 

Differential equations (simultaneous 
ordinary linear), application of 
Laplace transformation method to, 
9; worked examples, 10; cases in 
which there must be relations be- 
tween initial conditions, 9, 10; 
justification of solutions, 35. 

Differential equations (ordinary li- 
near), two -point boundary value 
problems for, App. IV. 

Differential equations (partial), appli- 


of the Introduction 

cation of Laplace transformation 
method to r 36 ; method of evalua- 
ting solutions, 37; examples, 39, 
40, 42; assumptions involved in 
the method, 38 ; verification of 
solutions, 38, 58. 

Diffusion of magnetic field, in a slab, 
96 ; in a circular cylinder for longi- 
tudinal alternating field, 98, for 
transverse field, 100, for transverse, 
alternating field, 101 ; in a hollow 
cylinder, 99. 

Dirac’s 8 function, App. III. 

Dootsch, I 5. 

Electric cable, 84; finite cable with 
alternating applied E.M.F., 85, 
with terminal impedances, 86; 
semi-infinite cable, 84. 

Electric circuits: circuit containing 
inductance, resistance, and capa- 
city in series, 13; various types of 
E.M.F. applied to such a circuit, 
14, App, III; electrical networks, 
15; circuits with non-zero initial 
currents and charges, 16; trans- 
former, 17. 

Eloetrio oscillations on a sphere, 102, 
103. 

Electric transmission lines, 83; lino 
with resistance and capacity only, 
84, 85, 86 ; finite lino with terminal 
impedances, 86; finite line with 
constant applied E.M.F. , 87; solu- 
tion for finite line expressed in 
wave form, 88, 93; finite line with 
non-zero initial conditions, 89 ; 
semi-infinite line with constant ap- 
pliecL E.M.F., 90; with arbitrary 
appIWd E.M.F., 91 ; doubly infinite 
line with given initial conditions, 
92 ; non-uniform lines, 94. 

Filter circuits, 19; alternating E.M.F. 
applied to filter circuit, 19; tran- 
sients in filter circuits, 19, App. 
Ill; case of an infinite number of 
sections, 20. 

Fourier-Mellin Theorem, 28. 
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Clmni’H Function for ordinary linear 
differential equal ions, OH. 

Heaviside: operational solution for 
ordinary linear differential equa- 
tions, I 1, extension to partial 
differential equations, I 2, I 3 ; unit 
function, 1 1» 03; expansion then- 
rem, f 1, 1 4, 12, use for partial 
difforontial equations, i 4 ; series 
expansion, I 1, 12. 

Hertzian oscillator, 104. 

Impulsive function, App. 111. 

Instantaneous heat sources, 40; in a 
slab, 50, in a semi-infinite solid, 
49 ; in an infinite circular cylinder, 
55, 50. 

Inversion theorem for Laplace Trans- 
formation, I 5, 28; proof, 20; de- 
duction from Fourier’s Integral 
Theorem, 30; use of contour inte- 
gration to evaluate solutions, 31, 
37, 41, 43; application to ordinary 
linear differential equations, 32; 
application to verification of the 
solution of ordinary linear differen- 
tial equations, 34, of simultaneous 
ordinary differential equations, 35, 

Jeffrey# I 5, 

Kirohhoff’s Laws, ff 

Lagrange’s equations, 20. 

Laplace Transformation, 3 ; theorems 
on, 3, 33. 

Laplace Transforms, table of, 3, App. 
Y. 

Leroh’s Theorem, 3, App. I. 


Mux wolfs equations, in vector form, 
95; in cylindrical and spherical 
polar coordinates, 97, 

Normal modes of vibration, 27. 

Partial fraction expansion, 4. 

Periodic K.M.K. of any wave form 
applied to u circuit, 21, 

Projectile moving relative to the 
earth, 25. 


Retarded potential formulae, 105, 

Small oscillations about equilibrium, 
20; compuri;t»n v\ ith method of 
normal coordinates, 27, 

Holut ions expre .,>,»Ml in wave form, 44 ; 
for plucked string, 44; for vibra- 
tions in a rod, 03; for tram-amadou 
lines, H8. 

♦Stretched string, vibrations of, 42, 
44 , 07 . 

Subsidiary equation, 1 5, 1, 30. 


van dor Pol, I 5. 

Variation of Parameters, 42. 
Vibration of air, duo to pulsating 
sphere, 72; due to oscillating 


sphere, 73. 
Viscous motion 
planes, 75, 7i 
cylinders, 77 
a cylinder, 78. 

Water waves, in 

liquid prod 
elevatim 
dime 
Wavi 


tad. ween parallel 
ntween concentric 
the region outside 


mal, 79 ; it infinite 
* by initial surface 
in an infinite two* 
#t, 81, 

r under grad ty, 82, 
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